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1. J.L. LIONS LEMMA
1.1 THE CLASSICAL J.L. LIONS LEMMA

LEMMA  Q: open in RV, H=Y(Q): dual of H}()

fel?(Q)=feHYQ)and grad f := (0;f)", € H7(Q).

Proof (T,¢) = p)(T,»)p) for any T € D'(Q2) and any ¢ € D(Q)

fel?(Q) = (f,p) :/ fodx and (0;f, ) = —(f,0jp) = / fOipdx for
Q

any ¢ € D(Q2). Therefore, for any ¢ € D(Q),

[(F o) < 1l 2@ lell ) < IFll2@) 1ol ) »
Oif, )| < IFll 2 1952l 2y < IFll 20 1€l gy - O

Q: domain in RN: bounded, connected, open subset of RN such that 9Q is
Lipschitz-continuous and 2 is locally on the same side of 99Q.

The classical J.L. Lions lemma asserts that < holds if €2 is a domain.
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CLASSICAL J.L. LIONS LEMMA  Q: domain in RNV

feH1(Q)and grad f € H}(Q) = f € L%(Q).

E. MAGENES & G. STAMPACCHIA [1958]: Footnote?”

G. Duvaut & J.L. Lions [1972]: English translation: Inequalities in
Mechanics and Physics, Springer, 1976: First published proof for domains with
smooth boundaries.

L. TARTAR [1978]: Another proof, again for domains with smooth boundaries.

VARIATIONS ON A LEMMA OF JACQUES-LOUIS LIONS

7/52



Qrnalli debla Bewote Nermalbe Supariore di Pia
Vet 4% (1958), 447-36%

I PROBLEMI AL CONTORNO PER LE EQUAZIONI
DIFFERENZIALI DI TIPO ELLITTICO

di ENEIcO -MAGENES ¢ GUIDO STAMPACCHIA (Genova)

Lo studio dei problemi al contorno per.le equazioni differenziali lineari
di tipo ellittico di ordine qualunque ha avuto negli ultimi anni uno svilnppo
notevole e ancora attualmente sono in corso interessanti ricerche,

1 presente lavoro & izi che riteniamo completa e
generale, delle diverse teorie relative ai problemi in questioni, sviluppata in
uha serie di seminari all’ Estituto matematico delUniversitd di Genova.

Abbiamo ritenuto utile pubblicare questo lavoro, sia perchd un’espo-
sizione generale non ci sembra aucora fabta — anche le monografi
esistenti, quale ad esompio quella di O. MIRANDA [3] (¥, sono quasi esolu-
sivamente dedicatc alle equazioni del secondo ordine o & equazioni par-
ticolari — sia perchd abbismo ceresto di poriare, in aleuni puntl, qualche
contributo nuovo.

Ci sono state utili le conversazioni avate con i proff. MIRANDA,
Fromsrs, PRODI; in modo particolare desideriemo vingraziare il prof. LIoNs
olire che per i suoi eonsigli anche per wverci dato in visione mamoseribti
non ancora pubblicai. ¥ siamo anche grati al prof. ARUFFO e ai dott,
CAMPANATO & GAGLIAEDO per la loro collaborazione,

Genovs, Gingao 1658,

) T numeri tra [] i riferiscono allz bibliogratta tinale.

VARIATIONS ON A LEMMA OF JACQUES-LOUIS LIONS

320 Exnico MageNes ¢ Guivo Srampaconia: I problemi al contorno

leF=8+8+8+... + 8.

Possiamo allora concludere che se € ((z) N} K(n) segne Pu ¢ H* (R¥).

Tl lemma di Lioxs segue immediatamente osservando che se u € K(a),
@u con @E€D(R*,w) si pud considerare come una funziome di XK (n) e
pertanto ¢ K (B%). Civ implica che w€ H! (o) con # < E. g, v. d. (%)

o) Prima di terminare questo numero osservismo che § ragiotumenti
fin qui svolti ci permettono di assicurare che le formule &i maggiorazione
trovate ally fine del n. 10 si estendono in modo ovvio.

Ci interessa per il seguito segnalare ¢he lu formula (10.27) sussiste anche,
i virth dei visultati ottenuti in questo numero, quando t==(t, ,t ., iy ,t)
con |2] <m. Sila ciob

(11.18) 1@t llamo < € (LS Yoo =+ 12 e + g I}

ove iyl & duta dalln (10.28) o dulla (10.30) nelle stessé ipotesi an g ivi
fatte ¢ con o mdipendente da w

$i osservi poi che T (10.26) quando sin D= 472 (w) vale ancho se
(S5 hgyeees ) cou | 2] <k.

