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Models under consideration

Fokker-Planck equations

∂tf +∇ · J = 0, J = −∇f + Uf.

Porous media equation

∂tf = ∆fm, m ≥ 1.

Drift-diffusion-Poisson system of equations
∂tN +∇ · JN = 0, JN = −∇N +N∇Ψ,

∂tP +∇ · JP = 0, JP = −∇P − P∇Ψ,

− λ2∆Ψ = P −N + C.

+ “general” Dirichlet-Neumann boundary conditions.



Focus on Fokker-Planck equations

∂tf +∇ · J = 0, J = −∇f + Uf, in Ω× R+

J · n = 0 on ΓN × R+

f = fD on ΓD × R+

f(·, 0) = f0 > 0.

Some references

q Carrillo, Toscani, ’98

q Arnold, Markowich, Toscani, Unterreiter, ’01

q Carrillo et al., ’01

q Bodineau, Lebowitz, Mouhot, Villani, ’14

q Gajewski, Gröger, ’86, ’89

q Jüngel, ’95



Thermal equilibrium, when U = −∇Ψ
∂tf +∇ · J = 0, J = −∇f−∇Ψf, in Ω× R+

J · n = 0 on ΓN × R+

f = fD on ΓD × R+

f(·, 0) = f0 > 0.

f = λe−Ψ =⇒ J = 0

Existence of a thermal equilibrium f∞ = λe−Ψ

if ΓD = ∅, with λ =

∫
Ω
f0 /

∫
Ω
e−Ψ,

if log fD + ΨD = α, with λ = eα.

=⇒ J = −f∇(log f + Ψ) = −f∇ log
f

f∞



Entropy-dissipation property

∂tf +∇ · J = 0, J = −f∇ log
f

f∞

Relative entropy

Φ1(x) = x log x− x+ 1

H1(t) =

∫
Ω
f∞Φ1(

f

f∞
)

Dissipation of the entropy

d

dt
H1(t) = −D1(t),

with D1(t) =

∫
Ω
f

∣∣∣∣∇ log
f

f∞

∣∣∣∣2 ≥ 0



Exponential decay towards thermal equilibrium

No-flux boundary conditions

conservation of mass :

∫
Ω
f =

∫
Ω
f0 =

∫
Ω
f∞

H1(t) =

∫
Ω
f log(f/f∞)

D1(t) =

∫
Ω
f |∇ log(f/f∞)|2 = 4

∫
Ω
f∞

∣∣∣∇√f/f∞∣∣∣2
thanks to Logarithmic Sobolev inequality :

0 ≤ H1(t) ≤ H1(0)e−κt

and with Csiszar-Kullback inequality :

‖f(t)− f∞‖21 ≤ 2H1(0)e−κt



Exponential decay towards thermal equilibrium

Dirichlet boundary conditions

Upper and lower bounds on f and f∞

H1(t) =

∫
Ω

Φ1(f)− Φ1(f∞)− (f − f∞)Φ′1(f∞)

c‖f(t)− f∞‖22 ≤ H1(t) ≤ C‖f(t)− f∞‖22

D1(t) =

∫
Ω
f |∇(log f − log f∞)|2

with Poincaré inequality :

D1(t) ≥ C‖f(t)− f∞‖22

Conclusion :

c‖f(t)− f∞‖22 ≤ H1(t) ≤ H1(0)e−κt



General case{
∂tf +∇ · J = 0, J = −∇f + Uf, in Ω× R+

f = fD on ΓD × R+ and J · n = 0 on ΓN × R+

Steady-state{
∇ · J∞ = 0, J∞ = −∇f∞ + Uf∞, in Ω× R+

f∞ = fD on ΓD × R+ and J∞ · n = 0 on ΓN × R+.

f = f∞h =⇒ J = J∞h− f∞∇h

Exponential decay towards the steady-state

Entropy/dissipation, with Φ2(x) = (x− 1)2,

H2(t) =

∫
Ω
f∞Φ2(h) and D2(t) =

∫
Ω
f∞Φ′′2(h)|∇h|2

Poincaré inequality + bounds on f∞



Adaptation to the discrete level ?

q Filbet, Herda, ’17

Strategy

Forward/backward Euler in time + finite volume in space

Numerical scheme for the steady-state f∞

=⇒ approximation of the steady flux J∞

Approximation of the flux J as J = J∞h− f∞∇h

Main result

‖fδ(tn)− f∞δ ‖21 ≤ Ce−κt
n

“Drawback”

Pre-computation of the steady-state needed for the definition
of the scheme
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Schemes for the evolutive drift-diffusion equation

