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Abstract

We consider an advection-diffusion problem with discontinuous viscosity coefficients. We
apply a substructuring technique and we extend to the resulting Schur complement the
Robin-Robin preconditioner used for problems with constant viscosity. A quasi optimal
convergence analysis is performed in the case of uniform convection by means of Fourier
techniques. The variational formulation in order to generalize the preconditioner to an
arbitrary number of subdomains is also addressed, as well as some numerical tests in 3D.

1 Introduction

The main goal of domain decomposition techniques is the efficient solution on parallel
machines of problems issued from Computational Mechanics set on complex geometries
and discretized on very fine grids. Most of these methods are based on iterative sub-
structuring, which consists in splitting the original domain into small disjoint subdomains
without overlap and reducing the original problem to an interface one to be solved by an
iterative method. The parallel efficiency of the methods depends mainly on the choice
of the preconditioner for the interface problem, which should have good parallel proper-
ties, should be able to handle arbitrary elliptic operators and discretization grids, and
whose performance should not be affected neither by the discretization parameter h nor
the number of subdomains. Many such preconditioners have been proposed during the
years following the early work of Bramble, Pasciak and Schatz ([7]), dealing with both
symmetric ([1, 6, 10, 11, 13, 14]) and non symmetric operators ([2, 3, 8]).
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We present herein an extension of both the Robin-Robin preconditioner (introduced in [3]
and [2]) and the generalized Neumann-Neumann one (see [6] and [15]) to an advection-
diffusion equation with discontinuous viscosity coefficients. The problem, important in
itself in both engineering and environmental sciences, arises from the modeling of the diffu-
sion and transport through heterogeneous media, where different materials with different
physical properties are present in the computational domain. The basic decomposition is
therefore given by the physics of the problem and we are mainly interested here on what’s
going on along the discontinuity interface. We extend the generalized Neumann-Neumann
preconditioner for the Schur complement, which deals with heterogeneity in the coeffi-
cients, by replacing the local Neumann condition with suitable Robin conditions which
take into account the non-symmetry of the problem. When the viscosity is continuous we
recover the Robin-Robin preconditioner, as well as the generalized Neumann-Neumann
one as long as the operator is symmetric.

The paper is organized as follows. In Section 2 we state the problem, while in Section 3
the method is defined and analyzed at the continuous level by means of a Fourier anal-
ysis, showing that the preconditioned Schur complement system has a condition number
independent of the coefficients of the problem. In Section 4 we introduce the variational
formulation for the problem to make it possible the generalization to an arbitrary num-
ber of subdomains. Some numerical results illustrating the performance of the proposed
method conclude the paper.

2 Statement of the model problem

Let Q be bounded domain in R?. We consider the following general advection-diffusion
problem

—div(v(z)Vu) +b-V(u)+au = f inQ
(1)
u = 0 ondf

where b is the convective field b = (b, by) while the constant a may arise from an Euler
implicit time discretization for the time dependent problem, and represent the inverse of
the time step, i.e. a = 1/At.

We assume the function v(z) to be piecewise constant

121 if z ey
v(z) =
12 if z € Qy

with 11 < 9, where 21 and 5 are two subset of ) such that
QlﬁQQZQ), §1U§2:Q.

We denote with I' the interface between the two subdomains, i.e.

Fzﬁl ﬂﬁg,



and, finally, we denote with £; (j = 1,2) the operators

Lj(w) = —vjAw + b-Vuw + aw

3 Analysis of the Preconditioner

3.1 The Continuous Algorithm

We introduce, at the continuous level, the global interface operator
S HYA(D) x L2(Q) — H-V2(D)

(ur, f) — %4_ Ouy @
ur, v oy Vo ans )

where u; (j = 1,2) is the solution to problem
Li(uj) = f  in
uj =0 on 00 N 09 (3)

u]‘ = ur onI'

Since the operator ¥ is linear with respect to both variables, we can easily reduce (1) to
the Steklov-Poincaré formulation of a coupled problem on the interface

S(ur) = x (4)

where we have set S(.) := X(.,0) as well as x := —3(0, f). In order to solve equation (4)
with an iterative procedure, we split the operator S into

S=5+8 (5)
where
Ouj b-1;
Sj ur — (VJB—TL] — B Uj>
r
(for j =1,2). Since 7i; = —fia, the terms %E n; uj vanish in the sum and we recover the
operator S.

