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Models under consideration
o Fokker-Planck equations
of+VvV-J=0, J=-Vf+Uf.
@ Porous media equation
of=Af" m>1.
o Drift-diffusion-Poisson system of equations

IN+V-Iy=0, Jy=—-VN+ NV,
WP +V-Jp=0, Jp=-VP - PV,
—MAV=P_-N+C.

+ “general” Dirichlet-Neumann boundary conditions.



Focus on Fokker-Planck equations

Hf+V-J=0, J=-Vf+Uf, in QxR
Jn=0onTVN xR,

f=fPonTP xRy

f(,0) = fo>0.

Some references

U CARRILLO, TOSCANI, 98
U ARNOLD, MARKOWICH, TOSCANI, UNTERREITER, ’01
U CARRILLO ET AL., 01

U BobpINEAU, LEBOWITZ, MOUHOT, VILLANI, ’14

Q GaJEWsKI, GROGER, '86, 89
Q JUNGEL, ’95



Thermal equilibrium, when U = — VWU

Of+V-J=0, J=-Vf-VUf inQxRy
Jn=0onTV xR,

f=fPonTP xR,

f(,0) = fo>0.

f=xeV=J=0 |

Existence of a thermal equilibrium > = Xe~¥

° ifFD=®,with>\=/f0//e_‘I’,
Q Q
o if log fP + UP = q, with \ = e°.

— J:—fV(logf-l-\Il):—fVlogf%




Entropy-dissipation property

of+V-J=0, ——fVlogf{o
Relative entropy

Dy (z) —xlog:c—x+1
JEe(
0= [

Dissipation of the entropy

%Hm t) = =Dut),

2

with Dy (t) = f ‘Vlog >0




Exponential decay towards thermal equilibrium

No-flux boundary conditions

@ conservation of mass : / f—/fo = / fe
Q Q

o Hi(t) = [ Flosls/ 1)
o Du(t) = [ IV 1os(s/ 50 =4 [ 7 |[VV/FTTE|

@ thanks to Logarithmic Sobolev inequality :

0 < Hy(t) < Hi(0)e ™ |

@ and with Csiszar-Kullback inequality :

1£(t) = fIF < 2H1(0)e J




Exponential decay towards thermal equilibrium

Dirichlet boundary conditions

o Upper and lower bounds on f and f*°
o Hi(t) = [ ()= @)~ (= £2)8](/)
0
cllf(t) = f=I3 < Hi(t) < CIIfF () — 113

o Dl(t)—/QfIV(logf—logfoo)|2

@ with Poincaré inequality :

Dy(t) = ClIf(t) - fI3

@ Conclusion :

cll£(t) = I3 < Hi(t) < Hi(0)e™™ J




General case
Of+V-J=0, J=-VFf+Uf, inQUxR,
f=fPonTPxRyandJ - n=00onTN xR,

Steady-state
{V-JOO =0, J®=-Vf®4+US>® inQxRy

fOOZfDOHFDxR+ande-nzoonFNxRJr.

f=1%h = J=J3%h-f*Vh |

Exponential decay towards the steady-state
o Entropy/dissipation, with ®3(z) = (x — 1),

Ha(t) = /Q f@a(h) and Ds(t) = /Q R (h) | Th?

@ Poincaré inequality + bounds on f*°



Adaptation to the discrete level 7

U FiLBET, HERDA, '17

Strategy
e Forward/backward Euler in time + finite volume in space
@ Numerical scheme for the steady-state [
= approximation of the steady flux J>°
@ Approximation of the flux J as J = J®°h — f>*Vh

Main result

153t — FFIR < Ce"

“Drawback”

Pre-computation of the steady-state needed for the definition
of the scheme
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Schemes for the evolutive drift-diffusion equation
From the equation...

