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The Nash system for N—player differential games

N identical agents whose dynamics are

dX; s = V2dW} 4~ dt

©

(W}): N independent Brownian motions in R?

©

A common noise may be added

Global information: the control of the agent i, i.e. 7; is a bounded process
adapted to (th, ey WtN)

@ Models with partial information can be considered as well.

©

Symmetry assumption: the cost of the agent i at time ¢ is

T ) ) ’ 1
Ji(t):]E{/t L(X@s,'yi,s;m;)ds—l—G(Xi’T;m%n)} where mls:N—ljZ#(SXj’S'

We will sometimes focus on the simpler case (separate dependency + periodicity)
when

L(Xis,vissmb) = L(Xis,vis) + F (Xisyml),
L:T? xR? - R, F,G: T x P(TY) = R.
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e cose Seld Mt sud e sesies camiios
Nash Equilibria

Nash equilibrium: ¥ = argmin J; (6, Y1, - -« s Vie15Yi> Yidt1ls---sTN)» Vi
Vi
Hamiltonian: H(z,p) = sup (—p-v— L(z,7))
~vERE

The N—agents differential game is described by the Nash system of N coupled
equations in [0, T] x (T%)N

N
0™ (8, X) = > Ag o™t X) +H (i, Day o™ (8, X))
j=1
+ 3 DpH(xj, Dy o™ (8, X)) - Dy o™i (8, X) = Fas, my?)

i#i
4 in [0, 7] x (TN
NAT, X) = Glzgmiy) i (TN

where X = (z1,...,zy) and

J#z

Feedback law: ¥i(s) = —DpH (Xi,S,DzivN’i (s, X155, XN s)) .
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Important observation

Because of symmetry, all the functions vV

may be expressed in the same form,
Vi X) = UN (4 miY),

where

i 1
my’ = D b,
N -1«
J#i

@ UV is a continuous real valued function defined on [0,7] x T? x P(T4)

0 P(T%) is endowed with the Monge-Kantorovich distance:

di(m,m') = sup é(y) (dm(y) —dm/(y)).
[¢|Lip<1/Td
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N — oo : a system of PDEs

@ A system of 2 PDEs. Under suitable assumptions on H, F' and G,
Lasry-Lions proved that there exists a unique solution to the system of PDEs in

T¢ x [0, T):
ou
5 + Au— H(z,Vu) = F(z;my),
(*)
88—21 — Am — div <m%—lg(z, Vu)) = 0,

with the terminal and initial conditions

u(t =T,z) = G(xz;mr), and m(0,z) = mo(x).
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e cose Seld Mt sud e sesies camiios
N — oo : a system of PDEs

@ A system of 2 PDEs. Under suitable assumptions on H, F' and G,
Lasry-Lions proved that there exists a unique solution to the system of PDEs in

T¢ x [0, T):
ou
5 + Au— H(z,Vu) = F(z;my),
(*)
88—21 — Am — div (m%—i(z, Vu)) = 0,

with the terminal and initial conditions

u(t =T,z) = G(xz;mr), and m(0,z) = mo(x).

0 Convergence. In 2015, under much stronger assumptions (discussed later),
Cardaliaguet, Delarue, Lasry and Lions proved that for any mg € P(']l‘d), for any
t €[0,T], for any i < N,

1 .
/ N, X) [ dme(as) —utt 2| <{ N4 ifd23,
(Td)N -1 i . CN™ 2 log(N) if d=2,
where X = (z1,...,zx) and C does not depend on N, my, t, i.
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The main idea: a transport equation posed in a set of measures
O System (x) yields the characteristics of a nonlinear transport equation posed in

the set of probability measures, that Lasry-Lions call the master equation: find
U:[0,T] x T¢ x P(T?) — R s.t.

_0uU — AU+ / divy (DU (t, 2, m, )] dm(y) + H(z, DoU)
Td

+ /T | DU (t,2,m,9) - DypH(y, DoU) dim(y) = F(w;m), (M)

in [0, 7] x T¢ x P(T%),
U(T,z,m) = G(z;m), in T¢ x P(T?).
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The main idea: a transport equation posed in a set of measures
O System (x) yields the characteristics of a nonlinear transport equation posed in

the set of probability measures, that Lasry-Lions call the master equation: find
U:[0,T] x T¢ x P(T?) — R s.t.