Following [2], [3] and [15], we propose as a preconditioner for the Steklov-Poincaré equation
at the continuous level an approximate inverse of &, which is the weighted sum of the
inverses of the operators S; and Sy, namely

T = D1S; Dy + DoS; ' Dy (6)

where



141 %)
D, = , Do =
v+ 1y v+

are constant operators on the interface satisfying D1+ Do = Id. The approximate inverse
T is therefore defined as follows

T H'2T) — Hy’(T)

1%} + v
g V1 + o Lir v+ 2 2Ir
where v; (j = 1,2) is the solution to
Ej(vj) =0 in Qj
v; =0 on 0 N 0

v: b .
I/jﬂ— njvj - Y g onT
an]’ 2 r V1 + Uy

3.2 The vertical strip case - Uniform velocity

In this section we consider the case where Q = R? is decomposed into the left (Q; =
| —00,0[ x R) and right (22 =]0, 4+00[ x R) half-planes, we assume the convective field to
be uniform b = (bs, by), with the additional requirement on the solutions «; to be bounded
as |z| — +o0.

We can express the action of the operator S in terms of its Fourier transform in the y
direction as

Sup = F~! (S(g)ap(g)) . ur € HUA(I)

where we have denoted with ¢ the Fourier variable and with F~! the inverse Fourier
transform. We consider, for j = 1,2, the problem

ﬁj(uj) =0 in Qj
(9)

uj = ur onl,

and we have to compute the Fourier transform of (v1(0ui/0n1) + vo(duz/0ns))r. Per-
forming a Fourier transform in the y direction on the operators L;, we get

(a + b0 — Vjaarar + ibyg + Vj§2) ﬁj(x7€) =0, (10)

for j = 1,2, where i = —1. For a given £, equation (10) is an ordinary differential equation
in z whose solutions have the form a;(§) exp{A; (§)x} + 5;(£) eXp{/\j(f)x}, where



ba o \J02 + davy + 4v2€2 + diby ;€

AF(€) = %, ) (11)

with Re(/\ji) = 0, as Re(2) indicates the real part of a complex number z. The bounded-
ness assumption on the solutions u; (j = 1,2) for  — oo, implies a1(§) = B2(§) = 0,
while the Dirichlet condition on the interface provides 31(£) = a9(§) = ur. Hence,

! oni ) p — M\ or =

1
= 3 i (bm + \/b% + davy + 432 + 4@'byuj§>

as well as

L (P (0
2 ony )p 2 oz =0

1 .
= -3 i (bx - \/bi + davy + 4032 + 4Zbyyj§>

and we have the following expression for S:

~

1
Str = 3 <\/b% + davy + 43PE% + 4ibyn € + \/b% + dave + 4362 + 4z'by1/2§> ar - (12)

Let 7 be the operator introduced in (6). In order to evaluate its performance as a
preconditioner we define

N

v+ 12 v+

and the symbol of the preconditioned operator is easily determined as

B(E) = N <1 N Vb2 + dave + 4v3€2 + 4ibyygf>

Vb2 + davy + 4v2E2 + dibyu €

e (1 VU2 + davy + 4v2€% + dibyn €
? V02 + davy + A2€2 + dibying |

Remark 3.1 Notice that, for a = b, = b, = 0, we have ®({) = 1, implying exact
preconditioning in this simple case.



Due to the presence of the first order term, the resulting linear system is non-symmetric,
and we use at the discrete level an iterative method of Krylov type, such as GMRES. In
that order, we recall that the reduction factor in a GMRES iteration, for a positive real
matrix A with symmetric part M, is bounded from above (see [16]) by

()‘min(M ))2
<1l—-—7
PGMRES = Amac(ATA)
The reduction factor for the associated GMRES algorithm preconditioned by 7 can there-
fore be estimated, in the Fourier space, by
(ming Re ®(¢))?
maxg |(€)|*

PGMRES < 1 —

where the function ®(&) is the symbol of the preconditioned operator, defined in (14).
We can prove the following lemma, ensuring that the above reduction factor can be
bounded from above by a constant independent of the parameters of the problem.

