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3.2 J.L. Lions lemma ⇔ de Rham theorem in HHH−1(Ω) ⇔ “refined” de Rham
theorem in HHH−1(Ω)

4. EXTENSIONS

4.1 Vector version of J.L. Lions lemma

4.2 J.L. Lions lemma in W−m,p(Ω)

VARIATIONS ON A LEMMA OF JACQUES-LOUIS LIONS 4 / 52



1. J.L. LIONS LEMMA

1.1 THE CLASSICAL J.L. LIONS LEMMA

LEMMA Ω: open in RN ; H−1(Ω): dual of H1
0 (Ω)

f ∈ L2(Ω)⇒ f ∈ H−1(Ω) and gradgradgrad f := (∂i f )Ni=1 ∈ HHH−1(Ω).

Proof 〈T , ϕ〉 := D′(Ω)〈T , ϕ〉D(Ω) for any T ∈ D′(Ω) and any ϕ ∈ D(Ω)

f ∈ L2(Ω)⇒ 〈f , ϕ〉 =

∫
Ω
f ϕdx and 〈∂i f , ϕ〉 = −〈f , ∂iϕ〉 = −

∫
Ω
f ∂iϕdx for

any ϕ ∈ D(Ω). Therefore, for any ϕ ∈ D(Ω),

|〈f , ϕ〉| ≤ ‖f ‖L2(Ω) ‖ϕ‖L2(Ω) ≤ ‖f ‖L2(Ω) ‖ϕ‖H1(Ω) ,

|〈∂i f , ϕ〉| ≤ ‖f ‖L2(Ω) ‖∂iϕ‖L2(Ω) ≤ ‖f ‖L2(Ω) ‖ϕ‖H1(Ω) . �

Ω: domain in RN : bounded, connected, open subset of RN such that ∂Ω is
Lipschitz-continuous and Ω is locally on the same side of ∂Ω.

The classical J.L. Lions lemma asserts that ⇐ holds if Ω is a domain.
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CLASSICAL J.L. LIONS LEMMA Ω: domain in RN

f ∈ H−1(Ω) and gradgradgrad f ∈ HHH−1(Ω)⇒ f ∈ L2(Ω).

E. Magenes & G. Stampacchia [1958]: Footnote27

G. Duvaut & J.L. Lions [1972]: English translation: Inequalities in
Mechanics and Physics, Springer, 1976: First published proof for domains with
smooth boundaries.

L. Tartar [1978]: Another proof, again for domains with smooth boundaries.
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G. Geymonat & P. Suquet [1986]: First proof for general domains; point
of departure:

NEČAS INEQUALITY Ω: domain in RN . There exists C0(Ω)
such that

‖f ‖L2(Ω) ≤ C0(Ω)
(
‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω)

)
for all f ∈ L2(Ω)

J. Nečas [1965]: Equations aux Dérivées Partielles, Université de Montréal
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1.2 THE “GENERAL” J.L. LIONS LEMMA

J.L. LIONS LEMMA Ω: domain in RN

f ∈ D′(Ω) and gradgradgrad f = HHH−1(Ω)⇒ f ∈ L2(Ω).

W. Borchers & H. Sohr [1990]; point of departure:

SURJECTIVITY OF div
Ω: domain in RN

HHH1
0(Ω) =

{
vvv = (vi )

N
i=1; vi ∈ H1

0 (Ω)
}

.

The operator

div : HHH1
0(Ω)→ L2

0(Ω) :=
{
f ∈ L2(Ω);

∫
Ω
f dx = 0

}
is onto
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O.A. Ladyzhenskaya [1969]: Surjectivity of div already implicit there, for
domains in R3 with smooth boundaries

M.E. Bogovskii [1979]: Constructive proof (see Sect. 2.8)

B. Dacorogna [2002]: Constructive proof for domains with a smooth
boundary

Different proof: C. Amrouche & V. Girault [1994]; point of departure:
Nečas inequality

Extension to WWW−1,p(Ω); 1 < p <∞: Geymonat & Suquet [1986]

Extension to WWW−m,p(Ω); m ≥ 1, 1 < p <∞: W. Borchers & H. Sohr
[1990]; C. Amrouche & V. Girault [1994]
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1.3 A FIRST APPLICATION: KORN’S INEQUALITY

Ω: open subset of RN

Given vvv = (vi )
N
i=1 ∈ HHH1(Ω) (e.g., a displacement field with N = 3 in elasticity

theory), let (SN : space of N × N symmetric matrices)

∇∇∇svvv :=
1

2

(
∇∇∇vvvT +∇∇∇vvv

)
=

(
1

2
(∂ivj + ∂jvi )

)
∈ L2(Ω) := L2(Ω; SN)

denote the corresponding linearized strain tensor. So:

∇∇∇s : HHH1(Ω)→ L2(Ω)

Then (AN : space of N × N antisymmetric matrices)

KerKerKer∇∇∇s =
{
vvv : x ∈ Ω→ vvv(x) = bbb +BBBx ∈ RN

for some bbb ∈ RN and BBB ∈ AN
}
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THEOREM: KORN’S INEQUALITY: Ω: domain in Rn.
There exists a constant C such that, for all vvv = (vi ) ∈ HHH1(Ω),

