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Presentation outline

• Deep Learning successes – examples
• Context

• Statistical vs physical modeling

• Learning differential equations from data
• Learning dynamical systems from noisy observations
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Deep Learning successes

• Machine learning is at the heart of AI revolution
• Deep Learning is today state of the art technology for data science
• Unprecedented technological development over the last ten years
• Important progresses in many engineering domains
• Research and technological developments are leaded by tech. 
giants in the US and in China
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Deep Learning successes ‐ Vision 
Object detection ‐YOLO (Redmon 2016)
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• Objective detect and label objects in images, video
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Deep Learning successes
Vision – Scene segmentation ( Segnet, Badrinarayanan
2017)
• Segment objects in image – pixel level
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http://mi.eng.cam.ac.uk/projects/segnet/#demo



Deep Learning successes ‐ Translation
Google Neural Machine Translation System
(Wu et al 2016)
https://research.googleblog.com/2016/09/a‐neural‐network‐for‐machine.html
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• General Architecture  

Figure from Wu et al. 2016

Encoder: 8 stacked LSTM RNN + 
residual connections

Decoder: 8 stacked LSTM RNN + 
residual connections + Softmax
output layer

Attention 
mechanism
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Deep Learning successes ‐ Natural Language Processing
GPT2 (Radford 2018 ‐ OpenAI)

• Language model trained to predict the next word
• Probability models of sequences of items ሺ𝑥ଵ, 𝑥ଶ, … , 𝑥୲ሻ
• Estimate 𝑝ሺ𝑥௧|𝑥௧ିଵ, … , 𝑥ଵሻ
• Items may be words or characters, or character bigrams, etc

• Model
• Large transformer‐ based language model with 1.5 billion 
parameters, trained on a dataset of 8 million web pages, 
representing 40 GB of internet text.
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https://blog.openai.com/better‐language‐models/

“New AI fake text generator may be too dangerous to release, say creators 
(The Guardian, 2019‐02‐14)”



Deep Learning successes ‐ Natural Language
Processing
GPT2 (Radford 2018 ‐ OpenAI)
• Context
Some of the most glorious historical 
attractions in Spain date from the 
period of Muslim rule, including The 
Mezquita, built as the Great Mosque of 
Cordoba and the Medina Azahara, also 
in Cordoba and now in ruins but still 
visitable as such and built as the 
Madinat al‐Zahra, the Palace of al‐
Andalus; and the Alhambra in Granada, 
a splendid, intact palace. ……..[ edit ]

• Text generated
The Reconquista (literally, ”The return to the 
country”) of 1092 and 1095 saw the 
establishment in the Iberian peninsula of a 
united kingdom of Castile and Aragon in 
which a Muslim dynasty would exist. This 
was the last time in Europe where Muslim 
rule would be considered ”native” and the 
last occasion where Christian‐inflamed and 
organized conflicts would make themselves 
known in Europe.

The reign of Muslim Moors in Spain is often 
referred to, especially among non‐Muslims, 
as the ”Conquest of Granada” and Spain is 
sometimes referred to as Spain in  Granada”. 
The last years of Muslim rule were followed 
by the Spanish Reconquista where the  
Muslims were driven or compelled out of 
the Iberian Peninsula with the victory of 
Ferdinand IX. in the Battle of Poitiers in 
March 1189 and the conquest of Jerusalem 
in 1187 by Saladin.2019‐03‐05 Physico‐statistical systems 8



Deep Learning successes
Learning Complex Distributions
Generative Adversarial Networks ‐GANs
• About 2.2 k papers on Arxiv at Feb. 2019

• Example: illustration from (Karras et al. 2019) – Style GAN 
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Deep Learning successes
Games
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•

AlphaGo, AlphaGo Zero, Alpha Zero
from Google DeepMind (2015, 
2017)

Atari games, Self 
trained on 49 games, 
(Mnih 2013, 2015)
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Deep Learning successes
Platforms
• Deep Learning platforms offer

• Classical DL models
• Optimization algorithms
• Automatic differentiation
• Popular options/ tricks
• Pretrained models
• CUDA/ GPU/ CLOUD support