Lemma 3.1 Let ®(§) be the function defined in (14). Then

max |®(¢)/”
(ming Re ®(&))?

€ 0(1) (15)

independently of a, by, by, v1 and vs.

Proof. Assume b, # 0, and let

(€)= b2 + dave + 4v3E% + 4ibyvo€
b2 + davy + PE2 + 4ibyn €

We have

(b2 + davs + 402€2)2 + (4by1/2§)2] 174

12(6)] = [(bg + davy + WEE2)? + (4byri€)?

(16)
1/4
_ [02 4 davs)? + 8 [b2 + 2b2 + davy] V362 + 16 V5 € /
02 + dav1]? + 8 [b2 + 2b2 + davy] V€2 4 16 v{E ’
which is bounded, as
1< |29 < 22, (17)

V1

and it is not difficult (altought rather tedious) to see that its first derivative is given by

dlz(§)] _ 1 |-3/4 F 4 2G¢* + He?

&2 2(§) GIGE (ra —11)é&,



where

F = [b2(b2 + 2b§) + 32a2v112] [b2(v1 + 12) 4 2av1 2] + 2ab2 [b2(203 + Sviv + 2vF) + 6b§y11/2]
G = [b3(v3 + v}) + 16a*viv3] (11 + v2) + Babivivs (V3 + viva + 1)

H = [b2 + 202 vivs (v2 + 1) + davivi

Q&) = [b2 + 4avy]? + 8[b2 + 2b§ + davy ) V3E% + 16 V€2

As the coefficients F', G and H are positive, the function |z(£)| is decreasing in (—o0,0),
increasing in (0, 4+00), and we have

b2 + davs 1%
min (O] = |2(0) = |/, swpla(e)] = lim [2(6)] = 2

Since 271 = z/|z|?, the complex valued function ®(£) can be written as

B(E) = Ny 1+ +()]+ Na |14 . (18)
hence
Re®(§{) = Ny + N + [Nl + \zéVTQ)]Q} Rez(§), (19)
as well as
Im®(¢) = [Nl - Jﬁ} Imz(§). (20)

Since Re z(§) > 0, we have from (19)

2 2 2
V1 V3 )

Re® >N+ Ny = + > .
() =M 2T i+ )?  nHm)? T (it )2

(21)

So far, let us focus on |®(£)|2, which we must prove to be bounded from above. We have
from (19) and (20)

[P = [N+ Na +11(€) cos 9]’ + [92(&) sin ], (22)
where ¥ = ¥(§) is the argument of z(§), and 11 (§) and (&) are defined as



¥1(§) =N1|Z(§)’+m (23)
and
_ P _ N2
P2(§) = N1|z(§)] EGIk (24)
Hence we have, for all £
(&) < [Ni+ Na+91(6)]° + [92(6)])” = V(&) (25)

The left inequality in (17) entails ¥1(£) > 0, as well as the right one entails 19(£) < 0, for
all ¢ € R. More, since

N|=(€) — N2] d|z(¢)]
|2(§)]? dg

h(E) = M|z(9)I* + Na| dlz(&)]
’ EGE dg
the same argument shows that 11 () is increasing in (—o0,0) and decreasing in (0, +00),

while 12(€) behaves in the opposite way.
The function ¥ () is therefore increasing in (—oo,0) and decreasing in (0, 4+00), as

e = |

and

U'(€) = 2[N1 + Nz + (] ¥1(8) + 2 [12(&)] 5 (&),

where the two terms on the right hand side have the same sign. This entails

max|@()[* < ¥(0),

and we have to focus on the calculation of ¥(0), considering two different cases.
i) If by # 0, let us define 7 := 4a/b2. We have
/1 -+ nv [1+nv ? /14 nv /14 nv 2
\II(O):[N1<1+ 772>+N2<1+ 771>] +[N1 772_N2 771]
1+ nn 14wy 1+ 14y
(26)

It can be easily verified that the right hand term is decreasing as a function of 7: since 7
is positive, it attains its maximum when 7 = 0. This provides

maxg |B(€)]> < (2Ny +2N2)2 + (Ny — Ny)?

= 5N12 + 6N1N2 + 5N22

4 2 92 4
Vi vivy Vg

5 + + .
(11 + o)t (11 + v9)? (11 + vo)?