%) B interessante ousarvare, aprendo ana hrove parentesi, che il tipo i dimostrazione
ora dato permetto di visolvers nan questions volativa n corti mpasi di distribuzioni che s
pong abbastanza naturalmente  proposito delle ipotesi £y) e Ef) da nof introdotte el
n. 10: dato un insieme Q aporto o limitato @i k", ogni ributione T lale che DY T€ H™™ ()
per |p| <k, verifica anche lo T¢ H™™% (2)1 (la reciprocs ® vera come wi 2 visto nel n.
10.). J. L. Lions ha ottennto in proponito i-seguenti rianltati ohe i ha gentilmente oo-
mnnieati: s possuno dure esswmpi &i aperti {1 per eni In Tisposta & tals questions d negn-
tiva; ensn d perd afformiativa se lu frontiors di Q & una varieti di classe C™ ¥ ciod w 4 k
— volte differsnziabile con sontinuitd. La dimostruzions i questo riguliato si ottiens Tipar-
tando il problems, medinnte nna opportana trasformagzione di coordinate, al saguento teo-
romn: Sin a il somispuzio di R oon 2, >0 o sin T ana distribuzione sn @ tule ohe

5 e FTym
e B, o) =8y e BT ()
2%,

allorn Ze H™"¥ (). B quosto teoremn ai obtione proprio con una dimostrazions dol tipo
i quelln ora dnla per il Temwa 11,2,
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G. GEYMONAT & P. SUQUET [1986]: First proof for general domains; point
of departure:

NECAS INEQUALITY  Q: domain in RN, There exists Co(Q)
such that

1112y < Co() (]l -2() + llgrad £l y-1(q)
@) ()

for all f € L?(Q)

J. NECAS [1965]: Equations aux Dérivées Partielles, Université de Montréal
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1.2 THE “GENERAL” J.L. LIONS LEMMA

J.L. LIONS LEMMA Q: domain in RN

feD(Q) and grad f = H71(Q) = f € 2(Q).

W. BORCHERS & H. SOHR [1990]; point of departure:

SURJECTIVITY OF div
Q: domain in RN

HY(Q) = {v = (vi)V.1; vi € H(Q)}.

The operator

div: Hy(Q) — L3(Q) := {f € 12(2); /Q fdx =0}

is onto
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O.A. LADYZHENSKAYA [1969]: Surjectivity of div already implicit there, for
domains in R3 with smooth boundaries

M.E. Bocovskil [1979]: Constructive proof (see Sect. 2.8)

B. DACOROGNA [2002]: Constructive proof for domains with a smooth
boundary

Different proof: C. AMROUCHE & V. GIRAULT [1994]; point of departure:
Necas inequality

Extension to W~1P(Q); 1 < p < co: GEYMONAT & SUQUET [1986]

Extension to W™"P(Q); m>1,1 < p < co: W. BORCHERS & H. SOHR
[1990]; C. AMROUCHE & V. GIRAULT [1994]

VARIATIONS ON A LEMMA OF JACQUES-LOUIS LIONS

11/ 52



1.3 A FIRST APPLICATION: KORN’S INEQUALITY

Q: open subset of RV
Given v = (v;)V, € HY(Q) (e.g., a displacement field with N = 3 in elasticity
theory), let (SV: space of N x N symmetric matrices)

Vsv = % (VVT +VV) = (;(O,VJ + ajv,')) € Lz(Q) = Lz(Q;SN)

denote the corresponding linearized strain tensor. So:

V. : HY(Q) — L2(Q)

Then (AN: space of N x N antisymmetric matrices)

Keer:{v:er—>v(x):b—i—Bx€]RN
for some b € RN and BGAN}
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THEOREM: KORN'S INEQUALITY: Q: domain in R".
There exists a constant C such that, for all v = (v;) € HY(Q),

1/2
Wl = (Z Iilfo + 3 uajv,-nizm))

(3

| /\

8v,+8vj)

2 1/2
[2(Q) )

So: The L2(Q)-norms of n(n2+ ) linear combinations

ej(v) = (0v,+f9vj)—(V V)i

control the L?(2)-norms of n? partial derivatives 9;v;.
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Proof