• Contributions by large open 
source communities: lots of 
code available

• Easy to build/ train 
sophisticated models

• Among the most populars
platforms:
• TensorFlow ‐ Google Brain ‐
Python, C/C++ 

• PyTorch – Facebook‐ Python
• Caffe – UC Berkeley / Caffe2 
Facebook, Python, MATLAB

• Higher level interfaces
• e.g. Keras for TensorFlow

• And also:
• PaddlePaddle (Baidu), MXNet

(Amazon), Mariana (Tencent), 
PAI 2.0 (Alibaba), …..
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Statistical modeling versus knowledge based
approaches
• AI has a long history on knowledge based vs statistical approaches

• Perception, language, diagnosis, reasoning, explainability, learning, 
knowledge representation, etc

• e.g. symbolic AI vs statistical learning
• Elements of answer

• Frederick Jelinek (1932 – 2010) 
• researcher in information theory, automatic speech recognition, 

and natural language processing
• Pioneer of speech recognition technology

• Apocryphal ? Statement
• "Every time I fire a linguist, the performance of the speech recognizer goes 

up“
• Today

• Availability of data has changed everything
• All that matters is: Data, Computer Ressources
• Machine Learning is ubiquituous in many engineering fields

• Vision, speech, language, web, mobile applications, etc
• Cars, drones, robots, etc
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Physico‐statistical systems
Focus on spatio‐temporal dynamics

• Learning differential equations from data
• Learning dynamical systems from noisy

observations



Motivation ‐ Example
Deep Learning and Physical Sciences ‐ Geoscience
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Nature Feb. 2019Communication of the ACM, 
January 2019



Learning Differential Equations from Data
• Data driven discovery of PDEs – (Rudy et al. 2017) ‐ Sparse linear

regression

• Deep Hidden Physics models (Raissi 2018) ‐ Neural Networks

• PDE‐Nets (Long 2018) ‐Neural Networks
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Objectives

• Uncover the governing equations of dynamical spatio‐temporal
phenomena from data

• Arguments
• Data are ubiquitous in many domains

• Climate, Finance, Epidemiology, ecology, etc
• Variables or governing dynamics may be partially known or 
unknown so that using data may help

• Consider non linear equations of the form
• 𝑢௧ ൌ 𝐹 𝑢, 𝑢௫, 𝑢௫௫, … , 𝑥, 𝜃
• Relevant variables and 𝐹 may be unknown

• Objective (s)
• Learn the unknown dynamics
• Learn when possible the explicit form of the underlying PDE

• Current work: tests performed on data generated from PDE

2019‐03‐05 Physico‐statistical systems 16



Data driven discovery of PDEs– (Rudy et al. 2017)
Sparse regression

• Collect observations
• Consider a library of terms, e.g. system state, derivatives, …
• Use sparse linear regression to fit observations on library terms

2019‐03‐05 Physico‐statistical systems 17



Data driven discovery of PDEs– (Rudy et al. 2017)
Example

• Regression
• 𝑢௧ 𝑥, 𝑡 ൌ൏ 𝑢, 𝑢௫, 𝑢௫௫, 𝑢𝑢௫, … ; 𝑤 ൐ sampled at 𝑛x𝑚 points
• 𝑤 parameter vector

• Discrete form for 𝑛x𝑚 sampled points
• 𝑈௧ ൌ 𝐴𝑤

• with 𝑈௧ : 𝑛x𝑚 vector, 𝐴 ∶  𝑛. 𝑚 x 𝑛𝑏 𝑙𝑖𝑏𝑟𝑎𝑟𝑦 𝑡𝑒𝑟𝑚𝑠
• Regression loss : sparse regression

• 𝑤ෝ ൌ 𝑎𝑟𝑔𝑚𝑖𝑛௪ 𝐴𝑤 െ 𝑈௧ ଶ
ଶ ൅ 𝜆 𝑤 ଴

• Sparse regression allows finding these terms

2019‐03‐05 Physico‐statistical systems 18

Sample (space and time)
Compute derivatives at the sampled points
Fit the data using sparse regression



Data driven discovery of PDEs– (Rudy et al. 2017)
Examples

•

2019‐03‐05 Physico‐statistical systems 19



Data driven discovery of PDEs– (Rudy et al. 2017)