So far, gathering together (21) and (27), we can conclude

LT TNPURSALY S S R
(ming Re ®(&))? — vy (1 +12)4 (1 + 1)t (11 + v9)*

where the last inequality follows from the assumption vy < vs.

ii) If b, = 0, namely the flux term is parallel to the interface, |2(0)] = /v2/v1, and we
have

2 2
max [®(¢)* < [M(H,/?)H\&(H,/;)] +{N1,/§—N2,/§
1 2 1 2

1
= m[’/l‘f‘%+2V1V2+21/1u2+2y7/2 1/2—1—21/1 (29)
1+ 12
PR L 2 2 A

Gathering together (21) and (29), we get

4
maxg |P(€) ! 4!
<142 — ] <16. 30
(mlngReCI)( * Z (1/2) * (1/2) (30)
A better estimate can be obtained when b, = 0. The complex valued function ®(&)
reduces here to a real one

Vb2 + davy —|—41/22§2> N (1 N Vb2 + dary —|—41/12§2> .

®&) =N |1+
© ! ( Vb2 + davy + 4v3E2 Vb2 + davy + 40362

The function ®(§) is symmetric in £, it can be easily proved that is decreasing in [0, 400)
and satisfies ®(£) > 1 for all £&. Hence

maxe [B(6)° [maX§ @(5)}2
(ming Re ®(£))? ming ®(&)

If b, # 0, we define 1 := 4a/b?, and we have

®(0) = Ny (14 p(n)) + Ny (1 + %) (31)

where



o) = | T, (3)

The right hand side in (31) is decreasing as a function of 7, since

1 /1+n1 ve—1g
/
= - >0
# () 2V 1+nv (1+n11)2

and it is not difficult to see that

vi [p(n))? — v3 < 0.

Hence
B(0) < N1 (1+ ¢(0)) + Ny (1 + ﬁ) . (33)

We therefore have from (32) and (33)

maxe O(€) <2[ n r+2[ " ]2

ming ¢ (§) V1 + 1 V1 + 1

1/% + 1/22 (34)
(11 + 12)?

< 2.

On the other hand, if b, = 0 (i.e. if there is no convective term) we simply have

oo (2] (- B) 2] (o)

< W[V%—i—yg—l—(yl—i—yg)\wlm]
(35)
v+ 2 1
< L2y o
(V1+V2) 2
< 1+1 < 2
5 .
U

We have therefore proved the following results.

Theorem 3.1 Let T be the operator defined in (6). In the case where the plane R?
is decomposed into the left and right half-planes and the convective field is uniform, the
reduction factor for the associated GMRES preconditioned by T can be bounded from above
by a constant independent of the time step At, the convective field b and the viscosity
coefficients v1 and vso.

10



Proof. Straightforward from Lemma 3.1. U

Corollary 3.1 When the convective field is normal to the interface, we have
cond (7 o 8) < 2. (36)

Proof. When the convective field is perpendicular to the interface we have b, = 0 and
the symbol of the preconditioned operator ®(&) is real. As a consequence, the condition
number of 7 oS can be evaluated as

_ mmaxg (&)

cond(7 o S) mine ()

and we conclude by (34)-(35). O

Remark 3.2 The argument above is based only on the assumption v; < v, and it can
be easily seen that a symmetric argument would give the same result as long as vy < vy.
Even more interesting, it appears that the reduction factor of the GMRES algorithm for
the preconditioned system improves with the growth of the ratio v5/v1. This allows the
treatment of large discontinuities.

4 Variational Generalization

4.1 The continuous problem

Let us consider in R? (with d = 2, 3) the domain partition

N
0= U Q.
k=1

with Q; N Q, = 0 for j # k, on which we are solving the general advection-diffusion
problem

—div (v(z)Vu) + b(z) - V(u) + a(z)u = f inQ

u =0 on 0N)p (37)
V(%)% = ¢ ondQy

with piecewise constant viscosity

N
v(z) = Z v, 1o, (2)
k=1

where 1g, is the characteristic function of the domain .

11



In order to restrict ourselves to well-posed problems, we assume that the velocity field
b € WH>(Q) is of bounded divergence, that

—.

