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Initial layer for the homogenization of a conservation law
with vanishing viscosity

ANNE-LAURE DALIBARD

Abstract

We study the limit as € — 0 of the solutions of the equation d;u® +div, [A (f, us)] —eAzu® =0.
This problem was already addressed in a previous article in the case of well-prepared initial data,
i.e. when the microscopic profile of the solution is adapted to the medium at time ¢ = 0. Here,
we prove that when the initial data is not well-prepared, there is an initial layer during which
the solution adapts itself to match the profile dictated by the environment. The typical size of
the initial layer is of order €. The proof relies strongly on the parabolic form of the equation; in
particular, no condition of nonlinearity on A is required.
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1. Introduction

We study the homogenization of equation

ou® AR x N
N AN - € = >
5 (t,x) + ;:1 amiAl (E,u (t,m)) eAuf =0 t>0, x € RY, (1)

u(t =0) =ug (m, g) . (2)

It is well-known (see for instance [9,10]) that under suitable regularity assumptions on A and
up, there exists a unique solution w®(t,z) of (1) in C([0,00), LL . (RN)) N L2 ([0,00) x RY) N
L2 ([0,00), H} . (RY)). The first part of the homogenization process was already performed in [2],
the main results of which we recall below. Precisely, it is proved in [2] that if the initial data
is already adapted to the microstructure, then u®(t,z) behaves in L2 _([0,00) x RY) like some
function v (%, a(t, :c)), where v(y, p) is the solution of a microscopic cell problem depending on the
parameter p € R, and u(t, z) is the entropy solution of a nonlinear scalar conservation law. This
result was proved with the help of two-scale Young measures, a tool introduced by Weinan E in [3].
Although equation (1) is parabolic, the proof bears a lot of resemblance with the ones of Weinan E
in [3] and Weinan E and Denis Serre in [5], both of which tackle hyperbolic problems. However, this
is not surprising if we take into account the scaling of the viscosity: indeed, since the viscosity is of
order ¢, it has an effect on the microscopic asymptotic profile of the solution u®, but it disappears
from the macroscopic homogenized problem, which is hyperbolic.

In this article, we go one step further than Weinan E and Denis Serre in [3], [5] (see also [4]),
since we are able to prove that homogenization holds even when the initial data is not well-prepared,
i.e. when it cannot be written as ug (2, 2) = v (£,u0(x)) for some function @y € L' N L= (RY).
In that case, there is an initial layer of order £ during which the solution adapts itself to the
microstructure. The proof relies strongly on the parabolic form of the equation, which compels the
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solutions of (1) to match the microscopic profile v (f, af(t, x)) exponentially fast. In the case when
the viscosity is zero, nonlinearity assumptions on the flux A are most probably necessary in order
to obtain the same kind of result, but few cases are known: in [6], Bjorn Engquist and Weinan E
prove that homogenization holds in dimensions one and two for a nonlinear homogeneous flux in the
case when the initial data is oscillating. In [4], Weinan E studies a particular kind of heterogeneous
conservation law in dimension one, for which he proves a result similar to our theorem 1 under
a strict convexity assumption (see also [3] for further results in the linear case). Let us point
out that this is certainly linked to the compactness of solutions of conservation laws and to the
cancellation of oscillations in the case when the flux is nonlinear (see [15], [14]). However, even if
this connection seems natural, it is still an open problem how to handle initial layers (or for that
matter, homogenization in general) in the hyperbolic case when the dimension is greater than or
equal to two (for N=1, an equivalence with Hamilton-Jacobi equations allows us to use the results
of P.-L. Lions, G. Papanicolaou and S.R.S. Varadhan in [13], and thus to identify the weak limit
of u¢ as e — 0).

Throughout this article, we use the notation Y := ITY (0,7;), T; > 0 for 1 <4 < N (Y is the

unit cell), and
(v) :== y) dy;
wi

we will work in the following functional spaces: if Cig, (V') denotes the space of Y-periodic functions
in C*°(RY), then:

Hpo, (Y) = CRe(Y) ) N a0 =1 o,
V= {v € Hye(Y), (v)y =0}, |vllv = [IVol|z2(y)

Conn(Y X R) := {f = f(y,v) € C*(R"Y x R); f is Y — periodic in y},

per
k00
WES(Y x R) = Coo (Y xR) 00 ke,
Wper 2 (Y X R) = {u=u(y,v) € WL (RN*TY) uis Y — periodic in y}.

Thanks to the Poincaré-Wirtinger inequality, the norm on V is equivalent to the H' norm.
We will often use the following notations:

N
ai(y,v) = %v) (1<i<N), ant1(y,v): Z

Let us now recall the main results of [2]; the first one is about the cell problem:

Proposition 1. Let A € W per, oY x R)YN. Assume that there exist Co > 0, m € [0,00), n €
[0, %*;) when N > 2, such that for all (y,p) €Y xR

lai(y,p)l < Co (1 + [p[™) V1<i<N, (3)

lan+1(y,p)| < Co (1+ |p[") . (4)

Assume as well that at least one of the following conditions holds:

m=0 (5)
or 0<n<l1 (6)
2
or n< and Ipg € R s.t. any4+1(y,po) =0 Vy € Y. (7)

Then for all p € R, there exists a unique solution u € V' of the cell problem
Ayt +divyA(y,p+a) = 0; (8)

For allp € R, a(-,p) belongs to Wge’g( ) for all 1 < q < 400 and satisfies the following a priori
estimate for all R > 0
||ﬂ’('7p)||W2vq(Y) < c Vp € R? |p| < R7 (9)
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for some constant C depending only on N, Y, Cy, m, n, q and R.
Moreover, setting v(y,p) := p + @(y,p), the sequence v is increasing in p: for every p > p',

o(y,p) > v(y,p’) VyeY.

