
CHAPTER 1 Generalities

about differential equations
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Definition Derivative

Let a L b be real numbers
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The function f is said to be differentiable at x
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Examples

If f
is a

polynomial then f is differentiable

everywhere
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The function x bel is not differentiable

at x o the difference quotients
on the leftand

on the
right

have different limits

The
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Then
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is differentiable

everywhere on
fais and if the function
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Higherorderder
atives define by induction

Let bas assume that the derivative of order

k of f denotedby f4 exists on a b and

that it is continuous on this interval

Wrx c a b Assume that
f

is differentiable

at no Then
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then f is
a Ck

function
on a b iff

all derivatives upto order KC included exist

on a b and are continuous

f is a Ea function on a b ifffc bkfa.bz

for
all le 1
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Definition Let de 1 and let
f Re R

Partial derivative let i c 1 d and

let
y

a C Rd Assume that the limit
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exists Then we

say
that f admits

au

i the
partial derivative

at
yo

and we denote

it
by yo

or 2 f yo
Jai
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exist
for

all see Rd and if
all these

partial

derivatives are continuous
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Integral défaite

Definition Utf ELKA 5h Then fff integralof
f from a tob isthe algebraic area between the

graphoff the axis y
a and the lines re a x b
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quatriattdifferential equation
is an

equationrelating

a function f and its derivatives

E Flt f
t

f
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where f a b x Rn IR

Such equations are
ubiquitous

in physics

biology social sciences Here are a fewexamples

Electronics Consider an electronic RLC circuit
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Then the electric current I t obeys the

differential
equation
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f
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Mechanics

many examples
are provided by

the
application of

Newton's law Consider

a
particle of man m

moving
on a

straight

line Cora circle and let x t be the

positionof itscenterof man
on the line at time t Then

m x t D CN

where E is the mm of
all
forces applied

to

the particle at time
t In

particular if
D
depends only

on t x t and x t
speed

of
the particule then d becomes a differential

equation



Example Pendulum

tg
L

Oct
to

I man m

The
equation governing

the evolution of

O is
O t sino 0 R

Remack This
equation

is nonlinear

if Os Oz
are solutions of then in

general

02 is not a solution

Ecology population dynamics
a
simple model

for
the evolution ofa population ofsize Nlt

is the logistic equation
Verhulst

N'CH roulis l

r 0
growth parameter

K 0 accounts
forth

limited resources of the

environment if N t K then N'LH CO N

decreases



Questions from the mathematicalpointof viewmur

e Solve the differential equation CDE

But what does solve mean
Proving

that there

exists a
unique

solution of Et Finding
an

explicit formula for
the solutions

a In general
there is

my formula for
solutions of mon linear differential equations

Example Liouville

e n'Lt teulet

Solutions of cannot be expressed as a

combination of a finite number of usual

functions polynomials exponential logarithm

b However it is possible to
prove

that

solutions exist and are
unique

without

computing them

theorem Cauchy Lipschitz
Let n z
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Consider the differential equation