1
a—idiv()2u>0,

for some p € R, and that the Neumann boundary conditions are given only on a subset
09y of the domain boundary where we have outflow conditions,

b-ii>0  Va ey,

where as usual 77 denotes the unit vector normal to 9€2 pointing outwards. The variational
formulation of (37) reads

Find v € H(92) : a(u,v) = L(v) Vv € H(Q), (38)

where
H(Q) = {v e H'(Q) : vjpa, =0},

and

a(u,v) = / vVuVo + (b- Vu)v + auv,
Q

Lv) = /va%—/aQngv.

In order to extend the sub-structuring technique discussed in the previous section to this
general partitioning, we define the interfaces

Iy := 00y \ 0, TI'=Uil'y,

and we have to describe the action of the advection-diffusion operator on each subdomain
Q. The simple restriction of the bilinear form a(u,v) to Q

ag(u,v) = / v VuVo + (b - V) + auv
Q
is not satisfactory because of its lack of positiveness. To overcome this problem, an

integration by parts of the advective term 1/2(b(x) - Vu)v leads to the local symmetrized
form

17 - . 1. - 1 .
ar(u,v) = / v VuVo + — [(b Vu)v — (b Vo)u| + (a — =divb)uv + — / b - Mpuv
Q 2 2 9NNy,

1.
= ax(u,v) —/ =b - figuv.
Ty 2

12



Summing up on k, and letting

L) = [ for [ e
Qp O NNOQ,

the variational problem (38) is equivalent to
Find u € H(Q) : > Har(u,v) — Ly(v)} =0 Vo € H(Q), (39)
k=1

since the interface terms — ka 1/2 b fipuv added locally to each form aj cancel each other
by summation. However, since we have by construction

1, = 1-
ar(u,u) = / {ukyw\? +(a — 5div b)u2} +/ ~b-pu® Vu e H(Q)

where we have denoted with H(Qy) = {vp = vjq,, v € H(Q)} the space of restrictions,
their presence is very important since it guarantees that the local bilinear form ay(u,v)
is positive on H().

4.2 Finite Element Approximation

In order to get a numerical solution, the variational problem (39) above must be ap-
proximated by finite elements methods, which amounts to replace the space H(2) with a
suitable finite element space Hp,(£2). We will use herein second order isoparametric finite
elements defined on regular triangulations of €2, as they are a good compromise between
accuracy and cost-efficiency. Other choices are of course possible, but in any case the
triangulations will respect the geometry of subdomain decomposition: the interfaces I'g
will coincide with interelement boundaries, which means that each subdomain can be
obtained as the union of a given subset of elements in the original triangulation.

When problem (37) is advection-dominated, these finite elements techniques must be
stabilized. In the following we will use Galerkin Least-Squares techniques (GALS), but dif-
ferent choices (such as Streamline Diffusion) can be made. The GALS technique consists
in adding to the original variational formulation the element residuals

/T. di(h) <—div (v(2)Vu) + b(z) - Vu + a(z)u — f> (—div (v(2)Vv) + b(z) - Vv + a(x)v)

where T; is an element of the triangulation, with a suitable choice of the local positive
stabilization parameter J;(h). The stabilized finite elements formulation then reads

n

Find vy, € Hh(Q) : Z {akh(uh,vh) — Lkh(vh)} =0 VYo € Hh(Q), (40)
k=1

where

13



akp(u,v) = ag(u,v)

+ Z / —div (V) + b - Vu+ au) (—div (v Vv) +b - Vo + av> ,
T; CQy

Lip(v) Z / 8;(h)f (=div (v Vv) +b - Vo + av> .
T; CQe

Notice that the variational structure of the original problem and of its finite elements
discretization are very similar. From now on, since this will be true also for the numerical
domain decomposition we introduce in the following section, we will use the same notation
for both the continuous and the discrete problem and omit all the subscripts A in all finite
elements formulations. The reader should just remember that, when dealing with finite
elements, the bilinear and linear forms ag(.,.) and Lg(.) should be replaced by their
discrete counterparts agp(.,.) and Lgp(.) as defined in the present section.