The homogenization result proved in [2] is stated in the following

Proposition 2. Assume that A € W2 (Y x R)N satisfies the hypotheses of proposition 1, and

per,loc
that 3% € Lis,(Y x R), 92 € Lig,(Y xR) for 1<i < N+1,1<j<N.
Let p € R, and let @ be the unique solution in V' of the cell problem (8).
Let )
A= 7 [ Alwp+ ) do (10)
Y1 Jy
Assume also that ug is “well-prepared”; i.e. satisfies
UO<-'IJ,y) = v(y,ﬂo(x)) (11)

for some g € L* N L (RY).
Then as € goes to 0,

ut(t,z) —v (g,a(t,a:)) — 0 in L2 ([0,00) x RY),

where @ = (t,z) € C([0,00), LY(RN)) N L>®([0,00) x RY) is the unique entropy solution of the
hyperbolic scalar conservation law

ou N Z 0A;(u(t, z))

ot (12)

We now state the main results of this paper; the first one addresses the long-time behavior of
the solutions of a parabolic problem, which is derived by inserting in (1) a two-scale Ansatz in both
space and time, namely

t t
ut (t, ) ~ u’ (t, -, @, x) + eut (t,w’x) + .-
e’ e e’ e

Theorem 1. Let ug € L®(Y). Assume that A € W' (Y x R)N satisfies the hypotheses of

per,loc

gz;; € L (Y x R). Assume also that there exist constants A, B € R such

loc

proposition 1, and that
that
v(y, A) < uo(y) < v(y, B). (13)
Let u € C([0,00), L' (Y)) N L>([0,00) x Y) N L, ([0,00), H}.(Y)) be the unique solution of the
parabolic equation

{ W +divy [A(y, u(r,9))] — Ayu(r,y) =0, 720, yev, ”
u(r = 0,y) = uo(y).

Let p = (uo), and let v(y,p) € H,,(Y) be the solution of the associated cell problem (8).
Then as T — o0,

u(,y) — v(y, p)l| Lo vy — 0. (15)
Consequently, there exist constants c, > 0, with i depending only on'Y, n and maxi<i<n ||a:|| Lo (v x (- k,K))
where K = sup 4<,<p |[v(-,p)||L~(v) such that

[[u(r,y) —v(y, p)l|L= vy < clluo(y) — v(y, p)l|L2(vye ™" V7 > 1. (16)



4 ANNE-LAURE DALIBARD

The proof of the first part of theorem 1, i.e. of the convergence result (15), is given is section 2 and
relies strongly on the parabolic form of equation (14). Thus, no condition of nonlinearity on A is
required. The same kind of result has been proved for hyperbolic scalar conservation laws under
strict nonlinearity conditions (see [6], [12], [15] and the references therein). The second part of the
theorem, i.e. the exponential decay result stated in (16), will be a straightforward consequence of
one of the lemmas in section 3.

Combining the results of [2] and of theorem 1, we obtain the following homogenization result:
Theorem 2. Let ug € L}, (RY;Cpe(Y)) such that there exist constants A, B € R such that

loc
v(y, A) < up(z,y) <v(y,B) forae xRN ycVY. (17)

Assume that A satisfies the hypotheses of theorem 1 and that d,a;(y,-) € C(R) for a.e. y €Y and
for1 <i < N+ 1. Then for all0 < a < b, for all R >0

] w(t, ) — v (g,ﬂ(t,x))’

where @ is the solution of the homogenized problem (12) with initial data

—0 ase—0,
L'((a,b)x Br)

a(t=0,2) = ap(z) = (up(z,-)) .

Remark 1. Notice that hypothesis (13) (or hypothesis (17)) is somehow a generalization of the
well-preparedness hypothesis on the initial data in proposition 2. It implies in particular that
u® € L (RN x Y). Conversely, if u° is any function in L>(RY x Y'), and if

_— _
lm i v(y, p) = +o0,

lim supo(y,p) = —oo, (18)
p——0 y

then we can always find constants A, B € R such that (17) is satisfied. And (18) is always satisfied
when a; € L®(Y x R) for 1 <i < N (see [2]).

However, when (18) is not satisfied (see [2] for examples in which this condition is violated),
we could not find more general hypothesis on the initial data. Basically, hypothesis (17) provides
a subsolution and a supersolution of (1) which are bounded uniformly in € in L>((0,T) x RY). In
particular, this implies uniform L bounds on u®, which are not easy to derive otherwise.

