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Collective-dynamics models

First-order models: Hegselmann-Krause

Xi Z |X’_XJ|| _Xl')7 16{177N} (1)
= .
Second-order models: Cucker-Smale

Xi = Vj
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Kinetic formulation:
Oepp+ V- (V[plp) =0

o 1st order: p = p(t,x); V[ul(x) = [a(llx — y|)(y — x)du(y)
o 2n odor: = lto5. 5 VIA ) = (oo vt
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| - Example of application

Video credits: Dr. W. Saidel, CCIB, Rutgers University
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[l - Optimal control of a collective migration model

Collective Migration Model

V-,.:(1_05,-)%_2(%-—v,~)+a,-(v—v,-), iefl,...,N} (3)

where:
> v; € RY is the state variable (velocity)
> V € R? is the target velocity
> acU:={a:[0,T] »[0,1]" | @ measurable, s.t. SN a; <1}

Two forces guide the system (balanced by the parameters «;):
@ the consensus dynamics

@ the attraction towards a target velocity V

N
Given T > 0, minimize V(T) = %Z Ivi(T) — V|? J
i=1
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Theorem: Full control optimal strategy

Let T > 0. Let & := (vi — V, rg=yy)- There exist {t1,--, tv} depending only on &(0)

such that if T > ty, then 3N, a; =1 and &(T) = &(T) forall i,j € {1,...,N}.
In particular the following strategy is optimal:

1
Vit € [tk, tisr), @i(t) = {5
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Theorem: Full control optimal strategy

Let T > 0. Let & :=(vi — V, ”%5”) There exist {t1,-- , ty} depending only on £(0)

such that if T > ty, then SN, ; =1 and &(T) = &(T) forall i,j € {1,...,N}.
In particular the following strategy is optimal:

1
Vt € [tk, tur), ai(t) = {8

t=152
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Theorem: Full control optimal strategy

Let T > 0. Let & := (vi — V, rg=yy). There exist {t1,-- , tv} depending only on £(0)
such that if T > ty, then vazl aj=1and &(T)=¢&(T) forall i,j € {1,...,N}.

In particular the following strategy is optimal:

if i <k

if i > k.

O x|~

Vt € [tk, tir1), ci(t) = {
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Theorem: Inactivation principle

If T < tw, then there exists d € [0, T] such that the optimal constrol strategy is inactive

on [0, 6] and acts with full control on [§, T], i.e.

N
0 ift<s
opt _
Zla; (t)_{l if >0

Reach consensus

1 1o
V=NZIIVf(T)—VII2= v = vIP? JrNZIIVf—VII2
i=1 i=1
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Length of inactivation §

Relation between time of inactivation and R := % Z,N:1 lvi — 7|12/|Iv — V|2
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Thank you for your attention!
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