4.3 Substructuring

The variational structure of problems (39) and (40) allows to reduce them to an interface
problem by means of standard substructuring techniques. For that purpose, following [2],
we consider the local space of restrictions H(2) defined in the previous section and we
introduce the space

HO(0) = {vk € H(Q), v, = 0 in 2\ Qk}

consisting of functions of H(£2;) with zero continuous extension in €2\ Qy, the global trace
space V = TrH(Q)p, the local trace spaces

Vi = {Z_}k = TI"Uk“Fk, v € H(Qk)} = {T)k = Tl“v‘pk, NS H(Q)} ,

the restriction operators

Ry - H(Q) — H(Q), Ri:V—Vy,

the ag-harmonic extension Tr,;1 : Vi, — H(Qy), defined as

ak(Trglﬂk,vk) =0 WV, € HO(Qk), Tr(Tr,;lﬂk)wk = Ug, Tr,;lﬁk € H(Qk) (41)

as well as its adjoint Tr, *, defined by

ax(vg, Tr];*ﬂk) =0 VY, € HO(Qk), TI‘(TI‘];*TLk)wk = U, Tr;*ﬂk € H(Qk) (42)

14



Since the bilinear form ay is elliptic on H°(£2;) by construction, problems (41) and (42)
are well-posed, and we can define the local Schur complement operator Sy : V;, — Vi as

<Skﬁk, 77k> = ak(Trlzlak, Tr];*ﬁk) Vﬂk, Vg € Vk.

If we decompose the local degrees of freedom Uy of uy = Rju into internal (Up) and
interface (Uy) degrees of freedom, the matrix Ay associated to the bilinear form aj can
be decomposed into

AO By,
A = [BT AJ
and we have
—(A) 7' By,
Trk_l = ,
Id

as well as
Sk(?k = <Ak — Bg(Ag)lek> ﬁk
We can therefore decompose each restriction of the solution v and test function v into

Ryu = ug + Trkfl(}_%ku) and Rpv = Ug + Tr,;*(}_%kv), and eliminate the local internal
component ug since it is solution of the local well-posed problem

ap(ud, vg) = Li(vg) Vo, € HO(Q4), uf € HO(Qp).
Thus, we can introduce the global Schur complement operator
N
S =2 RiSiRx
k=1
and we reduce problems (39) and (40) to the interface problem

Su =
where the right-hand side is defined as

B!

inV, (43)

(F,0) = Z Li(Tr*(Ry0))
= Z Lk ?}k Lk ’Uk — TTk (Rk@))]
Z Ly (vg) — ag(uf, v, — Try.* (Rkv))]  (construction of ug)

= Z Lk vg) — ag uk,vk)] (definition of T'r. ™),
k

15



where vy, is any function in H(Q) such that vy = v on T'.

4.4 Definition of the preconditioner

The preconditioner we propose here for the solution of (43) is an extension of the ones
proposed in [2] and [15] and a generalization of the one discussed in the previous section
to an arbitrary number of subdomains. We precondition the interface operator S =
Zgzl RgSkRk with a weighted sum of inverses:

N
T =Y Df(Sk) "D, (44)
k=1
with
N
> DRy = Idr. (45)
k=1

Notice that, as well known in the domain decomposition literature, for any Fj, € V) the
action of the operator (S;) 1Fy is simply equal to the trace on T'j, of the solution wy, of
the local variational problem

ak(wk,vk) = <Fk,TT‘kUk> Y € H(Qk),wk S H(Qk),

which, by construction of the bilinear form ay, is associated to the operator

—div(y,Vw) + b - Vo + aw
with Robin boundary condition on the interface

8 1—)
Vka—;:;—ib-ﬁkw:Fk on I'j.

In order to achieve good parallelization properties for the preconditioned algorithm, as
the bilinear form changes with the subdomains, the weights D}, should be chosen as local
as possible. The following section is dedicated to their construction.