2. Exponential convergence towards solutions of the cell problem - proof of theorem 1

This section is devoted to the proof of theorem 1; the proof uses Harnack’s inequality and
therefore relies strongly on the parabolic form of equation (14). Equation (14) is derived by means
of a formal double-scale expansion in time and space variables :

t t
uf(t,x) = u’ <t, -, x, x> +eut (t77x7x) 4.
e e e e

Inserting this expansion in equation (1) and identifying the coefficient of e~ yields equation (14).

Before tackling the proof of theorem 1, let us recall a few facts about the solutions of equations
(14) and (8):

L. v(y,p) > v(y,p’) for all y € Y for p > p';
2. v € C(R,,CO(Y)) for some v € (0,1);
3. If uy, us are solutions of (14), then for 0 < s <t

s (t) = ua(D)l| 22 vy < [luals) —ua(s)llrry, (19)
[ (ua(t) = ua(t)) 4 o2y < [ (ua(s) —uals)) y [lLrv); (20)
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4. Tf u is a solution of (14) with initial data satisfying (13), then u € L*°([0,00) x Y") and v(y, A) <
u(r,y) <v(y,B) forall T >0, y €Y.

We skip the proof of these properties; the first two are proved in [2]. In particular, the second one
follows from the fact that v € LS, (Rpy; W4(Y)) N C(Ry; H).(Y)) for all ¢ € [1,00). (19) and (20)
can be shown by Kruzkhov’s method (see [17] for instance in the case of a hyperbolic homogeneous
conservation law). The last property is a consequence of (20).

We are now ready to prove theorem 1 : define, for y € Y, ¢ € [0, 00)
U(t,y) := supu(r,y),
T>t
and p*(t) := inf{p;v(y,p) > U(t,y) for a.e. y € Y} < B < 0.

Then it is easily proved that

.U e L*>®([0,0) X Y);

. U(ty) U, y) for t >t and for a.e. y €Y

. u(y,p*(t)) > Ul(t,y) for all t € [0,00), for a.e. y €Y

. p*(t) is a bounded non-increasing function of ¢; let p* := lim;_, o | p*(¢);
. for all t € [0,00), if p < p*(¢), then the set

E(p.t) :={y e Y;v(y,p) <U(t,y)}

U W N —

has positive measure.

Set § > 0; since v is a continous function of p, there exists 7 > 0 such that
p—p I <n=lv(p) =o)L vy <6

take tg € R such that if ¢ > ¢g, then |[p* — p*(¢)| < n, and take ps < p* such that |ps — p*| < 7.
Then
ol 0" () = 0ol ey S 26 V2 o

and the set E(ps,t) has positive measure for all ¢ > 0. Hence, for t > tg, for y € FE(ps,t), we have
v(y,p"(t)) — 26 < w(y,ps) < U(t,y) < v(y,p™(1)). (21)

Now, take any sequence t,, — oo, and for all n € N choose yo € E(ps,t, + 1); there exists
78 > t, + 1 such that
u(rn,yn) = Ultn +1,45)| < 65 (22)

then for n large enough, ¢,, > ¢y and gathering (21) and (22) leads us to
V(Y 0" (tn)) — 26 < w(yp,ps) < Ulta + Lyn) < 0(yp, 0" (ta + 1)) < v(yp. 0" (ta)),
|u(ry,ym) = vy, 0" (ta))] < 30.
Set, for s € [-1,1] and y € Y,
wi(8,9) = v(y, 0" (t)) — ulTy + 5,9);

since 79 > t,, + 1, according to the definition of p*(¢,) and to that of U(t,), wl is a nonnegative

function for all n € N, ¢ > 0. Moreover, thanks to our preliminary analysis, for n large enough,

wd(s=0,y°) < 36.

w? is therefore a nonnegative solution of the parabolic equation
N
8’11);5I 0 Py
— (b™°(s, y)w? s)—A w’ =0,
where

b (s,y) = / ai(y, 7oy, p* (ta)) + (L = T)u(r) + 5,y)) dr.
0



6 ANNE-LAURE DALIBARD

Let K > 0 such that
~K <uv(y,A) <v(y,B) <K VyeY.

Then
167 e (= 1,1y xv) < il (v (—re,r0)) ¥ € N VS > 0.

According to Harnack’s inequality, there exists a constant C' depending only on Y and ||al|pec (y x (- i, k)~
such that for n large enough

1
O(—Z y) < C inf w’(0,y). 23
Sggwn( 2721)_ ylgywn( .Y) (23)

Hence, we have proved that for n large enough,
1
0 < (. p*(t)) —ulr) — 5,4) <C6 YneNVyeY,

But as n — oo
v(y, p*(tn)) — v(y,p") in L=(Y).

Thus there exists a sequence T,, — oo such that
w(Ths y) — (Y, P ) oo vy — O (24)
and the first part of the theorem is thereby proved. It remains to prove that p* = (ug) and that
u(t,-) = v(-,p")
in L4(Y) if 1 < ¢ < oo; since [, u(t) is conserved by the equation, as n — oo
(u(Th)) = (uo) — (v(-,p")) =p",

and p* = (ug). Using the L! contraction property (19) for equation (14) with u; = u, uy = v(y, p*)
(ug is a stationary solution of (14)), s = T,, and t > T,, shows that

u(t,-) — v(-,p*) in LY(Y).

