



































































































































CHAPTER 3 PENALIZATION PROBLEMS

Found définition of phaligation problems
diff up involving a small parameter EZO oforder
le I i e derivatives upto order at mort k
and that converge towards a differential equation
of lower order

Example Eng x tué n f n

Ue 07 0

As Eso formally we retrieve the equation Ù2 a fla

Morenigoufly
Definition Let Ldc x a differential operator
oforder k 1 involving a parameter Ezo
Assume that there exists a differential operator
I of order l Ck with the following property
for any familylnde u E CkÇa b mdr that

y âge tuent
ne a b

n n Élu simple convergence V jtfqik.itEso

we have Eg Lene Ià
Then we say that Le is a family of
pénalisation operators






































































































































Back to the example
Cmt tz la n f x O

phralization
Questions
Û is the expected behavior of solutionsof

differential equations with a pénaligation
Hour does it depend on the penalgation
Difference between initial value problems and

boundary value problems
Can methods be developed to analyze the

solutions
Schematic answers

Generically the pénaligation will create
fast variations blow up in a very short time
initial a boundary layers time oscillations
The nature these variations and the way toinvestigatethem will depend on the type of the
paraligationC e g does the differential equation
associated with the pénaligation increase dissipate
comme energy

In this chapter we will consider 2 examples
illustrating each of these behaviors






































































































































I Fat blow up initial layer filteringmethods

consider the equation
PÉ né m f ne ch u a 0

aide
and the associated solution on L 0 Te
Observation ne remains positive consequence ofthe C L theorem

Renard In this case explicit solutions can be

computedeasily but if we change PÉ into

no n ne n parlaient fin
this in no longer the case Hence we rather explain
some robust methods in order to study PÉ

Heuristic alysis the solution of n n 0 aloft
exhibits blow up in finite time On the
other hand the solutions of v Lt I level Ho
are Ve t eup FÉ Therefore

for Pj the penalization makes the solution
exponentially mall and the nonlinear term
ne 4 is not strong enough to create blow up

for PE the pénaligation makes the solution
exponentially large and blow up will occur

much faster






































































































































Morerig udy at least at first the penalization
i espected to dominate Hence we filter out
the evolution associated with the pénaligation
and we define filtering

t ne t emp E tt C ôté
Note that if there were no tune afin the
equation fu would just be constant

Then û Lt udt tzu H emp If
u t up f

I'as û Lt euptte CF
Remarle It is easy to computethe solutions of
È explicitly Exercise par that on its interval

of definition the solution of È with û o I
in given by t 1

1 ECaptif D

Infer that blow up occurs for é attime
Te E log set

whereas the solution of E is globally defined






































































































































Hue the goal is to make a qualitative analysis
of Et without computing the solution emplicitely
LÉ let us first prove that for all t c off
if EE f tn CH IE 2

Define Oz Sup TE OTE là CHI E 2f t

Then since o 1 Oz 0
Furthermore by definition of One for all
te 0,0g lâche 2

Using FÉ we infer that

LD e 4 e Ê
0 14 t f 4 E I e t'E enfer

f4 E
IE ÛCH E l the Efe

Hence for all te olé DIEZ
We deduce that Oz ete indeed if 0gETE
then Oe le 2 and by continuity there
emits Se o much that 0gtse LTE and

Ltd the 2 tt C Og og tsé Hence Off Ek
contradiction_

Hence g Te and Lt Et 23ft II
A sa consequence there Un no blow up sTE






































































































































Furthermore t.su t s l the At C Rj
Hence o t e È Eu E e E

solutionof
the linear equation Wtf y 0

y lue ch e E HE

Uniform convergence
After au initial layer ofsize E this
error becomes much smaller Cenponentially mall

yç ugtt e t'E Eenpl K

PÉ First observe that à t t

therefore blow up occurs infinite time and

to L1 C _blow up time for the differential equation
n u2 uld l

Question how does Te behave with E

Exercise without computing the solution show
that û r It E LeE I htt c o té
Deduce that

Tg f2 E ln






































































































































Conclusion The main idea here is

filter out the behavior linked to thepenalization
investigate the asymptotic behavior ofthe filtered
system explicit computations homogenization
techniques etc

E Boundaylayers
Generically boundary layers occur within
boundary value problems that involve a

penalizationoperator

For 220 consider the BVP

Eng x dx ue x f x in o E
E ne o ne 1 0

where c f EC 0 D and Inf c yo 0

The theorem of Chapter 1 ensures that a

solution of Ee enisto for all Eso

Question Behavior of y as E 0






































































































































Idea as in Chapter 2 build an approximate
solution

Interior partof the solution we eupectthat
as E 0 ce Cn E x where à satisfies

c a à n fcn
i e à le
Then à C 8240B by assumption _and

neff le ù Is cc

where the constant c depends on

ÈÎ Il M'tho typing
to and on

However à o to and in CD to a priori
We need to add correctors close to thepoints
x D x 1 to inter these traces

Look for an approximate solution in the

fon u
app

a à Catt n f tu's Ï
ns Les sizesof the boundary layers closeto

n 0 2 1






































































































































Assumption line u 3 0
3 to

n o à i i 0,1

Then
Euapp t ccn napp x fcn
E à n small error tenu

Egouts ff cc o n Io

Ça
u ftp.T tels n

m

ccoDuYEnDJmu.aEssikasa
x C D UBI Epf strongdecayasssa

This leads us to choose y so that

Ê di ni p
and to define u as the solution of

u G tu 3 0 3 0

uni o a Ci






































































































































we obtain
vis 5 à enp 3 3 0

As a consequence

p nI.ccoDu E l

µ do ICO up Ë

tutoyez Whit preempt Ë l

Core
where co Hal iq télyst y

Similarly
n ceD u Ef le cst

Wye
deduce that woe y Kapp is a solution

Eure Caltech we re
we une ai
























































where Égyptien E sup E Cote tqt
ct

and go UBI I x ci fam

vs kil Ici enpC

Consequence

traitement Kitkat
CE

we Kapp converges uniformly towards zero