hf+V-J=0, J=-Vf+Uf,
f(-,0) = fo > 0 + boundary conditions

.. to the scheme

m(K)u + E fn-H -0
At eg K,O‘
o€lk

]_—}Q;l ~ /(_vf71,+1 + fn—',-lU) X nK,cr I

o 7 : control volumes, K € T
@ £ :edges, 0 €&
o At : time step



Numerical fluxes
Fio [(-9F+ FU) ncs

1
o [
T om(o) Js ’

Generic form

fK,O’ =To (B(_UK,adU)fK - B(UK,O'dO')fL)7 To =

with B(0) =1, B(z) >0 and B(z) — B(—z) = —z Vx € R

Classical examples

_ s
Bup(s) =1+5", Bee(s)=1- 3

4 C.-H., DroniIOU, ’05



Scharfetter-Gummel fluxes

Generic form
m(o
fK,O‘ = Ts (B(_UK,ada)fK - B(UK,ada)fL)a To = d( )
with B(0) =1, B(z) >0 and B(z) — B(—x) = —z Vzx € R

Preservation of a thermal equilibrium U = -VW¥

f=XV = —Vf— VU =0

At the discrete level Ug,dy = (¥ — W)

Uk =27 = Fio=0) = Bl = 57 |

U SCHARFETTER, GUMMEL, 1969



Family of B-schemes for the Fokker-Planck equation

( In(+1 — fln( n+1
ogEEK
Ty (B(—UK,UdJ) mH _ B(Uk ody) ’g“), o= K|L,
‘FITZ;I = \7s (B(_UK,JdO') [1}+1 - B(UK,UdU)f£>a OIS gelgjb

0, oceé&l

ext:

Hypotheses on B —
e B(0) =1,
e B(z) >0 VzeR,
e B(x) — B(—x) = —=.

Lo
PO B N ®w s G o

wo



Additional hypotheses

o Admissibility and regularity of the mesh
° EL, #0
o f%>0 VKeT

e ImP and MP such that

0<mD§f£§MD Vo e EP

ext:

@ JdV > 0 such that

max max |Ug .| < V.
KeT o€l

Proposition

The scheme has a unique nonnegative solution (f5)ke7 n>0.




Associated steady-state

> FR,=0

oefk

, oe&l

ext

7o (B(-Ukodo) [ = B(Uk0do) [, o = KL
TR = 4 7o (B(-Ukodo) 7 = BUksdo) 7

0, o€ (Sgt

Proposition

o Existence and uniqueness of a solution to the scheme
(fR)KeT.
@ dm®, M such that

0<m™®< f2<M® VKeT.
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How to rewrite the numerical fluxes?

f=1%h=3=J3%-f*vh |

Fica = 7o (B(~Uskodo) fic = BUkodo) 1),
=Ty <B(—UK,ada)hKf1°<° - B(UK,ada)thgo>v
= Frohi + 75 B(Uk odo) f°(hi — hi),
= Frohr + 1o B(=Uk odo) f& (hx — hr)
Reformulation of the fluxes
Fro=Fre +TofBo(hKx —hr)
with F4P = (F3, ) hic — (F3) b
and 5%, = min(B(~Usods) /5, B(Usodo) f7°)




Entropy-entropy dissipation property

o >0, (1) =0, ®'(1)=0

Discrete relative ®-entropy
Hg =Y m(K)(hk) [
KeT
Discrete dissipation

Dg = 1o 5y (W — BE)(® (b)) — @' (h})).
el

Discrete entropy-entropy dissipation property

HIY —fgn
QTt(I)—FDg_H <0 Vn>0.




Main results

Uniform bounds

: SR fx
m>® min(1, min =2-) < f < M*° ma 1ma =L
( rer %J__fK<— x( XfK)

Proof
» &, (s)=(s—M)", M =max(1l,maxh?)
» &_(s)=(s—m)", m=min(1,minh%)

Exponential decay
Da(s) = (s — 1)
Hp < H e """,

2
(Z m(K)|fx —f?l) < Hg, (Z m(K) }?) e .

