More generally this holds for y piecewise Cl, with
Dy jumping across a C! surface.

Dy~ (xp0) =B

(See later for generalizations when y not piecewise C1.)
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Theorem
Let U=UT >0, V=V?T > 0. Then SOR)U,
SO(3)V are rank-one connected iff

U2 -V2=c(n®i+i®n) (%)

for unit vectors n, n and some c #= 0.
If n = +£n there are exactly two rank-one
connections between V and SO(3) U given by

RU=V+a®n RU=V4+a®i,
for suitable R,R € SO(3), a,a € R3.

(JB/Carstensen version of standard result cf. Ericksen, Gurtin, JB/James ...)

32



Proof. Note first that

detV -det(1 + V la®n)
detV . (1+ Vvia. n).

det(V+a®n)

Hence if 1+ V—la.n > 0, then by the polar decompo-
sition theorem RU =V 4+ a®n for some R € SO(3) if
and only if

U2

(V4+n®a)(V+a®n)
VZ+Va®@n+n®Va-+ |a°n®n

V2 + (Va+ SJal’n) ©n+ne (Va+ Sfal’n)
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If a # 0 then Va+ 3|aj?n # 0, since otherwise
1
Va- -V~ la+ §|a\2V_1a -n = 0,
i.,e. 24+ V—la.n = 0. This proves the necessity of (*).

Conversely, suppose (*) holds. We need to find a# 0
such that Va + %\a|2n —ciiand 1+V~1la.n>0. So
we need to find ¢t such that

a—=—cr ts

where |er +ts|24+2t =0 and 1+ (er +1ts)-s > 0, where
we have written r =V i, s =V 1n.
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The quadratic for t has the form

t2|s|® 4 2t(1 4 cr - s) + ?|r|> = 0 with roots

t

(1 +ecr-s) =+ \/(1 + cr -s)? — c?|r|?|s|?
- s|° |

Since detU2 = detV2det(l+c(r®s+s®r)),
det(l4+c(r®@s+s®r)) = (14 cr-s)? — c2|1r\2|s|2

IS positive and the roots are real. In order to satisfy
14 cr-s+t|s|2 >0 we must take the + sign, giving a
unique a, and thus unigue R such that RU = V+a®n.
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Similarly we get a unique a and R such that RU =
V 4+ a®n.

To complete the proof it suffices to check the following
Lemma
Ifcn@n+ntn@n)=d(Ppp+pRP) for unit vectors
p,P and some constant ¢/, then either p@p=4+n®n
Ofr p®pP = =xn®n.

[]
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Corollaries:

1. There are no rank-one connections between
matrices A, B belonging to the same energy well.
Proof. In this case U = V, contradicting ¢ # 0. L[]

2. There is a rank-one connection between pairs of
matrices A € SO(3) and B € SO(3)U if and only if U
has middle eigenvalue 1.

(Thus it is in generically impossible to have an interface between
constant gradients in the austenite and martensite energy wells.)

Proof. If there is a rank-one connection then 1 is an
eigenvalue since det(U? — 1) = 0.
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Choosing e withn-e>0,n-e>0andn-e >0, n-e <O,
we see that 1 is the middle eigenvalue. Conversely, if

U=XMe;1®e1 +e>RXe>+ A3zez R es3
with eigenvectors e; and eigenvalues A1 <1 < A3 then

A — A2
>

U2—-1=

(cey + fe3) ® (—aey + Se3)
+ (—aey + Bez) ® (aey + Be3) ),

[ 1-)2 A2—1
where a = v )\Q,B: /\2 V2 []
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3. If U;,U; are distinct martensitic variants then
SO(3)U; and SO(3)U; are rank-one connected if and
only if det(U? — UJQ-) — 0, and the possible interface
normals are orthogonal. Variants separated by such
interfaces are called twins.

Proof. Clearly det(U? — UJQ-) — 0 is necessary, since
the matrix on the RHS of (*) is of rank at most 2.

Conversely suppose that det(U? — UJQ-) = 0.
Then U? — UJQ- has the spectral decomposition

Uf-—Uf=)de®e+ ue@e.
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Since U; = RU;R! for some R € P2% it follows that
tr (U7 — U?) = 0. Hence p = —X and

U7 -U7 = Me®e—8Q®8)
)\(e-l—é e—¢&  e—8 e—I—é)

29 e TR Y s

as required. [ ]

Remark: Another equivalent condition due to Forclaz
is that det(U; — U;) = 0. This is because of the sur-

prising identity (not valid in higher dimensions)

det(U7-U3) = (\1+22) Aa+A3) (Az+A1) det(U; - Uy).

40