4.4.1 Construction of the weights D,

Since we have to take into account what happens in the neighborhood of each interface
point, the map Dy, is defined on each degree of freedom of the interface I'y,. For P € I'y,
we define the set

Jp={je{l,...,N} |[Pely},

consisting of all indices corresponding to the subdomains €2; whose interface boundary
contains P. We define the weight Dy on the degree of freedom @(P) by
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V1, Vs n/vre b= (£1,0,0) b=(0,1,1) b= (%1,3,5)

10°L,10°  10° 10 11 17 15 17
102,106 12 16 13 7 8
10°5,10°°  10° 10 11 17 15 17
1076, 10~11 5 5 2 77
105,107 10° 10 11 17 15 17
103,103 3 3 3 3 3
1,107 107 6 7 9 11 11

Table 1: Number of iterations for the two-domain 3D model problem: res < 10719

Dya(P) = Cp =2 u(P),

> jeJp Vi
where the constant Cp is chosen in a suitable way in order to satisty (45), and it depends
only on the number of subdomains to which the point P belongs. As an example, consider
a domain © € R? decomposed into N parallelepipedal subdomains: if the point P is a
vertex that belongs to 8 subdomains, the set Jp will consists of 8 indices and we choose
Cp = 1/3, if P lies on a side which separates 4 subdomains, Jp consists of 4 indices and
we choose Cp = 1/2, and finally if P belongs to a face and separates only two subdomains
we choose Cp = 1.

5 Numerical results in three-dimensions

The advection-diffusion problem (37) is discretized by means of the stabilized Galerkin
Least-Squares technique described in Section 4.2 using second order elements on an hex-
aedral decomposition. The interface problem (43) is solved by a GMRES algorithm pre-
conditioned by the operator 7. The algorithm stops when the 2 norm on the interface
of the initial residual is reduced by a factor of 1010,

5.1 A two-domains model problem

The first experiment deals with a partition of the unit cube [0, 1] x [0,1] x [0, 1] into two
subdomains ©; = [0,0.5] x[0,1] x [0, 1] and Q9 = [0.5,1] x [0, 1] x [0, 1]. We choose different
convective fields

i) b=¢: the velocity is perpendicular to the interface,
i) b=2é+ €3: the velocity is parallel to the interface,
i17) b=¢ + 36+ 5&: we refer to this velocity as “oblique”,

as well as a = 1. We consider large jumps between the viscosity coefficients, we choose
f = 0 in the whole Q and we impose © = 1 on the bottom face of the cube as well as
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Q . 5 . 1

Figure 1: b= (—1,0,0), v; =107 vy = 1075, Section: y = 0.5.

homogeneous Dirichlet conditions on the rest of the boundary 0.

The total number of finite elements is 1728, the total number of degrees of freedom is
14023 and the number of degrees of freedom on the interface is 625. The number of
iterations is reported in Table 1: when two results are present, the first one refers to a
convective field directed from the more viscous region to the less viscous one, while the
second refers to the opposite case. The results show that the preconditioner is almost
insensitive to the choice of the convective fields, although it performs slightly better when
the flux is directed towards the less viscous region. Nevertheless, a strong improvement
in the number of iterations is observed when one of the two subproblems is not advection-
dominated as well as when both subdomains have very little viscosity. However, the
number of iterations is reasonable in all cases and it appears to be, as we expected from
the theory, fairly insensitive to the viscosity jumps. Finally, we have represented in
Figure 1 and Figure 2 two cross-sections (which take into account the direction of the
convective field) of the results for b = (—1,0,0), v; = 107, vy = 1075 and for b = (1,3,5),
v1 = 1,v5 = 1077 respectively; in both cases, ; is on the left side of the figure.

5.2 Influence of the number of subdomains

We investigate here the robustness of the preconditioner with respect to the number
of subdomains and to their mutual position. We consider the cube Q = [-0.5,0.5] x
[—0.5,0.5] x [0,1] partitioned into 8 subdomains, numbered in a clockwise helicoidal way
from €3 = [-0.5,0] x [—0.5,0] x [0,0.5] to Qg = [0,0.5] x [—0.5,0] x [0.5,1]. We consider
the velocity field

b = —2my €] + 27x €3 + sin(27x) €5.

and we consider the cube as constituted of two different materials disposed in the following
ways:
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Figure 4: The domain 25 in Test 3.
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vy, Uy v /vy Test 1 Test 2 Test 3

1071107° 10* 33 33 34
1071107 10° 32 33 34
107,107 10° 32 33 34
103,103 106 29 28 21
1,1077 107 29 31 29

Table 2: Number of iterations for the multidomain model problem: res < 10710

2 Vo, Uy, Vs, U7 Vs Vg Ug ITER
101 1076 1072 1073 10~* 34

Table 3: Number of iterations in Test 4. Residual < 10719

Test 1: 11 = v4 = v5 = g, and 9 = v3 = Vg = v7: this is the configuration considered
in the previous section, but each physical domain here is decomposed into four smaller
subdomains.