e n t Get ut uh H

together with the initial condition

IC uld no
n o

un i

Then there exist t O I LO such that

L Ifc has a
unique

solution on

the interval JT_ t

Examples of application all
examples above

Remarki This theorem provides
a local global

solution the solution is not defined on R in

general Blow up phenomena may
occur

Example
n t u t

une

exercise check that the
unique

solution

is

given by
the formula

wlh
1

te o 1
1 t

and
therefore

line u t t the

tss

solution cannot be extended
beyond

t 1



2 Investigate
the

qualitative properties

of the solution

Is the solution global Cie defined
on RI

Does it blow
up

Is it
increasing decreasing

Is it
periodic

Are there
equilibrium points

i e initial

data Luo un i mdr that theassociated

solution is constant

If
there are

equilibrium points
are
they

stable this
may

have differentmeanings

starting from
au initial data dose to

the
equilibrium point

the associated

solutionis
global

and

i
converges

as t so to the
eg point

ii remains close to the
eg point

for all times

etc

3 When the exact solution is not known

ie mostof the time compute either

with a
computer

or
by

hard an

approximatesolution and
proue

that the exact

and the
approximate

solutions are indeeddose



ns Numerical
analysis

not discussed in these

lectures

Asymptotic analysis
whenthe

equation
involves a small parameter subject

oflectures Land 3

Remarki The Candy Lipschitz
theorem is an

imposer given
the initial

data Luo un i find the value of

alt fort C Jt_ Te

In other cases see in particular
Lecture2

it will be relevant to look at
boundary

value problems

Example consider a Id heat conducting

material with thermal conductivity dix

ne 0,1C Assume that the temperature
at

n 0 and x 1 is fixed by
thermostats and

that a
stationary regime

has been reached

the
temperature does not evolve with time

Then the temperature within the material

obeys founder's law

Le Cd
x T a 0

TCO P TU Ta
thermostats



The existence of solutions of such problems
is not

provided by
the Candy Lipschitz

theorem For mdr
equations

we will

rather use the
following

result

theorem Let x
ns
C R no ses

Uo chz
C LR

f
E b no ad

d b C L'Cro ad ce CGrand

Consider the boundary
value problem

au bu eu
f introns

BCD
ulna no ulna as

Assume that Infra so and that one of the
trains

following assumptions is satisfied
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Inf c 70 and sup Ibl EG Infos
noires Cno xD

or
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where Ce Ç Ç
are universal constants

dependingonly
ou

as
x



Then BCP has a
unique

solutionnontrans

mdr that ne 8 Eno xD n C x xp
and

fa
n a

2
dx et

Furthermore
if be and Info

0 then
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Meanningthedistancebel

enfundiaconsidera differential equation

DE
E
L ne 0

possibly depending
on a small parameter Ex

Let us assume that

We know that a solution of
EE exists

for instance thanks
to one of the two

theorems above BUT we are notable tocomputeit

We are able to
compute either numerically

or theoretically an approximate
solution Kapp

inthe sense that

LE n'app re

where re is small lina sense to bemadeprecise



Questions
nn
What does n'is small mean

Are we able to
prof

that UE_n'app is

small inonder to have a
good description

of we If yes
in which sense

Mathematically claiming that fe is small

when the parameter c o is mall means

that
f
E

converges
towards zero as E 0

Therefore one ofthe central questions of these

lectures is how does one characterizethe
convergence

towards zero
ofa family of functions

Ü

In what follows de o
is a family

of continuous functions
on an interval a BICK

Definition Simple convergence
The
family

simply converges
towards zero

if fin fénko

for
all see a b

Definition Uniform convergence
The
family

uniformly converges
towards zero iff

Et EEE Ifdssl
0



Renard Uniforme convergence Simple convergence

but the converse is not tune

Example on 0,13
It is

easily
checked

1
that f4 ne µ converges

f
simply

but not uniformly

µ
towards zero

a

Énouât 1

In differential equations it is also useful

to look at
convergences

in
average forexample

Definition

agence
the family Cfde converges

towards zero in L1
if

fin SI Ife Gilda 0

42 convergence the familyCfd converges

towards zero in 22
iff

fin SI find
dx 0



Remark if b a c R

d
Uniform convergence

L'convergence L'convergence

But the converse is not true see
example

above

L
convergence simple convergence

almost

everywhere for a subsequence

Remarki We can extend these notions table

functions for
le 1

bytaking
into accountthe

convergence ofthe
derivatives

For instance fou 81 functions one can

look at the
following different motions of

convergence

Enzo LEE Kff1 thé
a
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him

Eso

Cheek lfdmltfablfdlgldyl

o.biz

Sifflait flat
da 0

etc

When
you

look at a
given

problem it is not

obvious at
first

what is the
good

notion of



convergence
and more

generally
what isthe

good way of measuring
the
size of

the solution

Determining
the

appropriate
notion of

convergence
is a crucial

partof
the wok of

mathematicians working
in PDEs


