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Energy equality and weak-strong uniqueness in dimension 3

The purpose of this document is to provide some guidelines for the proof of the energy equality
satisfied by the strong solutions (of Fujita-Kato type) of the Navier-Stokes system in dimension 3, and
for the rigorous justification of the weak-strong uniqueness principle.

Useful facts/results :

— If f € L*(R3), then Vf € H1(R3) and
IVl z-1m3y < Cllfll2(ms)

— Sobolev embedding : H*(R?) ¢ L5(R?3)

1 About the Stokes system
In this section, we work in dimension N, where N = 2 or 3. We consider the Stokes system

Osu + Vp — Au = f,
div u =0, (1)

u|t:0 = Up,

with ug € L2(RY) divergence free, f € L2([0,T], H~}(RM)).

1. Prove that if a solution u of (1) exists in L>([0,T], L2(RN)) N L2([0, T], H'(RN)) then u must
satisty, for a.e. t € [0, 7]

a(t, €) = e M ag(¢) + / t eI N1 () f(s,€) ds, (2)

0

where M (¢) = 1d — (£ ® €)/|¢€]%. In particular, if a solution exists, it is necessarily unique.

2. Now, for ug € L?(RY) such that div up = 0, and for f € L%([0,T], H~Y(RY)), define u by (2).
Check that v € L>([0,T], L*(R™)) N L2([0, T], H*(RY)) and that

lull o 0.1y 22y + 9l oy < € (Iluoll oy + 1 laqory vy ) -

3. Let u € L>®([0,T], L2 (RN)) N L2([0, T], H*(RY)) be the unique solution of the Stokes system (1).
Show that dyu € L?([0,T], H~'). Using the identity

d
al!u(t)\\é(m) = 2(0pu(t), u(t)) g-1 11

prove that u satisfies the energy equality

t t
lu() 72y + 2/0 IVu(s) |72y ds = lluollF2gs)y + 2/0 (f(s),u(s)) g1 a1 ds. (3)



2 Energy equality

The goal of this section is to prove the following

Proposition 1. Let ug € L*(R3) be divergence free, and let u € LOO(R+,L2(R_3)) N LR, HY(R3))
be a Leary solution of the Navier-Stokes system. Assume that u € L*([0,T], H*(R®)). Then for all
t €10, T], u satisfies the energy equality

t
o) +2 | 196y s = gy (W

Throughout this section, C denotes a universal constant, which may change from line to line.
1. Let v € L([0,T], L*(R®)) N L*([0, T], H'(R?)). Prove that for a.e. t € [0, 7],

o(t) © vl agas) < Clo@I o [P@IY7 s
and deduce that
‘ 3/2
|div (v @ v) |l 2 (0,77, 5-1 (R3)) < CTl/SHUHLOO([O,TLLQ(R?’))””HLQ([O,T],Hl(R%)

2. (a) Let ¥, ¢ € C®°nN HY(R3)? be divergence free. Consider a cut-off xg := x(-/R), where R > 0,
X € C°(RY) is such that x(z) = 1 if |z| < 1. Prove that

1
[oxmb@o:vo=—3 [ (Vxr-w)lof.
R3 R3
Passing to the limit as R — 0o, deduce that
/¢®¢>:V¢:0. (5)
R3

(b) Let ¥, ¢ € H'(R?)? be divergence free. Using a regularization by convolution, prove that
(5) is still satisfied.

3. Let w € L>®([0,T], L*(R3)) N L*([0,T], H'(R?)) be divergence free, and set f = —div (u ® u).
Recalling that f € L2([0,T], H1(R?)), show that for almost every ¢ € (0,7,

(@), u®) g1 m = / u(t) @ u(t) : Vu(t) = 0.

RS

4. Using the section on the Stokes system, prove Proposition (1).

3 Weak-strong uniqueness principle

The goal of this section is to prove the following

Théoréme 2. Let u,v be two Leary solutions of the Navier-Stokes equation in dimension 3, with
respective initial data ug,vo. Assume that u € L*([0,T], H'(R?)). Then for a.e. t € [0,T],

t t
Ju(t) — o)l 2z + /0 19 (= ) 22y < o — volZagas) exp (c /0 ru<s>||;31ds) .

Throughout this section, we set w = u — v and

t
5(t) = [(t) 22 ) + 2 /0 IVew(s)|2ads.



. Using the fact that v and v are Leray solutions of the Navier-Stokes system, prove that
8(t) < llvollzz + [luoll72 — 2D(2),
where

D(t) = /]R3 u(t) - v(t) + 2/0 - Vu(s) : Vo(s) ds.

. Define ue := u *; p., where p. = ¢ 1p(-/€), where p is a standard mollification kernel such that
Supp p C] — 00,0]. Using u, as a test function in the weak formulation for v together with the
equation on u, prove that for all ¢ € [0,T7],

/R3 ue(t) - v(t) + 2/0 - Vu(s) : Vue(s) ds

:/Egavoue(())—i-/ot/ﬂgg(u@u)*pe:Vv—i—/ot/ﬂga(v@v):Vue.

. Pass to the limit as ¢ — 0 and prove that

D(t):/ﬂggvouo—i-/ot/[m(u@u):Vv+/0t/R3(v®v):Vu.

. Using property (5), show that

D(t):/Rsvgu(ﬁ—/ot/Rg[(w-V)u]-w.

t
3(0) < 50) +C [ 19wl 0l g [Vl

. Deduce that

and conclude using Young’s inequality and a Gronwall argument.