_0uU — AU+ / divy (DUt 2,m, )] dm(y) + H(z, DaU)
Td

+ [, Dt m.9) - Dy H(y. D) din(y) = Flaim), o)

in [0, 7] x T¢ x P(T%),
U(T,z,m) = G(z;m), in T¢ x P(T?).

O Recall that the Nash eq. system is: fori=1,..., N,

N
0™ (8, X) = > Ay o™t X) +H (i, Day o™ (8, X))
j=1
+ 3" DpH(xj, Doy (8, X)) - Dy o™i (8, X) = Fzs, my’),

i
in [0, 7] x (THN,
oNUT, X) = Gzismby') i (TN,
with vV (¢, X) = UN(t,:vi,mg’i).
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Differential calculus in the space of measures (1/2)

0 Directional derivatives: U : P(T%) — R is C' if there exists a continuous

oU
map —— : P(T9) x T? — R such that, for any m, m’ € P(T%),
m

S o, ) () — dm(v).

. U((Q—=s)m4sm/) —U(m)
31—1>Ig+ S B Ad

1)
O Intrinsic derivative: If —U is of class C! with respect to y, the intrinsic
m
derivative D), U is defined by
d d d ouU
DU : P(T) x T* — RY, DmU(m,y):DyJ—(m,y).
m
Then, for a regular vector field ® and a small h € R:
U + h)gm) = Um) ~ b [ DopUim, ) - ®()dm(y).

% Ex. U(m) =/ g(@)dm(z) = ng(m, y) = g(y) and DpU(m,y) = Dg(y).
Td m
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Differential calculus in the space of measures (2/2)

@ Second order derivatives: when possible,

SU (1 — ’ _ U ; 2
i 2 02NN =5 D) [ 8 2y’ — 2,

s—0t s

and
2

6<U
D'?n,mU(mr y,z) = Dyvzm(mﬂlv Z)'

0 Differential calculus for symmetric functions of N variables in T< :

If uN(X) = UN(mY), with m¥ = % 2_; 0z, then

1
Dyyul(X) = NDmUN(m%vxj)
1 1
ng,xjuN(X) = ND@‘[DmUN](m%axj)'i_WD?n,mUN(m%7xj7xj)y
Ao u¥(X) =  Sdive[DnUN(mY, @) + —Tr (D2 U™ (Y, 25,2 )
T = N x m X4 N2 m,m X7 .
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Typical assumptions for proving the asymptotic behavior

O H depends separately on m and p: H(z,m,p) = H(z,p) — F(z,m)
@ H smooth, globally Lipschitz continuous, with DZQ,PH >0,
@ F and G “smooth” and monotone:

o Typical smoothness assumptions: for some n > 1, o € (0,1),

IF
sup {||F<-,m>||n+a T H—(~,m,~> } < o0,
n4+oa,n+o

meP(Td) om
1 H 5F( ) (5F( ) <
sup  ————— ~——ymi,c) — —(,m2,- 0.
ml#ms d1(m1,m2) ||| dm ! m : nta,nta

o Monotonicity

/ﬂl‘d (F[mi1](z)—F[mz2](z))(dma(z)—dmi(x)) <0 = mi1 = ms.

Important extension: common noise
dX; = V2dW] + \/2BdB¢ + v ¢ dt
The master equation can be written. Then (x) becomes a system of stochastic

PDEs. Much more difficult.

N 1. fiold games



Outline

1) The mean field limit and the master equation
e The system of PDEs

3) A finite difference scheme

4) MFGs with congestion

9 ) Numerical simulations in the context of crowd motion



Special structure

% +vAu— H(z,Vu;m) = 0,

(*) ?
68721 — vAm — div (m%(z, Vu; m))

Il
L

with the terminal and initial conditions

u(t =T,z) = G(z;mr), and m(0,z) = mo(x).

@ forward/backward

@ the operator in the Fokker-Planck equation is the adjoint of the linearized
version of the operator in the Bellman equation

@ the PDEs are coupled and there is also a possible coupling via the terminal
condition on wu.
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Uniqueness for (x) when #H(z,p;m) = H(z,p) — F(x;m)

Theorem (Lasry-Lions) If F' and G are monotone, i.e.
[ ) = Pl n =) <0 5 P(3m) = F(sm)
[ (Gm) = Gsmm)m — ) < 0% Glim) = Gl ),
Td

then
() has at most a classical solution.