‖vvv‖HHH1(Ω) :=

(∑
i

‖vi‖2
L2(Ω) +

∑
i ,j

‖∂jvi‖2
L2(Ω)

)1/2

≤ C

(∑
i

‖vi‖2
L2(Ω) +

∑
i ,j

∥∥∥∥1

2
(∂jvi + ∂ivj)

∥∥∥∥2

L2(Ω)

)1/2

So: The L2(Ω)-norms of
n(n + 1)

2
linear combinations

eij(vvv) :=
1

2
(∂jvi + ∂ivj) = (∇∇∇svvv)ij

control the L2(Ω)-norms of n2 partial derivatives ∂jvi .
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Proof (i) Define

KKK (Ω) := {vvv = (vi ); vi ∈ L2(Ω), eij(vvv) ∈ L2(Ω)} ⊃ HHH1(Ω)

Also, KKK (Ω) ⊂ HHH1(Ω) (again,
n(n + 1)

2
vs. n2):

vvv = (vi ) ∈ KKK (Ω)⇒

{
∂kvi ∈ H−1(Ω)

∂j(∂kvi ) = (∂jeik(vvv) + ∂keij(vvv)− ∂iejk(vvv)) ∈ H−1(Ω)

Classical J.L. Lions lemma: ∂kvi ∈ H−1(Ω) and ∂j(∂kvi ) ∈ H−1(Ω)⇒ ∂kvi ∈ L2(Ω)

Therefore KKK (Ω) = HHH1(Ω).

(ii) Apply Banach open mapping theorem to id : HHH1(Ω)→ KKK (Ω) = HHH1(Ω). �

VARIATIONS ON A LEMMA OF JACQUES-LOUIS LIONS 14 / 52



Remarks: (1) There exist different proofs, i.e., that do not use J.L. Lions
lemma, of the Korn inequality on a domain in RN :

J. Gobert [1962]: Proof uses Calderón-Zygmund singular integrals

P.P. Mosolov & V.P. Mjasnikov [1971]: Proof uses Cesàro-Volterra path
integral formula and Calderón-Zygmund singular integrals

V.A. Kondrat’ev & O.A. Oleinik [1988]: Proof uses integral inequalities
with (dist(·, ∂Ω))2 as a weight and hypoellipticity of ∆.

(2) Using J.L. Lions lemma as in the proof of the Korn inequality on a
domain in RN , one can establish a Korn inequality on a surface or, more
generally, on a Riemannian manifold:

M. Bernadou, P.G. Ciarlet & B. Miara [1994]: Surface in R3 with
boundary

S. Mardare [2003]: Compact surface in R3 without boundary

W. Chen & J. Jost [2002]: Riemannian manifold
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1.4 A SECOND APPLICATION: STOKES EQUATIONS

THEOREM Ω: domain in RN ; viscosity ν > 0. Given
hhh ∈ HHH−1(Ω), there exists a unique solution (uuu, λ) ∈ HHH1

0(Ω)× L2
0(Ω)

to the Stokes equations

−ν∆uuu + gradgradgrad λ = hhh in HHH−1(Ω)
divuuu = 0 in Ω

uuu = 000 on ∂Ω

Principle of proof We will see later (cf. Part 2) that:

Classical J.L. Lions lemma ⇒ J. Nečas inequality ⇒ div : HHH1
0(Ω)→ L2

0(Ω) is onto

Then:

div : HHH1
0(Ω)→ L2

0(Ω) is onto
Babuška-Brezzi inf-sup condition

}
⇒
{

existence and uniqueness
for the Stokes equations �
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R. Temam [1977]: Navier-Stokes Equations, North-Holland, Amsterdam

V. Girault & P.A. Raviart [1986]: Finite Element Methods for
Navier-Stokes Equations, Springer, Berlin

F. Brezzi & M. Fortin [1991]: Mixed and Hybrid Finite Element Methods,
Springer, New York

P.G. Ciarlet [2013]: Linear and Nonlinear Functional Analysis with
Applications, SIAM, Philadelphia
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1.5 A THIRD APPLICATION: WEAK POINCARÉ LEMMA

WEAK POINCARÉ LEMMA (P.G. Ciarlet & P. Ciarlet, Jr. [2005];
then simpler proof by S. Kesavan [2005])
Ω: simply-connected domain in RN . Let hhh = (hi ) ∈ HHH−1(Ω) be such that

∂ihj = ∂jhi in H−2(Ω)⇔ curlcurlcurl hhh = 000 in HHH−2(Ω)

Then there exists p ∈ L2(Ω), unique up to the addition of
constants,such that

∂ip = hi in H−1(Ω)⇔ gradgradgrad p = hhh in HHH−1(Ω)
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Proof There exists (uuu, λ) ∈ HHH1
0(Ω)× L2(Ω) such that (Stokes equations; cf.

Sect. 1.4)

−∆∆∆uuu + gradgradgrad λ = hhh in HHH−1(Ω) and divuuu = 0 in L2(Ω).