Also, K(Q) C HY(Q) (again,

v:(v,-)eK(Q):>{

(i) Define

K(Q) = {v =(v); v; € [2(Q), e5(v) € [2(Q)} D H(Q)

n(n+1)

vs. n?):

Okv; € Hfl(Q)

9;(Okvi) = (9jen(v) + Okej(v) — diew(v)) € HH(Q)

Classical J.L. Lions lemma: Oxv; € H71(Q) and 0;(0kvi) € HY(Q) = Okvi € L2(Q)

Therefore

(i) Apply Banach open mapping theorem to id : H'(Q) — K(Q) = H}(Q).

K(Q) = HY(Q).
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Remarks: (1) There exist different proofs, i.e., that do not use J.L. Lions
lemma, of the Korn inequality on a domain in RN:

J. GOBERT [1962]: Proof uses Calderén-Zygmund singular integrals

P.P. MosoLov & V.P. MJASNIKOV [1971]: Proof uses Cesaro-Volterra path
integral formula and Calderén-Zygmund singular integrals

V.A. KONDRAT’EV & O.A. OLEINIK [1988]: Proof uses integral inequalities
with (dist(-,09))? as a weight and hypoellipticity of A.

(2) Using J.L. Lions lemma as in the proof of the Korn inequality on a
domain in RV, one can establish a Korn inequality on a surface or, more
generally, on a Riemannian manifold:

M. BERNADOU, P.G. CIARLET & B. MIARA [1994]: Surface in R3 with
boundary

S. MARDARE [2003]: Compact surface in R3 without boundary
W. CHEN & J. JosT [2002]: Riemannian manifold
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1.4 A SECOND APPLICATION: STOKES EQUATIONS

THEOREM  Q: domain in RN; viscosity v > 0. Given
h € H71(Q), there exists a unique solution (u, \) € H§() x L3(Q)
to the Stokes equations

—vAu+grad A\ = hin H71(Q)
divu = 0in Q
u=0o0n0Q

Principle of proof We will see later (cf. Part 2) that:

Classical J.L. Lions lemma = J. Ne&as inequality = div : H}(Q) — L3(Q) is onto

Then:

div : H}(Q) — L3(Q) is onto existence and uniqueness
Babugka-Brezzi inf-sup condition for the Stokes equations O
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R. TEMAM [1977]: Navier-Stokes Equations, North-Holland, Amsterdam

V. GIRAULT & P.A. RAVIART [1986]: Finite Element Methods for
Navier-Stokes Equations, Springer, Berlin

F. Brezz1 & M. FORTIN [1991]: Mixed and Hybrid Finite Element Methods,

Springer, New York

P.G. CIARLET [2013]: Linear and Nonlinear Functional Analysis with
Applications, SIAM, Philadelphia
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1.5 A THIRD APPLICATION: WEAK POINCARE LEMMA

WEAK POINCARE LEMMA (P.G. CIARLET & P. CIARLET, JR. [2005];
then simpler proof by S. KESAVAN [2005])
Q: simply-connected domain in RN. Let h = (h;) € HY(Q) be such that

8;hj = 8jh,' in H_2(Q) < curlh =0 in H_2(Q)

Then there exists p € L2(Q), unique up to the addition of
constants,such that

Oip = h; in HY(Q) < grad p = h in H=}(Q)
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Proof  There exists (u,\) € H3(Q) x L?(R) such that (Stokes equations; cf.
Sect. 1.4)

—Au+grad A =hin H"}(Q) and divu = 0 in [3(Q).
Then curl h =0 = A(curl u) =0 = curl u € C>*(Q; R") (hypo-ellipticity of A)
= 0j(0ju; — Oju;) = Au; — Oi(divu) = Au; € C(Q).
Consequently,
Au e C®°(Q;RN) and curl Au= A(curlu) =0
Hence there exists A € C*°(Q) C D'(Q) such that
gradX =Au=grad\—h

by the classical Poincaré lemma (this is where the assumption that Q is
simply-connected is used). Then

p:=\—\e D (Q) satisfies grad p = grad A\ — grad \ = h € H"(Q),

and J.L. Lions lemma implies that p € L?(Q). O
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1.6 A FOURTH APPLICATION: WEAK SAINT-VENANT LEMMA

WEAK SAINT-VENANT LEMMA (P.G. CIARLET &
P. CIARLET, JR., M3AS [2005])

Q: simply-connected domain in RN. Let (e;) € L?(Q) = L2(;SN)

be such that the following SAINT-VENANT COMPATIBILITY
CONDITIONS are satisfied:

Dujeik + Okiejr — Opiejk — Okjeir = 0 in H2(Q).