Remark The assumption on F' has a clear economical meaning if F' is local:

crowd aversion.
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~ Thesystemof PDEs
Proof

Consider two solutions of (x): (u1,m1) and (ug2,m2):
@ multiply HIB1 — HJB2 by mi; — ma:

T
/ / (u1 — u2)(Bymi — Oyma) + vV (u1 — ua) - V(myg —ma)
0 Td
T
+/0 /Td (H(x,vul) - H(x,Vug)) (m1 — m2)
T
:/0 /Td(F(';ml)—F(~;m2))(m1_mQ)
+ /’er (G’(.; my =) — G(;; Majp=1) (M1 |p=1 — m%:T)_
O multiply FP; — FP2 by u1 — ua:
T
0 :/0 /Td (u1 — u2)(0¢m1 — Ogma) + vV (ur — u2) - V(mi — ma)

T oH oH
—I—/ / (ml—(z,Vul) —mg—(m,Vuz)) - V(ur — u2).
o Jrd Op Op
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@ subtract:

/OT 41"1 mi (H(x, Vug) — H(x, Vuy) — %(x, Vui) - Viug — m))
+/0T /’er mo (H(z,Vm) — H(x,Vug) — %(z,qu) VY (uy — uQ))
+/ /Td(F(';ml) — F(;;m2))(m1 — mz)

+ Td('% G(myp=1) — G(:smapp=1)) (M1 =1 — M2 t=T)

@ Since H is convex, F' and G are monotone, the 4 terms vanish.

@ Then, the strict monotonicity of F and G implies that F'(-;m1) = F(-;m2) and
wi(t=T)=u2(t=T).

@ w1 = uz is obtained from the uniqueness for the Bellman equation.

@ mj = mg is obtained from the uniqueness for the Fokker-Planck equation.
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Classical solutions with local couplings

—0tu — vAu + H(z, Du;m) =0, in (0,T) x T¢,
Oym — vAm — div (mHp(x, Du;m)) = 0, in (0,T) x T, (MFG)

u(T,z) = G(z,m(T)), m(tg,-) = mo in T<.
If

@ the Hamiltonian H(z, p; m) depends separately on p and m, and locally on
m, i.e.

'H(z,p; m) = H(x,p) - F(x7 m(:t))
0 G(z,m) = G(z,m(zx))
then existence of classical solutions was proved in several cases:
@ H is globally Lipschitz

@ Growth conditions on H, F and if G = G(z) (Lions 2012,
Gomes-Pimentel-Sanchez 2013)

@ H(z,p) = |p|?, F >0, G = G(z) (Cardaliaguet-Lasry-Lions-Porretta 2012)
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Weak solutions
A pair (u,m) € LY(Qr) x L' (Qr)+ is a weak solution of (MFG) if

(i) m € C°([0, T); LY (T?)), G(z, m(T)), m(T)G(z; m(T)) € L'(T9).
(ii) H(z, Du;m) € LY(Q1), mH(x, Du;m) € LY (Qr) and

m |Hp(x7 D’U., m)|2 € Ll(QT)v
(iii) the PDEs hold in the sense of distributions:
T T T
/ / wu ¢ dxdt —/ / uAp d:vdt—l—/ / H(z, Du;m)p dzdt
o Jrd o Jrd o Jrd
= [, Glasm(m)e(r) dz
Td
for every ¢ € C°((0,T] x T%),
T
/ m{—ps — Ap + Hp(z, Du;m)Dep} dedt = / mo ¢(0) dx
0 Td Td
for every ¢ € C°([0,T) x T9).
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~ Thesystemof PDEs
Weak solutions

Weak solutions are useful in many aspects:

@ More general assumptions on H, F' and G (Lasry-Lions 2007, Porretta 2014)
O Degenerate diffusion (Cardaliaguet-Graber-Porretta-Tonon 2013)

B
@ Congestion, for example H(z,p;m) = (ul-fi‘m)a — F(z,m(x)), with 1 < 8 <2,
u>0and 0 < a<4/8". (Y.A-Lauriere 2015, Y.A.-Porretta 2016).

O Proof of convergence of numerical schemes, (Y.A.-Porretta 2015).