• Hypothesis
• Full state observable
• An overcomplete dictionary is available

• All required terms are available
• Non linearity requires cross product terms

• Only a few terms will be involved in the dynamics
• These are the conditions for sparse regression to work

• Comments
• Interpretability
• Requires numerical differentiation

• Pb for large datasets
• In the experiments noise level does not exceed 1%
• Requires « enough » data points
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Deep Hidden Physics models (Raissi 2018)

• Same objective and general idea as (Rudy 2017), uncover the 
dynamics of an underlying PDE

• Novelty
• Learns a model of the data

• Allows replacing numerical differentiation by automatic differentiation
• Replace linear regression by a non linear neural network

• Hypothesis
• All relevant PDE terms are provided to the model (idem Rudy 2017)
• Full state observation is assumed (idem Rudy 2017)
• But no need for cross terms – non linearities are taken into account
by the model

• Assesment
• No more explicit solution – how to assess the quality of the sol. ?

2019‐03‐05 Physico‐statistical systems 21



Deep Hidden Physics models (Raissi 2018)

• Dataset of observations: 𝐷 ൌ ሼ 𝑡௜, 𝑥௜, 𝑢௜ ሽ
• Learn model dynamics 𝐹

• 𝑢௧ ൌ 𝐹 𝑢, 𝑢௫, 𝑢௫௫, … , 𝑥, 𝜃

• Learn Data model for learning the solution 𝑢
• 𝑢ሺ𝑡, 𝑥ሻ

• This model will be used to provide derivatives at the sampled points

• Derivatives computed through automatic differentiation

• Training criterion

• 𝐿 ൌ ∑ ሺ 𝑢 𝑡௜, 𝑥௜ െ 𝑢௜ ଶ ൅ 𝑓 𝑡௜, 𝑥௜ ଶሻே
௜ୀଵ

• with f x, t ൌ 𝑢௧ െ 𝐹 𝑡, 𝑥, 𝑢, 𝑢௫, 𝑢௫௫, … , 𝜃
• 𝑢 and 𝑓 are simple non linear Neural Networks
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𝑥௧ାଵ ൌ 𝑥௧ ൅ 𝑓ሺ𝑥௧ሻ𝑥௧

PDE‐NET (Long et al. 2018)

• Inspired from classical NN architectures, e.g. ResNet

• Each block implements
• Convolution filters

• Exploit local properties with learned convolutional filters
• Here used to approximate differential operators
• Constraints on the filters forces the approximation of differential operators of given order

• Skip connections
• 𝑥௧ାଵ ൌ 𝑥௧ ൅ 𝑓ሺ𝑥௧ሻ
• Or similar schemes used for time discretization

• Implement the 𝐹 dynamics with a specific NN
• Represent all the polynomials of its inputs (differential operators)  with a limited

number of operations
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PDE‐NET (Long et al. 2018)

• Considers equations of the form
• 𝑢௧ ൌ 𝐹 𝑢, 𝑢௫, 𝑢௫௫, … , x, 𝜃

• Elementary module (𝛿𝑡 െblock)  implements 1 step of forward
Euler
• 𝑢 𝑡 ൅ 𝛿𝑡, . ൎ 𝑢 𝑡, . ൅ 𝛿𝑡. 𝑁𝑒𝑡ሺ𝐷଴଴𝑢, 𝐷଴ଵ𝑢, 𝐷ଵ଴𝑢, … ሻ
• With

• 𝐷௜௝ convolution operator associated to a filter approximating
differential operators

• 𝐷௜௝𝑢 ൎ డ೔శೕ௨
డ೔௫డೕ௬

• Net is a specific « neural network » approximating 𝐹
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PDE‐NET (Long et al. 2018)

• Implementation: 𝛿𝑡 െblock

• Multiple steps

2019‐03‐05 Physico‐statistical systems 25

𝑢௧ାఋ௧ ൌ 𝑢௧ ൅ 𝛿𝑡. 𝐹



PDE‐NET (Long et al. 2018)