Then there exists v € HY(S), unique up to the addition of a vector field

in Ker Vs (equivalently, there exists a unique v € HI(Q) = HY(Q)/ Ker V),
such that

1 .
(VSV),'J' = E(ajv,- + 6,\/J) = €jj In Lz(Q)

Proof Same as for the “classical” Saint-Venant lemma:
(e;) € C2(%SV) = v € C3(RN),

but with the “classical” Poincaré lemma replaced by the weak Poincaré lemma. [
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2. AN EQUIVALENCE THEOREM

C. AMROUCHE, P.G. CIARLET & C. MARDARE: JMPA 104 (2015),
207-226.

Q: domain in RN

C(Q2), Co(2), C1(2), . .. designate various constants only dependent on Q

Proofs of (a) = (b) = (c) = (d) = (e): see also P.G. CIARLET [2013]:
Linear and Nonlinear Functional Analysis with Applications, SIAM.

2.1 CLASSICAL J.L. LIONS LEMMA = J. NECAS INEQUALITY

(a) Classical J.L. Lions lemma:
feH Q) and grad f € H}(Q) = f € L*(Q)

implies

(b) J. Netas inequality:
1Fllz@) < Co@) (IFll-1(gy + 8rad Flly-1(qy ) for all £ & 12(9)
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Sketch of proof  The space
V(Q):={f e H}(Q); grad f € H}(Q)},
equipped with the norm
f e V(Q) = (Iflly-sq) + lgrad flly-s(q)
is complete. The canonical injection
L L2(Q) = V(Q)

is one-to-one, (clearly) continuous, and onto by the classical J.L. Lions lemma.
Therefore, by Banach open mapping theorem, :* is also continuous. There
thus exists a constant Co(2) such that J. Necas inequality holds:

¥y < Co(@) (Il + lg7ad Flly2(gy) for all £ € 13(@) O
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2.2 J. NECAS INEQUALITY = grad HAS CLOSED RANGE

(b) J. Netas inequality:
11l 2y < Co($2) (||f||H—1(Q) + |lgrad f||H—1(Q)) for all f € L2(Q)

implies

(c) grad : L2(Q) — H71(R) has closed range
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Sketch of proof  To show that grad : L3(Q) — H™1(Q) has closed range,
it suffices to show that

1fll2) < C(Q) [lgrad f||y-1(q) forall f € L3(9).
If not, there exists (fx)22; with fi € L%(Q) such that
1kl 2() = 1 for all k, and ||grad fi||y-1(q) — 0 as k — oc.

Hence a subsequence ()22, converges in H~1(Q) (the canonical injection from
[2(Q) into H1(Q) is compact) and thus ()2, is a Cauchy sequence for the
norm

fe2(Q) = |flly-1q) + Igrad | -1 (q)-
By Necas inequality, (f;)32 is a Cauchy sequence in L?(R2). So
fp — fin L2(Q) as £ — oc.
Since the mapping f € L?(Q) — grad f € H71(Q) is continuous,
grad f, — grad f =0 in H~1(Q) as ¢ — oc.
So f = 0since f € L3(Q), in contradiction with [ fell 12(q) = 1 for all £. O
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2.3 grad HAS CLOSED RANGE = de RHAM THEOREM IN H71(Q)

(c) grad : L3(Q) — H71(R) has closed range

implies

(d) de Rham theorem in H=1(Q): Given h € H~Y(Q), there exists
p € L3(Q) such that grad p = h in H=(Q) if (and clearly only if)
H-1(0)(h, V>H(1)(Q) = 0 for all v € H}(Q) that satisfy divv =0 in Q

Proof By definition of grad f for f € L3(),

H-1(Q)(grad f, V) o) = —/ f divvdx for all f € L3(Q) and all v € H§(Q)
Q

Hence grad : L3(Q) — H71(Q) is the dual of —div : H}(Q) — L3(Q).
Therefore, by Banach closed range theorem:
Im grad = (Ker(—div))° = {h € H}(Q); H-1(q)(h, V)Hé(Q) =0
for all v € H{() that satisfy divv =0 in Q}. O
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2.4 de RHAM THEOREM IN H~1(Q) = div IS ONTO