Interpolating this convergence result with the fact that u(t, y) — v(y, p*) is bounded in L*([0, c0) x
Y') yields the strong convergence in L4(Y) for all ¢ € [1,00), and thus in L°°(Y") by parabolic
regularity. O

3. Homogenization of equation (1) in case of ill-prepared initial data

The proof of theorem 2 is rather technical, but the ideas involved are quite simple. Our guess
is that u® behaves in L] as

where

— w(7,z,y) is the solution of (14) with initial data ug(z,y) (x being treated as a parameter),
— @ is the solution of the homogenized problem with initial data g (z) := (uo(z,-)),
— v¥(t,x) is the solution of (1) with initial data v(t = 0,z) = v (£, 1o(z)).
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Let us point out the roles of the different terms in z° : for small times, v is close to v (f, ﬁo(m)),
and thus 2¢ ~ w (é, x, %) A w (T =0,z, f) On the contrary, on time scales which are large with
respect to €, w (ﬁ, x, f) —v (f,ﬂo(:v)) = O(e_“?t), and thus 2° ~ v =~ v (f,ﬂ(t,x)). In other words,
there is an initial layer of size € which is described by w (ﬁ, x, %), and after which z¢ behaves as

v (£, u(t,z)).

In order to prove that u® — 2° goes to 0 in L

L((0,400) x RY), we could compute

fe= %(t x) —&—iifl- (E 25(t x)) —eAz*
oot — Ox; \e’m

and prove that f¢ goes to 0 in LL ((0,+00) x RY) (notice that u®(t = 0) = 2°(t = 0)). However,

loc
this involves rather heavy and unnecessary calculations. Instead, we notice that since u® and v*®

are both solutions of (1), we can use the L! contraction principle:
AR x
5‘t\u€—v€\+2%m (g,u‘g,ve) —eA,|ut — 0| <0, (25)
i=1 "

where
ni(y, v, w) == sgn(v — w) [4;(y,v) — Ai(y, w)].

First, let us prove that u® and v° are uniformly bounded in L°°: since equation (1) is order
preserving, for all t,7 > 0, for a.e. z € RV, y € Y we have

v(g,A)SuE(t,x)gv(g,B) vt > 0 for a.e. z € RV,
A<uy(z)<B for a.e. z € RV,

v(g,A) gvg(t,x)gv(gB) Ve >0 for a.e. z € RY.
Consequently, there exists a constant K > 0 depending only on A, B, N,Y,n,m such that
[us(t,z)| + [v°(t,z)| < KVt >0 for a.e. z € RY.

Now, let ¢ € C®°(RY) be such that ¢(z) = e~1*l when |z| > 1, and 1 <o) <1for |z < 1.
Notice that it is enough to prove that

b
/ / |u(t, ) — v (¢, z)| p(z)dxdt — 0
a JRN
as ¢ — 0 for all 0 < a < b. Moreover, there exists a constant C such that
IVeo(z)|, | Avp(z)| < Co(z) Yz € RY.

Hence, multiplying (25) by ¢ (z) and integrating on (a, T) x RY yields

/ [us(T, z) — v (T, z)|p (z) de < / |uf (e, ) — v° (v, )| (x) dx
RN R

N
T
X e e
+C/a /RN n(%.007)| o (@) dodt
T
+6C/ / |u5(t7x) _Us(t,l‘”(p(x) i dt
a JRN

Thanks to the L* bound, we deduce that

X
i (?U67UE)‘ <l oo (v x (-, 1)) |u® = v°
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and thus for all € € (0,1)
[ @) - i@l @) do < [ fuan) - @l (o) de
RN RN
T
+C’/ / |uf(t, ) — v (¢, x)|p (x) dxdt
a JRN

where the constant C' depends only on ||a;|| (v x(~k,K))- Using Gronwall’s lemma, we deduce
that

/ |u (T, z) — v°(T, z)|¢ () do < eCT— / |uf (e, z) — v (e, )| () da.
RN RN

On the other hand, for all R > 1, we have
/R () — ()l () do < [0t (@) — (@) o1 + Ce

where C' depends only on N and K.
Thus, for all R > 1

/RN |uf (T, x) — (T, x)|p (z) dx < eC(T—a) [||u€(oz) — v (a)l|p1(Bg) + C’e_R} . (26)

It remains to prove that for all R > 0, we can choose ¢ and « small enough so that ||u®(«
v¥(a)|| L1 () is arbitrarily small. But for small «, our guess is that u®(c, ) behaves as w (2, z,
If we follow this intuition, we are led to

) —
2).

e’ e/llyg)

« x xr _
(22 o )
e e €

« x
(@) = v (@ @) 23 < [ulna) —w (2,2, )

LY (BR)
+ HU (g,ao(@) —v (f’ﬂ(a@))‘ L1(BR)
o (5 (o)) = ()| L1(Br)

LY (BR)
o
+H (*a ) )7 U ‘
w E T,y U(y UO((ﬂ)) LY(BRiCper(Y))
4 ||’U (y7 1]0(3?)) — v (y, 17/(04, 'T))HLI(BR§Cper(Y))
n HU (ga(a’x» —116(04,33)‘

L'(Br)
In the next subsections we prove that each of the terms of the right-hand side of the above
inequality goes to 0 as & — 0 and € — 0.