• More flexible
• learned filters
• Efficient implementation of polynomials

• Provides an explicit form of the underlying PDE
• e.g. 2 D Burgers

• Only 1st component (𝑢) shown here
• Correct: 𝑢௧ ൌ െ𝑢𝑢௫ െ 𝑣𝑢௬ ൅ 0.05ሺ𝑢௫௫ ൅ 𝑢௬௬ሻ
• Identified: 𝑢௧ ൌ െ0.98𝑢𝑢௫ െ 0.97𝑣𝑢௬ ൅ 0.054𝑢௫௫ ൅ 0.054𝑢௬௬
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u component
• Top: true dynamics
• Bottom: predicted, 𝛿𝑡 ൌ  0.01



Learning from observations
Agnostic Approaches: Spatio‐temporal NN for space time series forecasting, 
2017
Deep Learning for Physical Processes: Incorporating Prior Scientific Knowledge, 
2018
Learning Dynamical Systems from Partial Observations, 2019
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Context
Spatio‐temporal dynamics

• Dynamical system
• State variables describe the evolution of the system

• They may be known, partially known, unknown
• Observations provide a partial knowledge on the state variables and 
on the system dynamics

• Objective(s)
• Model the evolution of the system (dynamics of state variables)
• Forecast future evolution

• Observation level
• State variable level

2019‐03‐05 Physico‐statistical systems 28



Agnostic approaches, e.g. (Ziat et al. 2018)

• Data are considered as discrete spatio‐temporal time series
• Observations: 𝑌௧ ∈ 𝑅௠, 𝑌௧,௜is the 𝑖௧௛ time series

• An underlying latent dynamical process 𝑍 generates the observations: 
• 𝑍௧ ∈ 𝑅௡ is a latent representation of the process at time 𝑡
• 𝑍 has no physical signification

• State space model
• 𝑌௧ ൌ 𝑑 𝑍௧ ൅ 𝜖௑
• 𝑍௧ ൌ 𝑔ሺ𝑍௧ିଵሻ ൅ 𝜖௓
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𝑌௧

𝑍௧

𝑌௧𝑌ଵ 𝑌ଶ

𝑍ଵ 𝑍௧𝑍ଶ

Y୲ ൌ 𝑑 𝑍௧

Z୲ ൌ 𝑔ሺ𝑍௧ିଵሻ
𝑍௧ିଵ

𝑑 and 𝑔: linear or non linear functions to be
learned

Unfolded NN
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Agnostic approaches, e.g. (Ziat et al. 2018)

• Example
• Pacific Sea Temperature
dataset (Columbia.edu)

• Monthly SST in Pacific
• 2520 spatial locations
• 395 months (1970‐2003)

• Figure
• Different time steps (3 
successive months)

• Color: actual sea
temperature

Physico‐statistical systems 302019‐03‐05



Deep Learning for Physical Processes: Incorporating Prior 
Scientific Knowledge (de Bezenac 2018)
Example: Sea Surface Temperature Prediction ‐ SST
• Problem: predicting SST (< 1 meter deep) on Atlantic ocean
• Data: satellite imagery (IR)
• Use cases:

• Weather prediction, anomaly detection, component of climate
models

• Classical approach
• Data assimilation

• Differential equations
• Discretization

• Finite difference
• Model
• Assimilation

• Coupling with SST data
• Adjust to initial conditions

• Forward integration for prediction

Physico‐statistical systems 312019‐03‐05



Deep Learning for Physical Processes: Incorporating Prior 
Scientific Knowledge (de Bezenac 2018)
Physical model: Advection – Diffusion
• Describes transport of 𝐼 through advection and diffusion

𝜕𝐼
𝜕𝑡 ൅ 𝑤. 𝛻 𝐼 ൌ 𝐷𝛻ଶ𝐼

• 𝐼: quantity of interest (Temperature Image)

• 𝑤 ൌ ୼௫
୼௧

motion vector, 𝐷 diffusion coefficient

• There exists a closed form solution
• 𝐼௧ା୼௧ 𝑥 ൌ ሺ𝑘 ∗ 𝐼୲ሻሺ𝑥 െ 𝑤 𝑥 ሻ
• 𝐼௧ା୼௧ 𝑥 can be obtained from 𝐼୲ through a convolution with kernel