(d) de Rham theorem in H=1(Q): Given h € H=1(Q), there exists
p € L3() such that grad p = h in H~1(Q) if (and clearly only if)
H-1(Q)(h, V)pi(q) =0 for all v € H}(Q) that satisfy divv =0in Q

implies

(e) div : H3(Q2) — L3(Q) is onto

Consequently, for each f € Lg(Q), there exists a unique
us € (Kerdiv): C H}(Q) such that

div ur = f,

and, by Banach open mapping theorem,

lutllpn) < GQ) Il 2(q) for all £ € L§(Q)
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Proof  Again by Banach closed range theorem,
Im div = (Ker grad)°
and Ker grad = {0} since grad f =0 and f € L3(f2) implies f = 0. Therefore

Im div = L3(Q). O
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2.5 divIS ONTO = “APPROXIMATION LEMMA”

A domain Q is starlike with respect to a ball B(x; r) if, for each z € Q,
co({z} UB(x;r)) C Q.

(e) div : H3(Q) — L3(Q) is onto

implies

(f) Approximation lemma: Assume the domain Q is starlike with
respect to a ball. Then, given any

¢ € D(RQ) such that / wdx =0,
Q

there exist v, = vp(p) € D(Q), n > 1, such that

[Vallgq) < C(2) ll¢ll 2(qy forall n>1,and

divv, = ¢ in D(Q) as n — o0
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Sketch of proof Without loss of generality, assume € is starlike with respect
to a ball B(0; r) centered at the origin. Let

Do(Q) == {go c D(Q);/Qcpdx - o} c 13(9Q),

and let ¢ € Do(2) be given.

(i) Definition of auxiliary fields u, = u,(¢). By assumption, there exists
a unique u = u(yp) € (Kerdiv)t C H}() such that

diva = ¢ in Qand |u[yq) < G(Q) el 12(q) -

Let w =w(p):=uin Qand w:=0in RN — Q, so that

w e H'(RY), Wl @vy = [Ullm) < Q) ll¢ll 20y > and
divw = ¢ in Q and divw =0 in RV-Q
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2
Let ng > 1 be such that ng > —, and let, for each n > nq,
r

2
/\,,::1——andQn::{)\nxeRN;XEQ}CQ.
nr

Because Q is starlike with respect to B(0; r), Thales theorem gives:

2
for each n > ng, dist(x, 0Q2) > - for all x € Q,

For each n > ng, let

u,y €RN = uy(y) = )\,,W<)\L>,
n

so that, for each n > ng,

un € HY@®RY), u, =0in RN — Q, and divu, = 90(?) in RV
n

where the same notation ¢ designates the extension of ¢ by 0 in RN — Q.
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(ii) Definition of the fields v, = v,(p) € D(2). Let (pn)i; be a family of
mollifiers:

1
pn € C®°(RN), supp p, C B(O; >,p,, >0, and /RN pn(x)dx =1,

n

and let, for each n > ng,

Wp = Up * pp, i.e., Wp(X) := / pn(x — Y)us(y)dy, x € RV

B(x7)

Then

1
suppw, C {x € Q; dist(x, 0Q) > ;},

and thus

Vh = wWplq € D(Q).

Besides, by a well-known property of convolution operators,

IVallie) = Wnllgrny = lun * pnllgrwey < lltnllpgrgny, 7= no
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(iii) The vector fields v, € D(Q) satisfy

IVallgr o) < GL(Q) el 2y for all n > no.

: X : . .
Taking y 1= " as the new variable in the integrals below shows that

P () [ 32 [ Joo () e
=Aﬁ“/ |dy+zw/ 1w ()2 dy

< HWHHl(R’V) = HuHHl(Q)a

2
HunHHl(R’V) =

so that, by (i) and (ii),

IVallingay < lnllmgen) < llmay < CR) @]l 2gq) for all n > no.
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(iv) The vector fields v, € D(2), n > ng, satisfy

divv, = ¢ in D(Q) as n — oo.

By definition of the convergence in D(2), we have to find a compact subset K
of € such that

supp ¢ C K and supp(divv,) C K for all n large enough, and for each

multi-index a, sup,cx |0*(divv,)(x) — 0% (x)| — 0 as n — oo.