Then curlcurlcurl hhh = 000⇒ ∆(curlcurlcurl uuu) = 000⇒ curlcurlcurl uuu ∈ C∞(Ω;Rn) (hypo-ellipticity of ∆)

⇒ ∂j(∂jui − ∂iuj) = ∆ui − ∂i (divuuu) = ∆ui ∈ C∞(Ω).

Consequently,

∆uuu ∈ C∞(Ω;RN) and curlcurlcurl ∆∆∆uuu = ∆(curlcurlcurl uuu) = 000

Hence there exists λ̃ ∈ C∞(Ω) ⊂ D′(Ω) such that

gradgradgrad λ̃ = ∆∆∆uuu = gradgradgrad λ− hhh

by the classical Poincaré lemma (this is where the assumption that Ω is
simply-connected is used). Then

p := λ− λ̃ ∈ D′(Ω) satisfies gradgradgrad p = gradgradgrad λ− gradgradgrad λ̃ = hhh ∈ HHH−1(Ω),

and J.L. Lions lemma implies that p ∈ L2(Ω). �
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1.6 A FOURTH APPLICATION: WEAK SAINT-VENANT LEMMA

WEAK SAINT-VENANT LEMMA (P.G. Ciarlet &
P. Ciarlet, Jr., M3AS [2005])

Ω: simply-connected domain in RN . Let (eij) ∈ L2(Ω) = L2(Ω;SN)
be such that the following SAINT-VENANT COMPATIBILITY
CONDITIONS are satisfied :

∂`jeik + ∂kiej` − ∂`iejk − ∂kjei` = 0 in H−2(Ω).

Then there exists vvv ∈ HHH1(Ω), unique up to the addition of a vector field

in KerKerKer∇∇∇s (equivalently, there exists a unique v̇vv ∈ ḢHH
1
(Ω) = HHH1(Ω)/KerKerKer∇∇∇s),

such that

(∇∇∇svvv)ij :=
1

2
(∂jvi + ∂ivj) = eij in L2(Ω)

Proof Same as for the “classical” Saint-Venant lemma:

(eij) ∈ C2(Ω; SN)⇒ vvv ∈ C3(Ω;RN),

but with the “classical” Poincaré lemma replaced by the weak Poincaré lemma. �
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2. AN EQUIVALENCE THEOREM

C. Amrouche, P.G. Ciarlet & C. Mardare: JMPA 104 (2015),
207–226.

Ω: domain in RN

C (Ω),C0(Ω),C1(Ω), . . . designate various constants only dependent on Ω

Proofs of (a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (e): see also P.G. Ciarlet [2013]:
Linear and Nonlinear Functional Analysis with Applications, SIAM.

2.1 CLASSICAL J.L. LIONS LEMMA ⇒ J. NEČAS INEQUALITY

(a) Classical J.L. Lions lemma:
f ∈ H−1(Ω) and gradgradgrad f ∈ HHH−1(Ω)⇒ f ∈ L2(Ω)

implies

(b) J. Nečas inequality:

‖f ‖L2(Ω) ≤ C0(Ω)
(
‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω)

)
for all f ∈ L2(Ω)
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Sketch of proof The space

V (Ω) :=
{
f ∈ H−1(Ω); gradgradgrad f ∈ HHH−1(Ω)

}
,

equipped with the norm

f ∈ V (Ω)→
(
‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω)

)
,

is complete. The canonical injection

ι : L2(Ω)→ V (Ω)

is one-to-one, (clearly) continuous, and onto by the classical J.L. Lions lemma.
Therefore, by Banach open mapping theorem, ι−1 is also continuous. There
thus exists a constant C0(Ω) such that J. Nečas inequality holds:

‖f ‖L2(Ω) ≤ C0(Ω)
(
‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω)

)
for all f ∈ L2(Ω) �
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2.2 J. NEČAS INEQUALITY ⇒ gradgradgrad HAS CLOSED RANGE

(b) J. Nečas inequality:

‖f ‖L2(Ω) ≤ C0(Ω)
(
‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω)

)
for all f ∈ L2(Ω)

implies

(c) gradgradgrad : L2
0(Ω)→ HHH−1(Ω) has closed range
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Sketch of proof To show that gradgradgrad : L2
0(Ω)→ HHH−1(Ω) has closed range,

it suffices to show that

‖f ‖L2(Ω) ≤ C (Ω) ‖gradgradgrad f ‖HHH−1(Ω) for all f ∈ L2
0(Ω).

If not, there exists (fk)∞k=1 with fk ∈ L2
0(Ω) such that

‖fk‖L2(Ω) = 1 for all k , and ‖gradgradgrad fk‖HHH−1(Ω) → 0 as k →∞.

Hence a subsequence (f`)
∞
`=1 converges in H−1(Ω) (the canonical injection from

L2(Ω) into H−1(Ω) is compact) and thus (f`)
∞
`=1 is a Cauchy sequence for the

norm
f ∈ L2(Ω)→ ‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω).