KeT KeT

v




Test case

hf+V-J=0, J=-Vf+Uf

u=(,) 1

Solution and steady-state

f(z1,29,t) = exp(x1)+ exp (9621 — (772 + i) t> sin(mxy)

[ (x1,22) = exp(w1)



Long time behavior

Decay to the steady-state associated to the scheme
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Long time behavior

Decay to the real steady-state
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At this stage

Results
@ Quantification of the exponential return to equilibrium
@ For B-schemes for Fokker-Planck equations
@ Results based on a relative entropy principle, adapted to the

discrete level.

Limitations

@ Use of TPFA schemes limited to admissible meshes

@ Not extendable to anisotropic equations
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Design of nonlinear TPFA schemes

Numerical fluxes
J=-Vf—fVU=—fV(logf+ V)

Fro ~ / V(g f+ ¥) g

Fico = 7o 1(fic: f1) (108 fic + Wi —log f1 =01 )

Examples of r functions

r+y r—y
r(z,y) = 5 T(ffay):mw-




Design of nonlinear TPFA schemes
Wf+V-J=0, J=-Vf—VIfinQxRy,
J n=0onT xRy,

The nonlinear schemes

n+1l fn
m) IR S

065};”

Fico = 7o v(fc: 1) (log fix + Wic = log f1 = 01 ).

Preservation of the thermal equilibrium
° ff= e VK is a steady-state,

@ \is fixed by the conservation of mass.



Dissipativity of the schemes

n+1 fK i
m(K)E 1K At S Rl =0,
O.Egznt
Fro = TaT(fK,fL)<10g Jx _ log 55 IL )
Iz fie
Dissipation of the discrete entropies
Discrete relative entropy : H} = Z P fK)
KeT fK
Hngl Hn
e e DTL+1 < 0
At +
with
[k JL e JK
Dy = o1 ([, fr)(log <5 — log () —
> (log o 7o) (P05

o€€int

o'(IL

Jr
e

)



Main results for the nonlinear TPFA schemes

A priori estimates

@ Uniform bounds obtained with
®(s) = (s — M) and ®(s) = (s —m)~

Ik ik

fK fK)

for M = max(1, max <=-), m = min(1, min

Existence of a solution to the scheme

@ via a topological degree argument

Exponential decay of H}'

@ based on a discrete Log-Sobolev inequality



On general meshes?
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@ The nonlinear strategy is applicable to other kinds of finite
volume schemes.

@ DDFV schemes, for instance.

Q CaNcEks, GUICHARD, 2016
Q Cancks, C.-H., KRELL, 2018



Convergence with respect to the grid

On Kershaw meshes

dt errf ordf | Nmax | Nmean Min f™

2.0E-03 || 7.2E-03 | — 2.15 | 1.010E-01

5.0E-04 || 1.7E-03 | 2.09 2.02 | 2.582E-02

3.1E-05 || 4.0E-04 | 2.11 1.07 | 1.628E-03

aldlwnoRZ

9
8
1.2E-04 || 7.2E-04 | 2.20 7 1.49 | 6.488E-03
7
7

3.1E-05 || 2.6E-04 | 1.98 1.04 | 1.628E-03

On quadrangle meshes

M dt errf ordf | Nmax | NVmean Min f™

1 | 40E-03 || 2.1E-02 | — 9 2.26 | 1.803E-01
2 | 1.0E-03 || 5.1E-03 | 2.08 9 2.04 | 5.079E-02
3 | 2.5E-04 || 1.3E-03 | 2.06 8 1.96 | 1.352E-02
4 | 6.3E-05 || 3.3E-04 | 2.09 8 1.22 | 3.349E-03
5 | 1.2E-05 || 7.7E-05 | 1.70 7 1.01 | 8.695E-04




Long time behavior

Exponential decay of the discrete relative entropy
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