From the equation...{
∂tf +∇ · J = 0, J = −∇f + Uf,

f(·, 0) = f0 ≥ 0 + boundary conditions

... to the scheme
m(K)

fn+1
K − fnK

∆t
+
∑
σ∈EK

Fn+1
K,σ = 0

Fn+1
K,σ ≈

∫
σ
(−∇fn+1 + fn+1U) · nK,σ

T : control volumes, K ∈ T
E : edges, σ ∈ E
∆t : time step

•

•

xL

xK

K

L

σ = K|L

dσ nK,σ



Numerical fluxes

FK,σ ≈
∫
σ
(−∇f + fU) · nK,σ

UK,σ ≈
1

m(σ)

∫
σ
U · nK,σ

•

•

xL

xK

K

L

σ = K|L

dσ nK,σ

Generic form

FK,σ = τσ

(
B(−UK,σdσ)fK −B(UK,σdσ)fL

)
, τσ =

m(σ)

dσ

with B(0) = 1, B(x) > 0 and B(x)−B(−x) = −x ∀x ∈ R

Classical examples

Bup(s) = 1 + s−, Bce(s) = 1− s

2

q C.-H., Droniou, ’05



Scharfetter-Gummel fluxes

Generic form

FK,σ = τσ

(
B(−UK,σdσ)fK −B(UK,σdσ)fL

)
, τσ =

m(σ)

dσ
with B(0) = 1, B(x) > 0 and B(x)−B(−x) = −x ∀x ∈ R

Preservation of a thermal equilibrium U = −∇Ψ

f = λe−Ψ =⇒ −∇f − f∇Ψ = 0

At the discrete level UK,σdσ = (ΨK −ΨL)

(fK = λe−ΨK =⇒ FK,σ = 0)⇐⇒ B(x) =
x

ex − 1

q Scharfetter, Gummel, 1969



Family of B-schemes for the Fokker-Planck equation



m(K)
fn+1
K − fnK

∆t
+
∑
σ∈EK

Fn+1
K,σ = 0

Fn+1
K,σ =


τσ

(
B(−UK,σdσ)fn+1

K −B(UK,σdσ)fn+1
L

)
, σ = K|L,

τσ

(
B(−UK,σdσ)fn+1

K −B(UK,σdσ)fDσ

)
, σ ∈ EDext,

0, σ ∈ ENext.

Hypotheses on B

B(0) = 1,

B(x) > 0 ∀x ∈ R,

B(x)−B(−x) = −x.
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Additional hypotheses

Admissibility and regularity of the mesh

EDext 6= ∅

f0
K ≥ 0 ∀K ∈ T

∃mD and MD such that

0 < mD ≤ fDσ ≤MD ∀σ ∈ EDext.

∃V ≥ 0 such that

max
K∈T

max
σ∈EK

|UK,σ| ≤ V.

Proposition

The scheme has a unique nonnegative solution (fnK)K∈T ,n≥0.



Associated steady-state

∑
σ∈EK

F∞K,σ = 0

F∞K,σ =


τσ

(
B(−UK,σdσ)f∞K −B(UK,σdσ)f∞L

)
, σ = K|L

τσ

(
B(−UK,σdσ)f∞K −B(UK,σdσ)fDσ

)
, σ ∈ EDext

0, σ ∈ ENext

Proposition

Existence and uniqueness of a solution to the scheme
(f∞K )K∈T .

∃m∞,M∞ such that

0 < m∞ ≤ f∞K ≤M∞ ∀K ∈ T .
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How to rewrite the numerical fluxes ?

f = f∞h =⇒ J = J∞h− f∞∇h

FK,σ = τσ

(
B(−UK,σdσ)fK −B(UK,σdσ)fL

)
,

= τσ

(
B(−UK,σdσ)hKf

∞
K −B(UK,σdσ)hLf

∞
L

)
,

= F∞K,σhK + τσB(UK,σdσ)f∞L (hK − hL),

= F∞K,σhL + τσB(−UK,σdσ)f∞K (hK − hL)

Reformulation of the fluxes

FK,σ = FupwK,σ + τσf
∞
B,σ(hK − hL)

with FupwK,σ = (F∞K,σ)+hK − (F∞K,σ)−hL

and f∞B,σ = min
(
B(−UK,σdσ)f∞K , B(UK,σdσ)f∞L

)



Entropy-entropy dissipation property

Φ′′ > 0, Φ(1) = 0, Φ′(1) = 0

Discrete relative Φ-entropy

Hn
Φ =

∑
K∈T

m(K)Φ(hnK)f∞K

Discrete dissipation

Dn
Φ =

∑
σ∈E

τσf
∞
B,σ(hnK − hnL)(Φ′(hnK)− Φ′(hnL)).

Discrete entropy-entropy dissipation property

Hn+1
Φ −Hn

Φ

∆t
+Dn+1

Φ ≤ 0 ∀n ≥ 0.