We have used above the following proposition, due to Allaire ([1]):

Proposition 3. Let 2 be an open set of RN .
Let (x,y) € L*(2;Cper(Y)). Then, for any positive value of €, (;v, f) is a measurable function

on {2 such that
o (=2)]

< , . = ,y)| dz.
iy S D = [ sup oty de



Initial layer for the homogenization of a conservation law with vanishing viscosity 9

3.1. Preliminary lemmas

First of all, let us recall the following result, which is the basis of all our analysis:

Lemma 1. Let b € L=(Y), vg € L*(Y) with (vo) = 0 and let v = v(7,y) € L} .(0,00; H},,(Y)) be
the solution of
0-v + divy (bv) — Ayv =0,
{'U(T = 0) = vp.

Then there exist u,C > 0, depending only on N, Y and ||b||p=, such that

[[v(T)l|Lee < Cllvol|zze™ ™ V7 > 1,
[lo(T)]|z2 < Cllvol|p2e™ ™ V7 > 0.

Proof. This result is linked to the existence of gaps in the spectrum of the operator
Lw := —Aw + div(bw).

We use the result stated in lemma 1.1 of [16] (see also the references therein). Let 7 be the
invariant probability measure associated to the equation, i.e. 7 is the solution of

—Aym +divy(br) =0, (m) =1

7 € H..(Y) exists and is unique, and there exists a > 0 such that 7 > a by the Krein-Rutman

theorem, and « depends only on Y, N and ||||co-
Now, according to [16] we have for any C? function H : R — R

oufet ()] v [t (2)] = 5w [ )] == Q) G

Take now H(p) = |p|*. Integrating this inequality on Y yields

r Rl O]

But according to the Poincaré inequality for the measure 7, there exists a constant v > 0 such that

for any w € H}., (Y),
u/ mlw — (w), |? g/ 7| Vwl|?,
Y %

where we have used the notation

[y w(y)n(y) dy
fy W(y) dy '

(this inequality can be proved exactly along the same lines as the usual Poincaré inequality, for

which 7 = 1.) Hence
v vy |2
sa [l <= o= (),

(8),-f2-o

™ Jym

02
’ ’ ’ ‘1;’

and we obtain the result announced in lemma 1. The exponential convergence in L> norm follows
from parabolic regularity.

(w) =

And since

we deduce that
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Remark 2. For the reader’s convenience, we provide here a short proof of the parabolic regularity
result used here, for which we have failed to find an explicit reference. Assume that u = u(7,y) is
a solution of

O-u + divy (bu) — Ayu =0, (28)

where b = b(,y) € L>=((0,00) x Y)V (we allow b to depend on time). Then there exists a constant
C > 0, depending only on ||b||r, N and Y, such that for all 7 > 0,
lu(r + DL vy < Cllum)lnr)- (29)

Indeed, if w is a nonnegative solution of (28), then (29) follows from Harnack’s inequality: there
exists a constant C' depending only on ||b||=, N and Y, such that for all 7 > 0

a 1.4) < C mi 2.4).
gl€;<U(T+ y) < gg{;U(ﬂr .Y)

Thus c
llu(r + D)||pe vy < Clul(r +2)) = C(u(r)) = WHU(T)HD(Y)-

Hence (29) is proved for nonnegative solutions of (28). Now, if u is an arbitrary solution of (28)
and 79 > 0, we write u(t = 79) =: up = (uo)+ — (uo)—, with a4 := max(a,0) for any a € R,
and a_ = (—a);. We denote by u™, v~ the solutions of (28) for 7 > 7y corresponding to initial
data ut (7 = 79) = uf, u= (7 = 79) = uy . Then u* and u~ are nonnegative solutions of (28) and
u=ut —u" for 7 > 79. Thus

maxu(ry + 1) < maxu™ (19 + 1) < C’/ ut (1),

Y Y v
infu(ro+1) > —maxu™ (7o +1) > —C/ u (7o)
Y Y v

and consequently
lutro + Dlle= < € [ (i +u5) < [ Jutr)
Y Y
which is the desired inequality for an arbitrary solution of (28).

We now generalize lemma 1 to the case when the coeflicients might depend on the time variable
t and on a parameter € RY. We wish to emphasize that the results stated in the two next lemmas
are not optimal, but merely adapted to the problem addressed here.

Lemma 2. Let R > 0.

Let b = b(t,z,y) € L®((0,00) x Br x Y) such that divy,b € L>*((0,00) x Bg;L*(Y)), vo =
vo(z,y) € L®(Bgr; L*(Y)) with (vo(x,-)) = 0 for almost every x € Bg.

Let v =v(r,z,y) € L™(Bg; L3,.(0,00; H}.,(Y))) be the solution of

{&v + divy (bv) — Ayv =0, (30)

v(T =0) = vp.
(x is a parameter of the above equation.)

Assume that there exists bog = boo(x,y) € L>®(Bp; L>®(Y)) with divybes € L*>(Bgr; L*(Y))
such that as T — oo

[[6(T) = boo|lLo (BriL=(v)) — 0,
Hleyb(T) — divyboo”Loc(BR;L?(Y)) — 0.