Difficulties:
@ Uniqueness may fail for weak solutions of HJB equations (in Sobolev spaces)

O Definition of the Fokker-Planck equation: as shown in [Porretta 2014], a
typical condition to ensure the uniqueness of weak solutions of the
Fokker-Planck equation is

m|DpH(x, Du;m)|? € L}

@ Uniqueness of weak solutions of (MFG) is more difficult to prove. It still
stems from the structure of the system and monotonicity conditions.
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Finite difference scheme [YA-I Capuzzo Dolcetta (2010)]

Take d = 1 and revert time:

g— vAu+ H(z,Vu) = F(m) in[0,T) xT
a— + vAm + div (m—(x Vu)) =0 in (0,7 x T (MFG)
u(t =0) = uo

mt=T)=

@ Let T}, be a uniform grid on the torus with mesh step h, and z; be a generic
point in Ty,

O Uniform time grid: At = T/Nrp, tn = nAt
O The values of u and m at (x4, tn) are approximated by u}* and mJ

@ The discrete Laplace operator:  (Apw); = h—g(wi+1 — 2w; +w;—1)
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Finite difference scheme

Notation The collection of the right and left sided first order finite difference
formulas at x; is noted

Wit1 — Wi Wi — Wi—1 2
Viwli = { : . } €R
[Vhuls h h

For the Bellman equation, a semi-implicit monotone scheme

ou

i vAu+ H(z,Vu) = F(m)
1
wltt —yn
L = (B + g, [Vaut) = —F(m])

The numerical Hamiltonian g(z, ¢) = g(z,q1,¢2) is \y w.r.t. g1 and S w.r.t. g2 ,
consistent with H, C' regular, convex in q.

For example, if the Hamiltonian is of the form H(z, Vu) = ¢(z,|Vul), a possible
choice is the upwind scheme:

gm%@b¢@ mvﬂﬂﬂ.
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Discrete Fokker-Planck equation

Discretize — / div (ma—H(w, Vu)) w
T op



Discrete Fokker-Planck equation

Discretize — / div (ma—H(w, Vu)) w= / ma—H(m, Vu) - Vw
T op T Op



Discrete Fokker-Planck equation

Discretize — / div (ma—H(w, Vu)) w= / ma—H(m, Vu) - Vw
T op T Op

by h Z miVag(zi, [Viuli) - [Vawl



Discrete Fokker-Planck equation

Discretize /le (ma—(w Vu) /m— ,Vu) - Vw
T op

by —hZT w, Mm)w; —thqug(x.“ [Vruli) - [Viawli

i
Discrete version of div(mHp(x, Vu)):
Ti(u, m)
1 mi%(mi,[vhU]i) —mi—1%(11‘—1,[vhu]i—1)
+Mmit1 8752(%“’ [Viuligr) — miafqu(xi, [Viuli)
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Discrete Fokker-Planck equation

Discretize — / div (ma—H(w, Vu)) w= / ma—H(:t7 Vu) - Vw
T op T op

by —hZ’T w, Mm)w; —thqug(wl, [Vruli) - [Viawli

Discrete version of div(mHp(x, Vu)):

Ti(u, m)
dg
1 miaf(ri,[VhU]) mi-13 - (1'1 1, [Vhuli-1)
_ q1
Mg 2 (2ig1, [th]z+1) — = (4, [V i)
g2 0q2

Semi-implicit finite difference scheme for Fokker-Planck equation:
mTfL+1 o n

s AR+ Tt m®) =0
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The discrete MFG system has the same structure as the continuous one

ntl _om
%Aiti —v(Apu™ ) + g, [Vau™ ) = F (ml)
ntl _ n
m; o~ m; +V(Ahmn)i +7—i(un+1’mn) —0

Convergence to classical sol. if it exists: [YA- ICD 2010] [YA-F.Camilli-ICD 2013]

Assumptions

@ growth conditions: there exist positive constants ¢y, ca, c3,cq such that

cilgg(z, q)|* — ca,
cslq| + ca.