Main results

Uniform bounds

m∞min(1, min
K∈T

f0
K

f∞K
) ≤ fnK ≤M∞max(1,max

K∈T

f0
K

f∞K
)

Proof

ä Φ+(s) = (s−M)+, M = max(1,maxh0
K)

ä Φ−(s) = (s−m)−, m = min(1,minh0
K)

Exponential decay

Φ2(s) = (s− 1)2,

Hn
Φ2
≤ H0

Φ2
e−κt

n
,(∑

K∈T
m(K)|fnK − f∞K |

)2

≤ H0
Φ2

(∑
K∈T

m(K)f∞K

)
e−κt

n
.



Test case
∂tf +∇ · J = 0, J = −∇f + Uf

U =

(
1
0

)

fD = 1 fD = e1

0 1

1

Solution and steady-state

f(x1, x2, t) = exp(x1) + exp

(
x1

2
−
(
π2 +

1

4

)
t

)
sin(πx1)

f∞(x1, x2) = exp(x1)



Long time behavior

Decay to the steady-state associated to the scheme



Long time behavior

Decay to the real steady-state



At this stage

Results

Quantification of the exponential return to equilibrium

For B-schemes for Fokker-Planck equations

Results based on a relative entropy principle, adapted to the
discrete level.

Limitations

Use of TPFA schemes limited to admissible meshes

Not extendable to anisotropic equations
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Design of nonlinear TPFA schemes
•

•

xL
xK

K

L
σ = K|L

dσ nK,σ

Numerical fluxes

J = −∇f − f∇Ψ = −f∇(log f + Ψ)

FK,σ ≈
∫
σ
−f∇(log f + Ψ) · nK,σ

FK,σ = τσ r(fK , fL)
(

log fK + ΨK − log fL −ΨL

)
Examples of r functions

r(x, y) =
x+ y

2
, r(x, y) =

x− y
log x− log y

, ...



Design of nonlinear TPFA schemes
∂tf +∇ · J = 0, J = −∇f −∇Ψf in Ω× R+,

J · n = 0 on Γ× R+,

f(., 0) = f0 ≥ 0.

The nonlinear schemes
m(K)

fn+1
K − fnK

∆t
+
∑
σ∈Eint

K

Fn+1
K,σ = 0,

FK,σ = τσ r(fK , fL)
(

log fK + ΨK − log fL −ΨL

)
.

Preservation of the thermal equilibrium

f∞K = λe−ΨK is a steady-state,

λ is fixed by the conservation of mass.



Dissipativity of the schemes
m(K)

fn+1
K − fnK

∆t
+
∑
σ∈Eint

K

Fn+1
K,σ = 0,

FK,σ = τσr(fK , fL)
(

log
fK
f∞K
− log

fL
f∞L

)
.

Dissipation of the discrete entropies

Discrete relative entropy : Hn
Φ =

∑
K∈T

f∞K Φ(
fnK
f∞K

)

Hn+1
Φ −Hn

Φ

∆t
+Dn+1

Φ ≤ 0

with

DΦ =
∑
σ∈Eint

τσr(fK , fL)
(
log

fK
f∞K
− log

fL
f∞L

)(
Φ′(

fK
f∞K

)− Φ′(
fL
f∞L

)
)



Main results for the nonlinear TPFA schemes

A priori estimates

Uniform bounds obtained with

Φ(s) = (s−M)+ and Φ(s) = (s−m)−

for M = max(1,max
f0
K

f∞K
), m = min(1,min

f0
K

f∞K
)

Existence of a solution to the scheme

via a topological degree argument

Exponential decay of Hn
1

based on a discrete Log-Sobolev inequality



On general meshes ?

The nonlinear strategy is applicable to other kinds of finite
volume schemes.

DDFV schemes, for instance.

q Cancès, Guichard, 2016

q Cancès, C.-H., Krell, 2018



Convergence with respect to the grid

On Kershaw meshes

M dt errf ordf Nmax Nmean Min fn

1 2.0E-03 7.2E-03 — 9 2.15 1.010E-01

2 5.0E-04 1.7E-03 2.09 8 2.02 2.582E-02

3 1.2E-04 7.2E-04 2.20 7 1.49 6.488E-03

4 3.1E-05 4.0E-04 2.11 7 1.07 1.628E-03

5 3.1E-05 2.6E-04 1.98 7 1.04 1.628E-03

On quadrangle meshes

M dt errf ordf Nmax Nmean Min fn

1 4.0E-03 2.1E-02 — 9 2.26 1.803E-01

2 1.0E-03 5.1E-03 2.08 9 2.04 5.079E-02

3 2.5E-04 1.3E-03 2.06 8 1.96 1.352E-02

4 6.3E-05 3.3E-04 2.09 8 1.22 3.349E-03

5 1.2E-05 7.7E-05 1.70 7 1.01 8.695E-04



Long time behavior

Exponential decay of the discrete relative entropy

Kershaw quadrangles
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