By Nečas inequality, (f`)
∞
`=1 is a Cauchy sequence in L2(Ω). So

f` → f in L2(Ω) as `→∞.
Since the mapping f ∈ L2(Ω)→ gradgradgrad f ∈ HHH−1(Ω) is continuous,

gradgradgrad f` → gradgradgrad f = 000 in HHH−1(Ω) as `→∞.
So f = 0 since f ∈ L2

0(Ω), in contradiction with ‖f`‖L2(Ω) = 1 for all `. �
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2.3 gradgradgrad HAS CLOSED RANGE ⇒ de RHAM THEOREM IN HHH−1(Ω)

(c) gradgradgrad : L2
0(Ω)→ HHH−1(Ω) has closed range

implies

(d) de Rham theorem in HHH−1(Ω): Given hhh ∈ HHH−1(Ω), there exists
p ∈ L2

0(Ω) such that gradgradgrad p = hhh in HHH−1(Ω) if (and clearly only if)

HHH−1(Ω)〈hhh,vvv〉HHH1
0(Ω) = 0 for all vvv ∈ HHH1

0(Ω) that satisfy divvvv = 0 in Ω

Proof By definition of gradgradgrad f for f ∈ L2
0(Ω),

HHH−1(Ω)〈gradgradgrad f ,vvv〉HHH1
0(Ω) = −

∫
Ω
f divvvvdx for all f ∈ L2

0(Ω) and all vvv ∈ HHH1
0(Ω)

Hence gradgradgrad : L2
0(Ω)→ HHH−1(Ω) is the dual of − div : HHH1

0(Ω)→ L2
0(Ω).

Therefore, by Banach closed range theorem:

Imgradgradgrad = (Ker(− div))0 =
{
hhh ∈ HHH−1(Ω); HHH−1(Ω)〈hhh,vvv〉HHH1

0(Ω) = 0

for all vvv ∈ HHH1
0(Ω) that satisfy divvvv = 0 in Ω

}
. �
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2.4 de RHAM THEOREM IN HHH−1(Ω) ⇒ div IS ONTO

(d) de Rham theorem in HHH−1(Ω): Given hhh ∈ HHH−1(Ω), there exists
p ∈ L2

0(Ω) such that gradgradgrad p = hhh in HHH−1(Ω) if (and clearly only if)

HHH−1(Ω)〈hhh,vvv〉HHH1
0(Ω) = 0 for all vvv ∈ HHH1

0(Ω) that satisfy divvvv = 0 in Ω

implies

(e) div : HHH1
0(Ω)→ L2

0(Ω) is onto

Consequently, for each f ∈ L2
0(Ω), there exists a unique

uuuf ∈ (KerKerKer div)⊥ ⊂ HHH1
0(Ω) such that

divuuuf = f ,

and, by Banach open mapping theorem,

‖uuuf ‖HHH1(Ω) ≤ C1(Ω) ‖f ‖L2(Ω) for all f ∈ L2
0(Ω)
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Proof Again by Banach closed range theorem,

Im div = (Kergradgradgrad)0

and Kergradgradgrad = {0} since gradgradgrad f = 000 and f ∈ L2
0(Ω) implies f = 0. Therefore

Im div = L2
0(Ω).

�
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2.5 div IS ONTO ⇒ “APPROXIMATION LEMMA”

A domain Ω is starlike with respect to a ball B(x ; r) if, for each z ∈ Ω,

co({z} ∪ B(x ; r)) ⊂ Ω.

(e) div : HHH1
0(Ω)→ L2

0(Ω) is onto

implies

(f) Approximation lemma: Assume the domain Ω is starlike with
respect to a ball. Then, given any

ϕ ∈ D(Ω) such that

∫
Ω
ϕdx = 0,

there exist vvvn = vvvn(ϕ) ∈ D(Ω), n ≥ 1, such that

‖vvvn‖HHH1(Ω) ≤ C2(Ω) ‖ϕ‖L2(Ω) for all n ≥ 1, and

divvvvn → ϕ in D(Ω) as n→∞
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Sketch of proof Without loss of generality, assume Ω is starlike with respect
to a ball B(0; r) centered at the origin. Let

D0(Ω) :=
{
ϕ ∈ D(Ω);

∫
Ω
ϕdx = 0

}
⊂ L2

0(Ω),

and let ϕ ∈ D0(Ω) be given.

(i) Definition of auxiliary fields uuun = uuun(ϕ). By assumption, there exists
a unique uuu = uuu(ϕ) ∈ (KerKerKer div)⊥ ⊂ HHH1

0(Ω) such that

divuuu = ϕ in Ω and ‖uuu‖HHH1(Ω) ≤ C1(Ω) ‖ϕ‖L2(Ω) .

Let www = www(ϕ) := uuu in Ω and www := 000 in RN − Ω, so that

www ∈ HHH1(RN), ‖www‖HHH1(RN) = ‖uuu‖HHH1(Ω) ≤ C1(Ω) ‖ϕ‖L2(Ω) , and

divwww = ϕ in Ω and divwww = 0 in RN−Ω
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Let n0 ≥ 1 be such that n0 >
2

r
, and let, for each n ≥ n0,

λn := 1− 2

nr
and Ωn :=

{
λnx ∈ RN ; x ∈ Ω

}
⊂ Ω.