1
Since u, =0 in RN —Q,,, w, = u, % Pn With supp p, C B(O; 7>, and
n
Vn = Wj|q, there exists 8 > 0 and n; > ng such that

supp(divv,) Usuppp C K := {x € Q; dist(x,0Q) > g} for all n > ny
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That sup,ck [0%(divv,)(x) — 0%p(x)] — 0 as n — oo follows by noting that
0%(divv,) = 0% div(w,) = 0% (div(u, * pn))
= (0%(divuy,)) * pp, = <8°‘<p<>\)> * pp in

so that, for each n > nq,

o (aivvn)(x) = 070 = (07 (1- ) ) o) =

1 X —
- / <)\|aaa¢< )\ny> - 8a<,0(x)> pn(y)dy at each x € Q,
RN n
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which in turn implies that

sup |0%(divv,)(x) — 0%p(x)|

X:e;éﬁ ‘R[ [(Alla' - 1> 8"go<x;ny) pn(y) + (8“¢<X;ny> - 8“90(X)> pn(y)} dy(
< zs,euRpN\aacp(z)\< 2 1) + sup / (8“<p(x+5n(x,y)) —Gaw(X)>pn(y)dy(,
B(0;1)

1-A, .
where dp(x,y) == < y )x - )\L Since then sup, ¢k SUp,cg(o;1) [0n(x, y)|

can be made arbitrarily small if n is large enough, it follows that, for each
multi-index «,

sup |0%(divv,)(x) — 0%(x)| — 0 as n — oo,
xeK

since the function 0% is uniformly continuous and bounded. 0
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2.6 “APPROXIMATION LEMMA” = J.L. LIONS LEMMA

(f) Approximation lemma: Assume the domain Q is starlike with respect
to a ball. Then, given any

¢ € D(RQ) such that / wdx =0,
Q

there exist v, = vp(p) € D(RQ), n > 1, such that

IVallq) < C(Q) ¢l 2q) forall n>1, and

divv, = ¢ in D(Q) as n — o0

implies

(g) J.L. Lions lemma : Q : domain in RV

feD(Q)and gradf € H71(Q) = f € L2(Q)
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Sketch of proof (i) Assume first that Q is starlike with respect to an open ball,
and let f € D'(Q) be such that grad f € H=1(Q). To show that f € L2(Q), it suffices
to show that there exists a constant Co(f, ) such that

lp@){fs e)p@)l < Colf, Q) ||<PHL2(Q) for all ¢ € D(Q)

Let 1 € D(Q) such that [, p1dx = 1. Given any ¢ € D(Q),

wo = po(p) = ¢ — (/QSOdX> ¢1 € Do(R2)
and there exists a constant C(, ¢1) independent of ¢ such that

Ipoll 2@y < (2 01) llpll 2y -

By assumption,

lp (@), divep) pay| = | D) (grad f,¥) p(a)| < Gi(F, Q) %420
for all ¢ € D(Q)
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By the approximation lemma, there exist vector fields
Vh = Va(po) = va(p) € D(Q), n > 1, such that

divvy, — o in D(Q) as n — oo and [[val[y1(q) < Co(Q) [loll2(q) forall n=> 1.
The relations

o), ©)p) = pr(@)(f, vo)p@) + (/QsodX)D/(Q)U, ©1)D(Q)
p(@)f;po)p@) = lim pe)(f,divva)pq),

[pr@)(f.divva)p@)l < G(F, Q) [IVallpyq)
< G(F, Q) G(2) [[oll 2(q for all n =1,

together imply that

lp@)(f, e)p@)| < Co(f, Q) l¢]l2(q) for all ¢ € D(Q), where
Co(f,Q) := C(Q, 1) Ci(f, Q) Co(Q) + (meas Q)12

@) {f,¢1)p@)]
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(i) Assume next that Q is a general domain. Then, there exists a finite
number of domains Q;, i € I, each one contained in 0 and starlike with respect
to an open ball, such that (use ideas from V. MAz’yA [1985] or
M. CoSTABEL & McINTOSH [2010])

Q:Um.

i€l

Given any ¢ € D(Q), let (aj)ies be a partition of unity associated with the
open cover | J;c, ; of the compact set