𝑘 (pdf of a Normal distribution: 𝑘 𝑥 െ 𝑤, 𝑦 ൌ 𝑁ሺ𝑦|𝑥 െ 𝑤, 2𝐷Δ𝑡ሻ)
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• If we knew the motion vector 𝑤 and the diffusion coefficient 𝐷 we could
calculate 𝐼௧ା୼௧ 𝑥 from 𝐼୲
• 𝒘 and 𝑫 unknown
• ‐> Learn 𝒘 and 𝑫
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Deep Learning for Physical Processes: Incorporating Prior 
Scientific Knowledge (de Bezenac 2018)
Prediction Model: Objective: predict 𝐼௧ାଵ from past 𝐼௧, 𝐼௧ିଵ, …
• 2 components:
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Convolution‐ Deconvolution NN for 
estimating motion vector 𝑤௧

• End to End learning using only 𝐼௧ାଵ supervision
• Stochastic gradient optimization

Past Images Target image

Warping Scheme
Implements discretized
A‐D solution
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Deep Learning for Physical Processes: Incorporating Prior 
Scientific Knowledge (de Bezenac 2018)
Warping Scheme
• Motion vector 𝑤ෝ is now provided by the Conv‐Deconv NN

• 𝑤ෝ is used to compute 𝐼መ௧ାଵ from 𝐼መ௧
• using the following warping scheme:
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Pixel value for time t+1 at position 𝑥, 𝐼መ௧ାଵ 𝑥 :
1. Compute its previous position at time t, i.e.  𝑥 െ 𝑤
2. Center a Gaussian in that position in order to obtain a weight value for each 

pixel in 𝐼୲ based on its distance with 𝑥 െ 𝑤
3. Compute a weighted average of the pixel values of 𝐼୲.

• This weighted average will correspond to the new pixel value at 𝑥 in 𝐼௧ାଵ

𝐼መ௧ାଵ 𝑥 ൌ ෍ 𝑘 𝑥 െ 𝑤ෝ 𝑥 , 𝑦 𝐼௧ሺ𝑦ሻ
௬∈ஐ

Spatial Transformer Network

Discretized version of the 
AD equation solution
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Loss function

• Prediction loss + penalty terms incorporating prior physical
knowledge

• 𝐿௧ ൌ ∑ 𝜌 𝐼መ௧ାଵ 𝑥 െ 𝐼௧ାଵ 𝑥 ൅ 𝑝𝑒𝑛𝑎𝑙𝑡𝑦 𝑡𝑒𝑟𝑚𝑠௫∈ஐ

• 𝜌 𝑥 ൌ 𝑥 ൅ 𝜖 ଵ/ఈ: Charbonier loss – reduces the influence of 
outliers compared to 𝐿ଶ loss – equivalent to 𝐿ଶ for 𝜖 ൌ 0, 𝛼 ൌ ଵ

ଶ

• Penalty
• 𝜆ௗ௜௩ 𝛻. 𝑤ෝ௧ 𝑥 ଶ ൅ 𝜆௠௔௚௡ 𝑤ෝ௧ 𝑥 ଶ ൅ 𝜆௚௥௔ௗ 𝛻𝑤ෝ௧ሺ𝑥ሻ ଶ
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divergence magnitude gradient
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Experiments

• Data
• Synthetic data from the NEMO simulator (Nucleus for European 

Modeling of the Ocean)
• The generated data is based on real SST data (using reanalysis).
• 3734 daily SST images of 481 x 781 pixels from 2006 to 2017
• we concentrate of 64 x 64 pixel sub regions
• we use 2006‐2015 for training and validation, and the rest as test
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Experiments

• Quantitative results
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SOTA Numerical model

Proposed modelSOTA Deep NN models
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Learning Dynamical Systems from Partial Observations
(Ayed et al. 2019)
Problem
• Forecasting non linear dynamical systems from observations only
• Hypothesis

• the underlying system follows an unknown differential equation
• Objective

• Learn the evolution of this system (observations and state) with a 
NN

• Discover automatically the relation between states (dynamics)
• Results

• Cast the problem in a general control framework
• Derive a generic algorithm

• for solving the optimization problem
• Correspondance with the training of a NN through an explicit ODE 

solver for partially observed states
• Experiments on different spatio temporal data
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Learning Dynamical Systems from Partial Observations
(Ayed et al. 2019) 
Setting
• Dynamical system with initial conditions