Because Ω is starlike with respect to B(0; r), Thales theorem gives:

for each n ≥ n0, dist(x , ∂Ω) >
2

n
for all x ∈ Ωn

For each n ≥ n0, let

uuun : y ∈ RN → uuun(y) := λnwww
( y

λn

)
,

so that, for each n ≥ n0,

uuun ∈ HHH1(RN), uuun = 000 in RN − Ωn and divuuun = ϕ
( ·
λn

)
in RN

where the same notation ϕ designates the extension of ϕ by 0 in RN − Ω.
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(ii) Definition of the fields vvvn = vvvn(ϕ) ∈ D(Ω). Let (ρn)∞n=1 be a family of
mollifiers:

ρn ∈ C∞(RN), supp ρn ⊂ B
(

0;
1

n

)
, ρn ≥ 0, and

∫
RN

ρn(x)dx = 1,

and let, for each n ≥ n0,

wwwn := uuun ∗ ρn, i.e., wwwn(x) :=

∫
B
(
x ; 1

n

) ρn(x − y)uuun(y)dy , x ∈ RN

Then

suppwwwn ⊂
{
x ∈ Ω; dist(x , ∂Ω) >

1

n

}
,

and thus

vvvn := wwwn|Ω ∈ D(Ω).

Besides, by a well-known property of convolution operators,

‖vvvn‖HHH1(Ω) = ‖wwwn‖HHH1(RN) = ‖uuun ∗ ρn‖HHH1(RN) ≤ ‖uuun‖HHH1(RN) , n ≥ n0
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(iii) The vector fields vvvn ∈ D(Ω) satisfy

‖vvvn‖HHH1(Ω) ≤ C1(Ω) ‖ϕ‖L2(Ω) for all n ≥ n0.

Taking y :=
x

λn
as the new variable in the integrals below shows that

‖uuun‖2
HHH1(RN) =

∫
RN

∣∣∣∣λnwww( x

λn

)∣∣∣∣2dx +
∑
i ,j

∫
RN

∣∣∣∣∂iwj

(
x

λn

)∣∣∣∣2dx

= λN+2
n

∫
RN

|www(y)|2 dy +
∑
i ,j

λNn

∫
RN

|∂iwj(y)|2 dy

≤ ‖www‖2
HHH1(RN) = ‖uuu‖2

HHH1(Ω) ,

so that, by (i) and (ii),

‖vvvn‖HHH1(Ω) ≤ ‖uuun‖HHH1(RN) ≤ ‖uuu‖HHH1(Ω) ≤ C1(Ω) ‖ϕ‖L2(Ω) for all n ≥ n0.
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(iv) The vector fields vvvn ∈ DDD(Ω), n ≥ n0, satisfy

divvvvn → ϕ in D(Ω) as n→∞.

By definition of the convergence in D(Ω), we have to find a compact subset K
of Ω such that

suppϕ ⊂ K and supp(divvvvn) ⊂ K for all n large enough, and for each

multi-index ααα, supx∈K |∂ααα(divvvvn)(x)− ∂αααϕ(x)| → 0 as n→∞.

Since uuun = 000 in RN − Ωn, wwwn = uuun ∗ ρn with supp ρn ⊂ B
(

0;
1

n

)
, and

vvvn = wwwn|Ω, there exists β > 0 and n1 ≥ n0 such that

supp(divvvvn) ∪ suppϕ ⊂ K := {x ∈ Ω; dist(x , ∂Ω) ≥ β} for all n ≥ n1
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That supx∈K |∂ααα(divvvvn)(x)− ∂αααϕ(x)| → 0 as n→∞ follows by noting that

∂ααα(divvvvn) = ∂ααα div(wwwn) = ∂ααα (div(uuun ∗ ρn))

= (∂ααα(divuuun)) ∗ ρn =

(
∂αααϕ

( ·
λn

))
∗ ρn in Ω,

so that, for each n ≥ n1,

∂ααα(divvvvn)(x)− ∂αααϕ(x) =

(
∂αααϕ

(
·
λn

))
∗ ρn(x)− ∂αααϕ(x)

=

∫
RN

(
1

λ
|ααα|
n

∂αααϕ

(
x − y

λn

)
− ∂αααϕ(x)

)
ρn(y)dy at each x ∈ Ω,
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which in turn implies that

sup
x∈K
|∂ααα(divvvvn)(x)− ∂αααϕ(x)|

= sup
x∈K

∣∣∣ ∫
RN

[(
1

λ
|ααα|
n

− 1

)
∂αααϕ

(
x − y

λn

)
ρn(y) +

(
∂αααϕ

(
x − y

λn

)
− ∂αααϕ(x)

)
ρn(y)

]
dy
∣∣∣

≤ sup
z∈RN

|∂αααϕ(z)|
(

1

λ
|ααα|
n

− 1

)
+ sup

x∈K

∣∣∣ ∫
B(0; 1

n
)

(
∂αααϕ

(
x + δn(x , y)

)
− ∂αααϕ(x)

)
ρn(y)dy

∣∣∣,
where δn(x , y) :=

(
1− λn
λn

)
x − y

λn
. Since then supx∈K supy∈B(0; 1

n
) |δn(x , y)|

can be made arbitrarily small if n is large enough, it follows that, for each
multi-index ααα,

sup
x∈K
|∂ααα(divvvvn)(x)− ∂αααϕ(x)| → 0 as n→∞,

since the function ∂αααϕ is uniformly continuous and bounded. �
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2.6 “APPROXIMATION LEMMA” ⇒ J.L. LIONS LEMMA