9q(z,9) - q—g(z,q)

=
lgg(z,9)| <

@ F is continuous and bounded from below
@ wg is continuous

@ my is a bounded nonnegative function such that de mo =1
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Convergence result

Theorem (Y.A.-Porretta)

Let up aA¢, Mmp, At be the piecewise constant functions which take the values u;' ntl
and m7 ;, respectively, in (tn,tn+1) X (ih — h/2,ih + h/2) x (jh — h/2,jh + h/2).
There exist functions 4, m such that

@ after the extraction of a subsequence, up At — @ and mp Ay — ™ in Lﬁ(Q)
for all B € [1, ££2)

@ @ and m belong to L*(0,T; W1(T?)) for any a € [, 31?)
@ (a,m) is a weak solution to the system (MFG) in the following sense:
1
i (Hy(-, D) - D3 - H(-, D#)) € L'(Q)

satisfies the system (MFQG) in the sense of distributions

2 (u,m)
3 @,m € C9([0,T]; L*(T?)) and i|t—0 = ug, M|i=7 = mr .
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Modeling congestion

— Ou —vAu+ H(t,z, m, Du) = F(t,z,m), (t,z) € (0,T) x T¢
orm — vAm — div(mHy,(t,z,m, Du)) =0, (t,x) € (0,T) x T4
m(0,2) = mo(w), u(T,z) = G(z,m(T)), zeT
B
Typical Hamiltonian: H(t, z,m,p) = % for some 1 < f < 2 and
0<a< 2 and u>0.

O The related cost is L(y,m) ~ (m + u)ﬁ |'y|ﬂ/

Q0 0<a< % was found by P-L. Lions as a sufficient condition for the
uniqueness of a classical solution: it implies that

QHP,P(t7:C7m7p) Hm,p(t,x,m,p) >0
Hm,p(t,x,m,p) *%Hm(t,x,m,p)

@ Possible singularity : note that if 4 = 0, then the Hamiltonian is +oco as
m = 0.
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Main assumptions on the coupling cost F: F' is measurable w.r.t.
(t,z) € Qr and C° w.r.t. m;

JeeR: F(t,z,m)>c

VL >0, sup |F(t,z,m)| € LY(Qr).
mel[o,L]

Theorem (stated here only for non singular congestion: u > 0)
There exists a weak solution (unique if F is increasing), i.e. a pair

(u,m) € LI(QT) X (LI(QT))+ such that
@ m e CO([0, T]; LY (1)), m(T)G(z, m(T)) € L*(T%), mF(t,z,m) € L' (Qr)
Q

|Dul®

mm € LY(Qr), m' T € LNQr)

Dul?
ﬁ € L"(Qr),

@ the HIB and FP equations hold in the sense of distributions.
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e eseion
Weak solutions when p =0 : (u,m) € L'(Qr) x L'(Q7)+ s.t.
(i) m € CO([0, T1; LY(TY)), m(T)G(z, m(T)) € L'(T?) and mF(t,z,m) € L'(Qr)

(ii)
m=%|Dul’ 1,50y € LY(Q7), m* ¥ Dul’ 1,50y € LY(Qr)

Du =0 a.e. in {m =0}, m'TET € LY(Qr)
(iii) w is a subsolution of the HJB equation: for every 0 < ¢ € C°((0,T] x T4),

T T T
/ / u @t dedt — / / uAapda:dt—i—/ / H(t,z,m, Du)l,,~0)p dzdt
o Jrd 0o Jrd o Jrd

S/OT /J]‘d F(t,z,m)pdzdt + /’Jl‘d G(z,m(T))e(T) dzx

(iv) m is a solution of the Kolmogorov equation: for every ¢ € C2°([0,7) x T%),

T
/ / m{—pi — Ao+ Hp(t,z,m, Du)l {50} Dy} dmdt:/ mo p(0) dx
0 Td Td

(v) Energy identity:
T
/ mo u(0) dx:/ G(m(T)) m(T) d:r—i—/ / F(t,z,m)mdzdt
Td Td o Jrd

T
+ / / [m Hp(t, z, m, Du) - Du — H(t,z,m, Du)] 1 1,,,~ 0y dzdt
0 Jrd
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Robustness in the deterministic limit: an example with an infinite horizon

p—vAu+ H(z,Vu) = F(z;m),
*) —vAm — div ma—H(m, Vu) = 0,
Jop

with

v = 0.001, H(z,p) = sin(2mxs) + sin(2rwx1) + cos(4nz1) + |p|3/2,
F(z;m) = ((1 —A)71(1 - A)_lm) (z)

"u.gp" —— "m.gp" ——
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Numerical simulations in the context of crowd motion

MFG with 2 populations and congestion effects

Purpose: try a MFG model for a crossroad with two main flows of vehicles.