K :=supp ¢,

i.e., aj € D(Q), suppa; C Q;, and Y, ai(x) =1 for all x € K. Then
J.L.Lions lemma on 2 follows from the application of J.L. Lions lemma on each
Q;, iel. ]
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2.7 AN EQUIVALENCE THEOREM

Clearly, (g): J.L. Lions lemma = (a): classical J.L. Lions lemma. So:

EQUIVALENCE THEOREM  Q: domain in RN. The following
statements are equivalent:

(a) Classical J.L. Lions lemma:
feHYQ)and grad f € H}(Q) = f € L?(Q)

(b) J. Necas inequality:
1l 20y < ColQUIflly-1(0) + llgrad fl|y-1q)) for all f € L2()

(c) grad : L3(2) — H™(Q) has closed range
(d) de Rham theorem in H=1()

(e) div : H3(Q) — L3(Q) is onto
(
(

f) “Approximation lemma”

g) J.L. Lions lemma: f € D'(Q) and grad f € H71(Q) = f € L2(Q)

Conclusion: Any “independent” proof of (a), or (b), or (c), or (d), or (e),

or (f), provides a proof of J.L. Lions lemma.
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2.8 TWO PROOFS OF J.L. LIONS LEMMA

One proof of J.L. Lions lemma follows from the equivalence theorem
together with:

THEOREM  Q: domain in RN. Then the operator

div: HY(Q) — [3(Q) := {f € L2(Q);/

| rdx= 0}.

is onto.

M.E. BoGovsk1l; Soviet Math. Dokl. 20 (1979), 1094-1098.
Note that this surjectivity holds as well for the operator
div: Wy P(Q) — LB(Q) = {f € LP(Q); [, fdx =0}, 1 < p < <.

Brief idea of the proof: One shows that, given any f € L3(Q), there exist a
vector field us = Rf € H{(Q) with R : L3(Q) — H}(Q) linear and a constant
C(Q) independent of f such that

divur = fin Qand [uflyq) < C(Q) [[fll 20
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Assume that Q is starlike with respect to a ball B and let # € D(RV) be
such that 0 < 6 <1, suppf C B, and fB fdx = 1. Then M.E. Bogovskii gives
a remarkable explicit formula for such a vector field ur in this case in the
following form:

ur(x) = /Qf(y)K(x,y)dy, x € Q, where

Ken) = ([ e300 + et y)at ) - )

Note that K(x,y) is not defined if x = y and that establishing the estimate
[utllpr(q) < C(Q) [l 2(q) is delicate, as it relies in particular on the theory of
Calderon-Zygmund singular integrals.

Assume next that Q is a general domain. The rest of the proof then follows
like that of the implication (f) = (g) in the equivalence theorem. O
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Remark: As already noted, W. BORCHERS & H. SOHR [1990] showed
that J.L. Lions lemma can be established as a consequence of the surjectivity of
div : H}(2) — L3(S2). However, our proof is shorter and simpler, thanks to the
approximation lemma.

Another proof of J.L. Lions lemma follows from the equivalence
theorem together with:

THEOREM: J. NECAS INEQUALITY: Q: domain in R".
There exists a constant Co(2) such that

¥l < Co(Q) (IFll 30y + 1grad Flly 1) for all £ € 12(9)

See J. NECAS [1967], op.cit., or
J.H. BRAMBLE, Math. Models Appl. Sci. 13 (2003), 361-371.
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Remark: As already noted, G. GEYMONAT & P. SUQUET [1986] showed
that the classical J.L. Lions lemma can be established as a consequence of
J. Netas inequality. However, our proof is shorter and simpler, again thanks to
the approximation lemma.
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3. TWO FURTHER EQUIVALENCES
3.1 J.L. LIONS LEMMA < WEAK POINCARE LEMMA

We saw in Sect. 1.5 that the classical J.L. Lions lemma implies the weak
Poincaré lemma. Conversely:

THEOREM

Weak Poincaré lemma: Q : simply-connected domain in RN .
Given h € H™Y(Q) such that

curlh=0in H72(Q),
there exists p € L?(Q) such that

gradp=hin H71(Q)

implies

J.L. Lions lemma
feD'(Q) and grad f € H_l(Q) =fe LQ(Q)
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Proof (i) Assume first that the domain Q is simply-connected, and let
f € D'(Q) be such that grad f € H~(Q). Since then

curlgrad f =0,
the weak Poincaré lemma implies that there exists p € L?(Q) such that
grad p =grad f.
Hence there exists a constant C such that
f=p+ CinD(Q),
which shows that f € L2(Q), i.e., that J.L. Lions lemma holds in this case.