Then there exists a constant C' depending only on N, Y and the bounds on b and by such that
forallT>1,

[0l Loe (BrsL2(rrt1:82(v))) + |[0(T) Lo (Brr (v)) < Cllo(T = D[Lo(Briz2(v))- (31)
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Moreover, there exists a constant C depending on N, Y, b and by, and a constant p > 0
depending only on N, Y, and ||bso|| 1o (BrxY) Such that

()| oo (BriL=(v)) < Cllvol|ps(Brsz2yye ™™ V7 > 1,

[[0(T)||Lo(Br:L2(v)) < Cllvol|L=(Br;L2vyye™ V7 > 0.

Proof. Let us treat  as a parameter. Let Lo, (z) be the differential operator

Leo(z)w(y) = —Ayw(y) + divy (boo (2, y)w(y));

then v satisfies the equation
Orv 4 Loo(z)v = f(T,7,Y),

where f(T7 L, y) = dlv’u((boo(xa y) - b(Ta z, y))U(T, z, y))
According to standard regularity results on parabolic equations (see for instance [7]), we have
on the one hand, for all 7' > 0 and for a.e. x € Bp

sup |[o(t, @)|[mr + |[0(@)] L2004 2,520y < C (‘|f($)”L2((T,T+%)><Y) + [|v(T, ff))HHl) ;

T<t<T+3
1
vV|IT— =,
2

where C' is a constant which depends only on NV, Y and the bounds on b and b..

For a.e. « € B, we choose T' € [t — 1, 7] such that

and on the other hand, for all 7 > %,

s ot o)) + 103,y < C
T—5<t<7t+3

)
L2

(D)1 < V200(@)[| 2o 3 rmr (v
and we evaluate
||f(m)”L2((T,T+%)><Y) <C HU(x)HLZ(T—%,TJr%;Hl) + ||U(x)|‘Loc((r—;,T+%)xY)} .

Always thanks to parabolic regularity, there exists a constant C' (depending only on N, Y and
[|b]| L) such that for all 7 > 1

W@l (=3, 7+3)xv) < Cllo(T = L)Lz vy

Gathering all the terms, we obtain inequality (31) (notice that [r, 7 + 1] C [T, T + 3]).

Let us now prove the exponential convergence: let Uy (7;x) be the evolution operator as-
sociated to the equation 0,w + Loo(x)w = 0, that is, Us(T;2)we = w(7,y;x), where w(z) €
L2 (0,00; H!,.(Y)) is the solution of the system

loc per

Orw + divy (boew) — Ayw = 0,
w(T = 0) = wp.

According to lemma 1, for all w € L?(Y) such that (w) = 0 and for almost every = € Br
oo (75 2)wl| L2 < Cljw||p2e™#" V7T >0,

where C' and p are constants which depend only on N,Y, and the bounds on b.
We use Duhamel’s formula: for all 7 > 0, x € Bg

v(1,x) = Uso (15 )09 + / Uso(T — 052) f(0,2) do.
0
Notice that f has mean value zero; consequently,

o7, 2)||2 < Cem " [[vo(@)]| L2 +/ e | f(0,)|| 2 do
0
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We bound ||f (o, z)||r2 by
16() = bos|[ Lo (v [[v(@) [ 2 + [[divyb(o) — divyboo||L2(v)[[v(0)|] Lo~
< C([[6(0) = booll oo (vy + [[divyd(0) — divybos||z2(vy) [[v(o = 1)]| 2.
Let § > 0 arbitrary. There exist o5 > 0 such that if o > o5, then for a.e. x € Bg
|[6(0, ) — boo ()| oo (vy + [[divyb(o, 2) — divybeo (2)|[L2(v) < 6.

Hence,
[[o(r,@)l[z2 < Ce™ [[uo(@)]] 12+C / " T ofo,0) s do+C5 / oo 1,2 ado
0 o5
Returning to equation (30), it is easily proved that
|19 do < )

(Other bounds are possible).
We are eventually led to

o7, @)Lz < Cse™"T[|vo(2)]] L2 + 05/ e 7 |v(0, 2)|| 2 do,

os—1

where the constants C' and Cs depend on N, Y, b, by, and the constant Cj also depends on §. We
use Gronwall’s lemma and we find

[lo(r,2)l|z2 < Csl[vo(x)|[g2e~#=)7,

We take 6 = 2‘—‘0 and use once more parabolic regularity; since the inequality is true for almost

every x € Bpg, the theorem is proved.
We now prove a third lemma which will be needed in the course of the proof.

Lemma 3. Let b = b(1,2,y) € L (RN; L2((0,00) X Y)), boo = boo(x,y) € L (RN; L2(Y)) two

loc loc

vector fields satisfying the same hypotheses as in lemma 2 for any R > 0.
Let f = f(r,2,y) € L((0,00) x RN L2(Y)), and vy = vo(x,y) € L (RN, L>®(Y)). Assume

loc loc

that (f(r,z,-)) = (vo(z,-)) = 0 for almost every (t,z) € (0,00) x RN, and that for all R > 0 there
exists a constant Agr > 0 such that

[ f]] o ((0,00)x Br:L2(v)) < AR- (32)
Let v =v(1,x,y) be the solution of

Orv(r,m,y) + divy (b(1, 2, y)v(T, 2, 9)) — Ayo(T,2,9) = f(T,2,9),
{U(T =0,z,y) = vo(z,y). (33)

Then for all R > 0, there exists a constant Cg depending on N, Y, Ag, b and by, such that
||U(T)HL°°(BR;L2(Y)) <Cr (1 + ||U0||L°°(BR,L2(Y))) V7T > 0.