Test 2: 1 = v5 = Vg = vg, and v = v3 = 14 = v7: the homogeneous subdomains €27 and
Qg are shown in Figure 3.

Test 3: v1 = v3 = g = g, and Vo = vy = v5 = vy this case is a black and white
decomposition where each subdomain of one kind is surrounded by subdomains of the
other one. Figure 4 shows §2s.

Test 4: We choose v1 = 107!, 13 =102, 15 =103, g =102 and vy = vy = v5 = vy =
10-S.

We choose again f = 0 in the whole €2, and Dirichlet conditions © = 1 on the bottom
face and u = 0 on the rest of 9. The total number of finite elements is still 1728, the
total number of degrees of freedom 14023, but the number of interface degrees of freedom
has raised to 1801. We report in Table 2 the number of iterations, and we observe that the
preconditioner is sensitive to the number of subdomains (33 against 20), but it appears
once again insensitive to the jumps in the viscosity coefficients. Finally, the preconditioned
system is not affected by the larger number of different viscosity coefficients (see the results
of Test 4 in Table 3).

5.3 A three layers model problem

The third experiment deals with a parallelpipedal domain Q = [0, 1.5] x [0, 1] x [0, 1] which
is partitioned into three layers ©; = [0,0.5] x [0, 1] x [0,1], Q2 = [0.5,1] x [0,1] x [0,1],
Q3 = [1,1.5] x [0,1] x [0,1]. It is a very simplified model of transport and diffusion of
a species through different layers of materials. For instance, a three layer model arises
from the far field modeling of a nuclear waste disposal, where the repositories are stocked
into a central layer of clay, surrounded below by dogger and above by limestone and marl,
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Partition NE NDF NIDF ITER
3x1x1 2808 14275 838 13

Table 4: A three layers model problem

whose viscosity coefficients are very different from each other (in the case of Iodine'??,

for instance, these are 9.48 - 10~7 m?/year in the clay and 5-10~* m?/year in the other
materials). We choose v; = v3 = 0.1, v = 107, a discontinuous convective field given by

g :352—253 in Qland Qg

b = — €1 in QQ,

and a discontinuous reaction term given by

a = .001 in Q7 and Qg

a=".1 in Qo.

We choose f =1 and we impose the following boundary conditions:

% —0 on [0,0.5] x [0,1] x {0}, [1,1.5] x [0, 1] x {0} and {0} x [0,1] x [0,1]

u=20 elsewhere

We report in Table 4 the total number of finite elements (NE), the total number of
degrees of freedom (NDF), the number of interface degrees of freedom (NIDF) and the
number of iterations (ITER). Once again the result is quite satisfactory: discontinuity in
all coefficients appears not to affect the performance of the preconditioner.

6 Conclusions

The proposed preconditioner is a generalization of the Robin-Robin preconditioner to
advection-diffusion problems with discontinuous coefficients. We have shown its robust-
ness, assessed first theorically by a Fourier analysis in the special case of the two half-
planes, then by some numerical tests in 3D, where the preconditioner has shown fair
insensitivity to the jumps in the viscosity coefficients as well as to the convective field. It
remains sensitive to the number of subdomains, but this seems unavoidable in the case of
advection-dominated problems without coarse grid correction, although far less spectac-
ular than for the case of pure diffusion. The preconditioner transforms naturally into the
Robin-Robin one when the viscosity is continuous, and, probably being its most interest-
ing feature, it has the same algebraic structure as this latter one. Therefore it can be easily
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implemented into a software which contains the Robin-Robin or the Neumann-Neumann
preconditioner.

However, if the extension to systems of advection-diffusion equations appears to be quite
straightforward, further work is required in the following directions:

e a convergence analysis in a more general setting is not yet available (and it appears
to be quite difficult)

e the extension to the case of discontinuous convective fields should be addressed

e the introduction of a coarse space to reduce the sensitivity to the number of subdo-
mains should be analyzed

e the algorithm should be tested on more complex situations
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