(f) Approximation lemma: Assume the domain Ω is starlike with respect
to a ball. Then, given any

ϕ ∈ D(Ω) such that

∫
Ω
ϕdx = 0,

there exist vvvn = vvvn(ϕ) ∈ D(Ω), n ≥ 1, such that

‖vvvn‖HHH1(Ω) ≤ C2(Ω) ‖ϕ‖L2(Ω) for all n ≥ 1, and

divvvvn → ϕ in D(Ω) as n→∞

implies

(g) J.L. Lions lemma : Ω : domain in RN

f ∈ D′(Ω) and gradgradgrad f ∈ HHH−1(Ω)⇒ f ∈ L2(Ω)
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Sketch of proof (i) Assume first that Ω is starlike with respect to an open ball,
and let f ∈ D′(Ω) be such that gradgradgrad f ∈ HHH−1(Ω). To show that f ∈ L2(Ω), it suffices
to show that there exists a constant C0(f ,Ω) such that

|D′(Ω)〈f , ϕ〉D(Ω)| ≤ C0(f ,Ω) ‖ϕ‖L2(Ω) for all ϕ ∈ D(Ω)

Let ϕ1 ∈ D(Ω) such that
∫

Ω
ϕ1dx = 1. Given any ϕ ∈ D(Ω),

ϕ0 = ϕ0(ϕ) := ϕ−
(∫

Ω

ϕdx

)
ϕ1 ∈ D0(Ω)

and there exists a constant C (Ω, ϕ1) independent of ϕ such that

‖ϕ0‖L2(Ω) ≤ C (Ω, ϕ1) ‖ϕ‖L2(Ω) .

By assumption,

|D′(Ω)〈f , divψψψ〉D(Ω)| =
∣∣D′(Ω)〈gradgradgrad f ,ψψψ〉D(Ω)

∣∣ ≤ C1(f ,Ω) ‖ψψψ‖HHH1(Ω)

for all ψψψ ∈ D(Ω)
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By the approximation lemma, there exist vector fields
vvvn = vvvn(ϕ0) = vvvn(ϕ) ∈ D(Ω), n ≥ 1, such that

divvvvn → ϕ0 in D(Ω) as n→∞ and ‖vvvn‖HHH1(Ω) ≤ C2(Ω) ‖ϕ0‖L2(Ω) for all n ≥ 1.

The relations

D′(Ω)〈f , ϕ〉D(Ω) = D′(Ω)〈f , ϕ0〉D(Ω) +

(∫
Ω
ϕdx

)
D′(Ω)〈f , ϕ1〉D(Ω),

D′(Ω)〈f , ϕ0〉D(Ω) = lim
n→∞ D

′(Ω)〈f , divvvvn〉D(Ω),

|D′(Ω)〈f , divvvvn〉D(Ω)| ≤ C1(f ,Ω) ‖vvvn‖HHH1(Ω)

≤ C1(f ,Ω)C2(Ω) ‖ϕ0‖L2(Ω) for all n ≥ 1,

together imply that

|D′(Ω)〈f , ϕ〉D(Ω)| ≤ C0(f ,Ω) ‖ϕ‖L2(Ω) for all ϕ ∈ D(Ω),where

C0(f ,Ω) := C (Ω, ϕ1)C1(f ,Ω)C2(Ω) + (meas Ω)1/2
∣∣D′(Ω)〈f , ϕ1〉D(Ω)

∣∣
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(ii) Assume next that Ω is a general domain. Then, there exists a finite
number of domains Ωi , i ∈ I , each one contained in Ω and starlike with respect
to an open ball, such that (use ideas from V. Maz’ya [1985] or
M. Costabel & McIntosh [2010])

Ω =
⋃
i∈I

Ωi .

Given any ϕ ∈ D(Ω), let (αi )i∈I be a partition of unity associated with the
open cover

⋃
i∈I Ωi of the compact set

K := suppϕ,

i.e., αi ∈ D(Ω), suppαi ⊂ Ωi , and
∑

i∈I αi (x) = 1 for all x ∈ K . Then
J.L.Lions lemma on Ω follows from the application of J.L. Lions lemma on each
Ωi , i ∈ I . �
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2.7 AN EQUIVALENCE THEOREM

Clearly, (g): J.L. Lions lemma ⇒ (a): classical J.L. Lions lemma. So:

EQUIVALENCE THEOREM Ω : domain in RN . The following
statements are equivalent:

(a) Classical J.L. Lions lemma:
f ∈ H−1(Ω) and gradgradgrad f ∈ HHH−1(Ω)⇒ f ∈ L2(Ω)

(b) J. Nečas inequality:
‖f ‖L2(Ω) ≤ C0(Ω)(‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω)) for all f ∈ L2(Ω)

(c) gradgradgrad : L2
0(Ω)→ HHH−1(Ω) has closed range

(d) de Rham theorem in HHH−1(Ω)

(e) div : HHH1
0(Ω)→ L2

0(Ω) is onto

(f) “Approximation lemma”

(g) J.L. Lions lemma: f ∈ D′(Ω) and gradgradgrad f ∈ HHH−1(Ω)⇒ f ∈ L2(Ω)

Conclusion: Any “independent” proof of (a), or (b), or (c), or (d), or (e),
or (f), provides a proof of J.L. Lions lemma.
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2.8 TWO PROOFS OF J.L. LIONS LEMMA

One proof of J.L. Lions lemma follows from the equivalence theorem
together with:

THEOREM Ω: domain in RN . Then the operator

div : HHH1
0(Ω)→ L2

0(Ω) :=
{
f ∈ L2(Ω);

∫
Ω
f dx = 0

}
.

is onto.