Moreover, if f can be written
N
fF=Y 0yt
i=1

with f; € L>®((0,400) x B XY) for all R > 0 and for 1 <i < N, then for all R > 0, there exists
a constant Cr depending only on N, Y, maxi<i<n || fil| oo ((0,400)x BrxY), b and b such that

o(T)| L (Brsz=(v)) < Cr (1 + l[vollze(Br,r2(vy)) Y7 =1, (34)
o(T)| Lo (Brir=(vy) < Cr (L4 |[voll(Bp,Lerv)) Y7 <1 (35)
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Proof. Let U(r,0;2) be the evolution operator associated to the equation
Orw + divy (bw) — Ayw =0

(x is still treated as a parameter). In other words, for any 7 > o > 0, ¢ € L*>(Y), w(r,2,y) :=
U(r,0;x)yp satisfies
{ Orw + divy (b(T)w) — Ayw =0 for 7 > o,
U}(T = vaay) = L,O(y)

In lemma 2, we have proved that for every R > 0, there exists Cg,ur > 0 such that if
o € L (RN; LA(Y)) satisfies (¢(z,-)) = 0 for almost every z, then

loc

U (7, 0:2)0| 1o (Briz=v)) < Crll@l L Brirzarne "7 Vr>o+1>1,
U (7, 032)@l o (Brsz2vy) < CrIOl L (Brirzvye 277 V>0 >0.

And by Duhamel’s formula, we also have

or.,9) = Ul Osa)unlog) + [ Ul i) (o) do
0
Thus, for any R > 0, for all 7 > 0,

||U(T)HL:>O(BR;L2(Y)) < CRe_MRT||UO||LOO(BR;L2(Y)) + CR/ e Mr(T=9) 5
0

< Cr (IJvol|l L (Briz2vy) + 1) -

Inequalities (34) and (35) are direct consequences of theorems 8.1 and 7.1 in chapter IIT of [11].

3.2. Homogenization

We now apply the lemmas of the preceding subsection to the function r(7,z,y) = w(r, x,y) —
v(y, Go(z)) and its derivatives. The proof is divided into six steps: in the first step, we restrict
ourselves to smooth initial datas. In the second step, we prove that r converges towards 0 in
L2 (RN; L°(Y)). In the third step, we prove that r converges to 0 exponentially fast, thanks to
the second step and lemma 2. In the fourth step, we focus on what happens for small times :
precisely, we derive a bound on w (%, T, %) — u®(a,x). This step is quite long because bounds on
the derivatives of r are required. The fifth step is also concerned with the behavior of the solutions
of (1) and (12) for small times, but is much shorter and less involved. Eventually, in the sixth and
last step, we gather all the bounds derived in the previous steps and we prove the convergence

result announced in theorem 2.

3.2.1. Restriction to smooth initial datas As often in the study of conservation laws, or
more generally, of evolution problems which admit a contraction principle, it is enough to prove
the result for smooth initial datas: indeed, choose, by density, a family of functions u$ such that
ud € Coor (RN X Y) N Ly (RN Cper(Y)), with the following properties:

loc

||u0_ugHL1(BR;Cpe,-<y>)_)0 asd — 0 VR >0,

v(y, A—1) <ud(x,y) <v(y, B+1) V5>0V(zx,y) e RN x Y.

We denote by u§(t, z), v§(t, ) the solutions of (1) corresponding to initial datas u$ (z, ), v (£, 4o (z))

respectively, and @)(z) = (uf(z,)). Then there exists a constant K’ > K depending only on N,

Y, A, B, m, n and Cj such that
lu§(t, z)| + [v5(t,2)] < K" Y(r,2,9) € [0,00) x RY X Y, Ve, 6 >0

and
—K' <v(y,p) <K' VYyeYVpel|A-1,B+1].
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Hence the following inequalities hold, according to the L' contraction principle for equation (1)

cr _
[us (T) = ug(T)|| 1) < € % (€7 P+ |[uo — udl| L1 (Bricyu(v)) (36)
cT _ _ _
[0 (T) = v§(D)| 1y < € 7 (€7 + |[u(y, o(2)) — v(y, @) (@)1 (Banicyuvy)  (37)

for all R >0, T' > 0, and for some constant C' > 0 depending only on ||a||re (v x(—&",Kk"))-
Assume that we can prove that
us — v
s~ Vs
goes to 0 in L{ ((0,00) x RN) as ¢ — 0, for all § > 0. Then for any 0 < a <b, R > 1

[u® = & |2 ((apyxBr) < C ([u§ — V5|11 ((apyxBr) + € F

o — udll L (Bricye vy + 0@, T0(2)) — v(y, T (€)1 (Bricpe (v)) ) -

Let n > 0 arbitrary, 0 < a < b fixed. Take R > 0 large enough so that Ce=¢% < 5. For this R > 0,
we now choose 0 > 0 such that