• ൞
𝑋଴

ௗ௑೟
ௗ௧

ൌ 𝐹ሺ𝑋௧ሻ
𝑌௧ ൌ 𝐻ሺ𝑋௧ሻ

• Variables
• 𝐻: observation operator linking state to observation (known)
• 𝑋 : spatio temporal field – system state (unknown)

• Hyp: 𝑋 contains the quantities of interest for describing the system
• Here 𝑋 is a function of time 𝑡 and space 𝑥 (spatio‐temporal)
• e.g. velocity, pressure (Ocean)

• 𝑌 : observation
• e.g. temperature, salinity, ocean color (Ocean)
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Learning Dynamical Systems from Partial Observations
(Ayed et al. 2019) 
Model
• Use a parametrical model

•
𝑋଴ ൌ 𝑔ఏሺ𝑌 ௞, 𝑋෨଴ሻ

ௗ௑೟
ௗ௧

ൌ 𝐹ఏሺ𝑋௧ሻ
𝑌௧ ൌ 𝐻ሺ𝑋௧ሻ

• Where
• 𝑌 ௞ ൌ ሺ𝑌 ௞ାଵ, … , 𝑌଴ሻ
• 𝐹ఏ is a smooth operator defining the trajectory of 𝑋
• 𝑔ఏ gives the initialization for 𝑋଴

• Learning
• Learn 𝜃 by gradient
• Approximate the gradient using an adjoint method
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Learning Dynamical Systems from Partial Observations
(Ayed et al. 2019) 
Optimization problem
• Loss function

• 𝐽 𝑌, 𝑌෨ ൌ ׬ 𝑌௧ െ 𝑌෨௧
ଶ𝑑𝑡்

଴

• Learning problem
• Minimize Eଢ଼ ୭ୠୱୣ୰୴ୣୢሾ𝐽 𝑌, 𝐻ሺ𝑋ሻ ሿ
• subject to constraints: ௗ௑೟

ௗ௧
ൌ 𝐹ఏ 𝑋௧

𝑋଴ ൌ 𝑔ఏሺ𝑌 ௞, 𝑋෨଴ሻ

• Implementation
• 𝐹ఏ is implemented as a residual network
• 𝑔ఏis a Unet ሺfor the NEMO experimentsሻ
• An explicit Euler scheme with a fixed step‐size is used to solve the 
forward equation ௗ௑೟

ௗ௧
ൌ 𝐹ఏሺ𝑋௧ሻ: 𝑋௧ାఋ௧

ఏ ൌ 𝑋௧ାఋ௧
ఏ ൅ 𝛿𝑡𝐹ఏሺ𝑋௧

ఏሻ
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Datasets

• Euler equations
• Navier Stokes equations when neglecting the viscosity term
• Discretised on a spatial 64x64 grid
• State: fluid particle density + velocity
• Observations: density only
• Initial state: true full state 𝑋଴

• NEMO – Nucleus for European Modelling of the Ocean Engine
• Observations: Sea Surface Temperature

• Daily temperatures 2006‐2015
• State: multiple variables, we make use only of 2 variables 
corresponding to the velocity field

• Initial state: interpolated from previous observations
• For all test, data are partitioned into a training and a test set

• 6 time steps used for the target sequence for  training
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Euler equations

•
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Targets (𝑌௧)

Targets (𝑋௧)

Predictions
(𝑌෠௧ ൌ 𝐻ሺ𝑋෠௧ሻ)

Predictions (𝑋෠௧)



NEMO – Global Ocean Physics Reanalysis

•

Physico‐statistical systems 442019‐03‐05

Targets (𝑌௧)

Targets (𝑋௧)

Predictions (𝑌෠௧)

Predictions (𝑋෠௧)



Conclusion

• Several emerging topics at the crossroad of NNs and dynamical
systems

• Open several perspectives both for statistical machine learning
and for physical modeling

• Cross fertilization of model based approaches (physics) and data 
driven approaches

• New models for describing complex dynamics exploiting the large 
amounts of observation data

• New perspectives for modeling/ training neural networks
• e.g. as continuous dynamical systems
• NN models may be interpreted as discretization schemes for 

dynamical systems
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