M.E. Bogovskii; Soviet Math. Dokl. 20 (1979), 1094–1098.

Note that this surjectivity holds as well for the operator
div : W 1,p

0 (Ω)→ Lp0(Ω) = {f ∈ Lp(Ω);
∫

Ω f dx = 0}, 1 < p <∞.

Brief idea of the proof: One shows that, given any f ∈ L2
0(Ω), there exist a

vector field uuuf = RRRf ∈ HHH1
0(Ω) with RRR : L2

0(Ω)→ HHH1
0(Ω) linear and a constant

C (Ω) independent of f such that

divuuuf = f in Ω and ‖uuuf ‖HHH1(Ω) ≤ C (Ω) ‖f ‖L2(Ω)
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Assume that Ω is starlike with respect to a ball B and let θ ∈ D(RN) be
such that 0 ≤ θ ≤ 1, supp θ ⊂ B, and

∫
B θdx = 1. Then M.E. Bogovskii gives

a remarkable explicit formula for such a vector field uuuf in this case in the
following form:

uuuf (x) :=

∫
Ω
f (y)KKK (x , y)dy , x ∈ Ω, where

KKK (x , y) :=

(∫ ∞
1

tN−1θ(y + t(x − y))dt

)
(xxx − yyy)

Note that KKK (x , y) is not defined if x = y and that establishing the estimate
‖uuuf ‖HHH1(Ω) ≤ C (Ω) ‖f ‖L2(Ω) is delicate, as it relies in particular on the theory of
Calderón-Zygmund singular integrals.

Assume next that Ω is a general domain. The rest of the proof then follows
like that of the implication (f) ⇒ (g) in the equivalence theorem. �
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Remark: As already noted, W. Borchers & H. Sohr [1990] showed
that J.L. Lions lemma can be established as a consequence of the surjectivity of
div : HHH1

0(Ω)→ L2
0(Ω). However, our proof is shorter and simpler, thanks to the

approximation lemma.

Another proof of J.L. Lions lemma follows from the equivalence
theorem together with:

THEOREM: J. NEČAS INEQUALITY: Ω: domain in Rn.
There exists a constant C0(Ω) such that

‖f ‖L2(Ω) ≤ C0(Ω)
(
‖f ‖H−1(Ω) + ‖gradgradgrad f ‖HHH−1(Ω)

)
for all f ∈ L2(Ω)

See J. Nečas [1967], op.cit., or
J.H. Bramble, Math. Models Appl. Sci. 13 (2003), 361–371.
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Remark: As already noted, G. Geymonat & P. Suquet [1986] showed
that the classical J.L. Lions lemma can be established as a consequence of
J. Nečas inequality. However, our proof is shorter and simpler, again thanks to
the approximation lemma.
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3. TWO FURTHER EQUIVALENCES

3.1 J.L. LIONS LEMMA ⇔ WEAK POINCARÉ LEMMA

We saw in Sect. 1.5 that the classical J.L. Lions lemma implies the weak
Poincaré lemma. Conversely:

THEOREM

Weak Poincaré lemma: Ω : simply-connected domain in RN .
Given hhh ∈ HHH−1(Ω) such that

curlcurlcurl hhh = 000 in HHH−2(Ω),
there exists p ∈ L2(Ω) such that

gradgradgrad p = hhh in H−1(Ω)

implies

J.L. Lions lemma
f ∈ D′(Ω) and gradgradgrad f ∈ HHH−1(Ω)⇒ f ∈ L2(Ω)
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Proof (i) Assume first that the domain Ω is simply-connected, and let
f ∈ D′(Ω) be such that gradgradgrad f ∈ HHH−1(Ω). Since then

curlcurlcurl gradgradgrad f = 0,

the weak Poincaré lemma implies that there exists p ∈ L2(Ω) such that

gradgradgrad p = gradgradgrad f .

Hence there exists a constant C such that

f = p + C in D′(Ω),

which shows that f ∈ L2(Ω), i.e., that J.L. Lions lemma holds in this case.