(ii) Assume next that 2 is a general domain, and let f € D'(Q2) be such
that grad f € H=1(Q). There exist a finite number of simply-connected
domains Q;, i € I, such that Q = (J;,; Q;. Then, given any ¢ € D(Q), use a
partition of unity associated with the open cover | J.., Q; of the compact set
supp i and use J.L. Lions lemma on each Q;, i € I.

i€l

VARIATIONS ON A LEMMA OF JACQUES-LOUIS LIONS

48 / 52



3.2 J.L. LIONS LEMMA < de RHAM THEOREM IN H}(Q) <
“REFINED” de RHAM THEOREM IN H~1(Q)

We saw in the equivalence theorem that J.L. Lions lemma is equivalent to

(d) “Coarse” de Rham theorem: Given h € H=1(Q), there exists
p € L3(Q) such that grad p = h in H=(Q) if (and clearly only if)
H-1(0)(h, V>H(1)(Q) = 0 for all v € H}(Q) that satisfy divv =0 in Q

THEOREM: “Coarse” de Rham theorem implies

“Refined” de Rham theorem: Given h € H71(Q), there exists
p € L3(Q) such that grad p = h in H=(Q) if (and clearly only if)
H-1(2)(h; @) i) = 0 for all € D(Q) that satisfy divp =0in Q

Sketch of proof Follows same idea as in V. GIRAULT & P.A. RAVIART
[1986] (see also F. BOYER & P. FABRIE [2013]), with a significant
simplification because the “general” J.L. Lions lemma can be used. O
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4. EXTENSIONS
4.1 VECTOR VERSION DE J.L. LIONS LEMMA

Capital Roman letters denote spaces of symmetric N x N matrix fields.

Q: domain in RN

1

veD'(Q) and Vov:=_ (Vv +Vv) e H(Q) = v e L?(Q)

N

C. AMROUCHE, P.G. CIARLET, L. GRATIE & S. KESAVAN [2006]. Proof
based on the “scalar” version of J.L. Lions lemma (cf. supra).

The following “equivalence theorem” is due to P.G. CIARLET, M. MALIN &
C. MARDARE [2018]. For brevity, the corresponding “approximation lemma” is
not mentioned.
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EQUIVALENCE THEOREM Q: domain in RN, The following
statements are equivalent:

(a) ve HY(Q) and Vov € HL(Q) = v € L2(Q)

(b) Vector version of J. Ne&as inequality:
Ivlli2(@) < QQ)IVI4-1() + IVsvllz-1(q)) for all v € L(Q)

(c) Vs : L3(Q) — HY(Q) has closed range, where
L3(Q) :={v € L?(Q); [ov-rdx =0} for all r € KerV,

(d) Donati compatibility conditions:
Given e € H™1(Q), there exists v € L3(Q) such that
Vsv =e if (and clearly only if) -1(q) (e,s)H(l)(Q) =0
for all s € H}(Q) that satisfy divs =0 in Q

(e) div : H}(Q) — L3(Q) is onto.

(f) Vector version of J.L. Lions lemma:
v eD'(Q) and Vv € HH(Q) = v € L2(Q).
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4.2 J.L. LIONS LEMMA IN W~mP(Q)

EQUIVALENCE THEOREM Q: domain in RN, Let m > 1,
1< p<oo, and % + % = 1. The following statements are equivalent:

(a) f € W=™P(Q) and grad f € W—™P(Q) = f € W—mTLP(Q)
(b) J. Necas inequality in W=mP(Q):
[Fllw-mirn) < Co(S2,m, p)(Ifllw-meq) + llgrad flly -mpq))
for all f € W—mTLP(Q)
(c) grad : W=m+LP(Q) — W~™P(Q) has closed range

(d) de Rham theorem in W="P(Q) : Given h € W~"™P(Q), there exists
p € W=m+LP(Q) such that grad p = h if (and clearly only if)
w-ma(@)(h,V)wraq) =0 forall v.e Wg"9(Q) that satisfy
divv=0in Q

(e) div: W 9(Q) — {f € W' "9(Q); [, fdx =0} is onto

(f) J.L. Lions lemma in W~"™P(Q):
f € D'(Q) and grad f € W—™P(Q) = f € W-"+1P(Q)
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