Y. Achdou Mean field games



The system of PDEs

ouq

Bt +vAuy — Hi(x, Vui;my,ma) = —®1(mi, ma)
1o} OH
% — vAmy — div (ml 6;01 (z, Vui;m, mg)) =0
Ous
5 TvAuz— H(x,Vug;ma,m1) = —®a(ma, m1)
1o} OH.
amz _ vAmo — div (mz—z(m; YVuz;ma, ml)) =0
ot op

@ The Hamiltonian for the population labeled 7 is

Ho (o _ Ip|?
i(z,pymg,my) = T m, 4 5ms
i J

@ The coupling cost for the population labeled 7 is

m;
P;(x,mi,m;) =0.5+0.5 —0.5 ; i—4
i(x, mi, m;) + (mi-i-mj T )_ + (m; +my )+

N 1. fiold games



Boundary conditions

=5

R

@ Exit costs for the population labeled 0:
@ North-West and South-East exits: 0
@ South-West exit : —8.5
@ North-East exit : —4

@ South exit : —7

@ Exit costs for the population labeled 1:
@ North-West and South-East exits: 0
@ South-West exit : —7
@ North-East and South exit : —4

@ Entry fluxes

@ Population 0: at the North-West exit, the entry flux is 1
@ Population 1: at the South-East exit, the entry flux is 1
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Stationary equilibrium for v ~ 0.3

((a)) Distributions of ((b)) Value functions
the two populations of the two populations

((¢)) Fluxes for ((d)) Fluxes for
population 0 population 1

Figure : Numerical Solution to Stationary Equilibrium v ~ 0.31
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Stationary equilibrium for v ~ 0.15

((a)) Distributions of ((b)) Value functions
the two populations of the two populations

((¢)) Fluxes for ((d)) Fluxes for
population 0 population 1

Figure : Numerical Solution to Stationary Equilibrium v ~ 0.16
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izl cimaliie i 6o e off crev it |
MFGs of control (with Z. Kobeissi)

The agents interact via the distribution of states and controls : u(t) = L(X¢,v¢)

O Let V(t,x) be an average drift at z € Q and ¢ € [0,T7]:

Vt,z) =

1
K(z,y) du(t,y, ), with u(t) = £(X¢,v),
70.7) Joxna ! (z,y) du(t,y,7), with p(t) = L(X¢, )

where K is a kernel and Z(t,z) is a normalization factor.

@ The cost to be minimized by a given agent is
70) =5 {G Crim(D) +
T a 5 l1—a,
[ Sl =W X0P + 22+ F m(®)de |
0

with A < 1,0 < a < 1,m(t) = L(Xy).
@ The Hamiltonian associated to this control problem is

Ao

1
H(w,p,V) = lp=AaV[* = == V[
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The forward-backward system

The system of PDEs is

1 PR 2
— dpu(t,z) — vAu(t,z) + Ejku(t,x) —aV(ta)| - 2 ]\/(t,x)] = F(z;m(t)),

‘2
Oymy(t, ) — vAm(t,z) — div((Vzu —XaV(t, x))m(t, w)) =0,

K(z,y)
Z(t,x)

Vitw) = [ (~Vaut.g) + 2oV (t.9) B dmiey)

zm@:Lmemmm

with boundary conditions

% NaVion=0, Im 5, on 69

{ u(T,z) = G(z; m(T)), m(0) = mo,
on on

O Existence of solutions (Z. Kobeissi)

@ Uniqueness: no, in general
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Parameters of the simulations

0 Q=[-0.50.5)%

@ V is a piecewise linear interpolation of averages of the control in 3 X 3 equal
subdomains.

0 T=1,A=09,a=1and v=10"%

@ No coupling cost.

@ The initial mass is distributed in two symmetric corners of the domain and
the terminal cost pushes the agents to go towards the other two corners of
the domains.

Initial distribution Terminal cost

104
3]
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A first symmetrical solution



Non-symmetrical solutions

An evanescent part is added to the initial distribution, and a continuation method

is used
Initial Condition 0<t<T
oy S
104 L

. e - (104" —.—»
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Non-symmetrical solutions



With another cost which models crowd aversion and a more local formula for V'
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