(ii) Assume next that Ω is a general domain, and let f ∈ D′(Ω) be such
that gradgradgrad f ∈ HHH−1(Ω). There exist a finite number of simply-connected
domains Ωi , i ∈ I , such that Ω =

⋃
i∈I Ωi . Then, given any ϕ ∈ D(Ω), use a

partition of unity associated with the open cover
⋃

i∈I Ωi of the compact set
suppϕ and use J.L. Lions lemma on each Ωi , i ∈ I . �
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3.2 J.L. LIONS LEMMA ⇔ de RHAM THEOREM IN HHH−1(Ω) ⇔
“REFINED” de RHAM THEOREM IN HHH−1(Ω)

We saw in the equivalence theorem that J.L. Lions lemma is equivalent to

(d) “Coarse” de Rham theorem: Given hhh ∈ HHH−1(Ω), there exists
p ∈ L2

0(Ω) such that gradgradgrad p = hhh in HHH−1(Ω) if (and clearly only if)

HHH−1(Ω)〈hhh,vvv〉HHH1
0(Ω) = 0 for all vvv ∈ HHH1

0(Ω) that satisfy divvvv = 0 in Ω

THEOREM: “Coarse” de Rham theorem implies

“Refined” de Rham theorem: Given hhh ∈ HHH−1(Ω), there exists
p ∈ L2

0(Ω) such that gradgradgrad p = hhh in HHH−1(Ω) if (and clearly only if)

HHH−1(Ω)〈hhh,ϕϕϕ〉HHH1
0(Ω) = 0 for all ϕϕϕ ∈ D(Ω) that satisfy divϕϕϕ = 0 in Ω

Sketch of proof Follows same idea as in V. Girault & P.A. Raviart
[1986] (see also F. Boyer & P. Fabrie [2013]), with a significant
simplification because the “general” J.L. Lions lemma can be used. �
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4. EXTENSIONS

4.1 VECTOR VERSION DE J.L. LIONS LEMMA

Capital Roman letters denote spaces of symmetric N × N matrix fields.

Ω: domain in RN

vvv ∈ D′(Ω) and ∇∇∇svvv :=
1

2

(
∇∇∇vvvT +∇∇∇vvv

)
∈ H−1(Ω)⇒ vvv ∈ LLL2(Ω)

C. Amrouche, P.G. Ciarlet, L. Gratie & S. Kesavan [2006]. Proof
based on the “scalar” version of J.L. Lions lemma (cf. supra).

The following “equivalence theorem” is due to P.G. Ciarlet, M. Malin &
C. Mardare [2018]. For brevity, the corresponding “approximation lemma” is
not mentioned.
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EQUIVALENCE THEOREM Ω : domain in RN . The following
statements are equivalent:

(a) vvv ∈ HHH−1(Ω) and ∇∇∇svvv ∈ H−1(Ω)⇒ vvv ∈ LLL2(Ω)

(b) Vector version of J. Nečas inequality:
‖vvv‖L2(Ω) ≤ C0(Ω)(‖vvv‖H−1(Ω) + ‖∇∇∇svvv‖H−1(Ω)) for all vvv ∈ LLL2(Ω)

(c) ∇∇∇s : LLL2
0(Ω)→ H−1(Ω) has closed range, where

LLL2
0(Ω) := {vvv ∈ LLL2(Ω);

∫
Ω vvv · rrrdx = 0} for all rrr ∈ Ker∇∇∇s

(d) Donati compatibility conditions:
Given eee ∈ H−1(Ω), there exists vvv ∈ LLL2

0(Ω) such that
∇∇∇svvv = eee if (and clearly only if) H−1(Ω)〈eee, sss〉H1

0(Ω) = 0

for all sss ∈ H1
0(Ω) that satisfy divdivdiv sss = 000 in Ω

(e) divdivdiv : H1
0(Ω)→ LLL2

0(Ω) is onto.

(f) Vector version of J.L. Lions lemma:
vvv ∈ D′(Ω) and ∇∇∇svvv ∈ H−1(Ω)⇒ vvv ∈ LLL2(Ω).
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4.2 J.L. LIONS LEMMA IN W−m,p(Ω)

EQUIVALENCE THEOREM Ω : domain in RN . Let m ≥ 1,
1 < p <∞, and 1

p + 1
q = 1. The following statements are equivalent:

(a) f ∈W−m,p(Ω) and gradgradgrad f ∈WWW−m,p(Ω)⇒ f ∈W−m+1,p(Ω)

(b) J. Nečas inequality in W−m,p(Ω):
‖f ‖W−m+1,p(Ω) ≤ C0(Ω,m, p)(‖f ‖W−m,p(Ω) + ‖gradgradgrad f ‖WWW−m,p(Ω))

for all f ∈W−m+1,p(Ω)

(c) gradgradgrad : W−m+1,p(Ω)→WWW−m,p(Ω) has closed range

(d) de Rham theorem in W−m,p(Ω) : Given hhh ∈WWW−m,p(Ω), there exists
p ∈W−m+1,p(Ω) such that gradgradgrad p = hhh if (and clearly only if)

WWW−m,p(Ω)〈hhh,vvv〉WWWm,q
0 (Ω) = 0 for all vvv ∈WWWm,q

0 (Ω) that satisfy

divvvv = 0 in Ω

(e) div : WWWm,q
0 (Ω)→

{
f ∈Wm−1,q

0 (Ω);
∫

Ω f dx = 0
}

is onto

(f) J.L. Lions lemma in W−m,p(Ω):
f ∈ D′(Ω) and gradgradgrad f ∈WWW−m,p(Ω)⇒ f ∈W−m+1,p(Ω)
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