C (o = ud|| L1 (Bricyer () + 10y, To(2)) = 0(y, 8§ (2)|| L1 (Bricyer (v))) < -

This is always possible since the second term of the left-hand side is bounded by

— —3 )
[0 — agllL1(Br) < Clluo — ugl| L1 (BriCper (v))
L=(Y x[A—1,B+1])

Hap

where C'is a constant which depends only on N, Y, and ||a||y 1.0 (v x (&7, Kk7))-
Now, for this choice of R and 4, we take £y > 0 small enough so that for all € < g

[u§ — v§llL1((ab)x BR) < 7

Hence, for all p > 0, 0 < a < b, R > 0, we have found ¢y > 0 so that for all € < g

[[u® — %] L1 ((ab)x Br) < 30

This is exactly saying that u® — v® goes to 0 in L{ ((0,00) x RY).

Thus, we now restrict ourselves to initial datas which have as much regularity as desired (this
hypothesis will be made precise in the course of the proof). We work with § > 0 fixed, and thus
we drop all §’s, and we write K instead of K’.

3.2.2. Convergence of r in L>° Let us prove that

(7] Lee

loc

(RN;Lo° (Y)) — 0 as 71— 0. (38)

Thanks to section 2, we already know that for almost every z € RY, ||r(r, z)||peoyy — 0 as
7 — 00. We deduce easily that

[l (7)l e

loc

(RN;LOO(Y))*)O as 7T — OO

for all p € [1,00). However, we need to prove that the same convergence holds with p = co: indeed,
if we try and prove lemma 2 with the hypotheses on b replaced by

[1b(7) = booll Lz

loc

®~,2(v)) — 0

for some p < oo (idem with divb — divbs,), then in the course of the proof, we are led to an
inequality of the type

[v(T)l|La(Brit (vy) < Ce ™ [|vol|La(Brspr(v))

+C/ e M T=16(0) — ool Lo (B2 |[0(0 = Dllr(Briri(v)) do
0

+C’/ e_“(T_")Hdivb(U) — divboo ||z (Br,L2(v ) [[v(0 = D Lr(BriLt (v)) do
0
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with % =
lemma.

% + % If we cannot take p = oo, then r > ¢ and we can no longer apply Gronwall’s

In order to prove (38), we go back to the proof of theorem (1) and we define the quantities
Ul(t,z,y), p*(t,x), p*(z) (x is a parameter of the equation).

If we look closely at the proof, we see that it is enough to prove that p*(¢,z) converges to
p*(x) = tp(z) locally uniformly in x as ¢ — oo. Since the functions p*(t,x) are decreasing w.r.t.
t > 0, and @g(x) is continuous in x if ug(z,y) is continuous in z uniformly in y € Y, according to

Dini’s theorem we only have to prove that p*(¢, ) is continuous w.r.t. z for every ¢t > 0.
Let § > 0, R > 0. We assume that ug € Cper(RY x Y). There exists n > 0 such that

Vo, € B |z —2'| <n=luo(z,-) —uo(z’,)|[L1(y) < 0.
Let o € Bg such that |x — 2’| < 7. By the L' contraction property,
|lu(r, 2) — u(r, @)Ly <6 Y7 20,
which entails, thanks to parabolic regularity results (see remark 2)
Ju(r,2) — (7, 2")||eo(yy < CO VT >1

for some constant C' depending only on N,Y', R and ||a|| (v x (- K,K))-
From this we deduce easily that

U(r,2) = U(T,2")||pe(vy < C3 V7T > 1.
Let p < p*(7,2’) arbitrary, 7 > 1. There exists y € Y such that
v(y,p) <U(r,2',y) SU(r,2,y) + C6 < u(y, p*(1,2)) + CO.
Hence, either p < p*(7,z) or

V(y) :=v(y,p) —v(y,p*(r,2)) 20 VyeYy,
inf V(y) < Co
yey

and V satisfies an elliptic equation of the type
—A,V +div, (bV) =0,

with b € LOO(Y), ||bHLoo(Y) < ||a||Loc(yX(,K7K)).

In the second case, according to Harnack’s inequality (see [8]) there exists a constant C' de-
pending only on N,Y, and ||a||pe(y x(—k,K)), such that supy V' < Cinfy V' < C6, and in that
case

* ]‘ *
lp—p*(r, )| = mllv(wp) — (P (@)l < C6.

In all cases,
p<pi(r,x)=p<p*(r,z)+C§

and thus p*(7,2') < p*(7,z) + C§. Of course, the inequality obtained by exchanging the roles of x
and z’ holds and p*(7) is thus continuous in z for all 7 > 1.
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3.2.3. r converges exponentially fast to 0 r(7,x,y) satisfies an equation of the type (30),
with

1
b(ra,y) = [ aly, vl 10(0) + 51,0 ds.
0
Consequently, setting
boo(xa y) = a(y7 U(y, ﬂo(x)))7
we have
[[6(T) = boo||Lo (Brsz=(v)) < C1llr(T)||Loe (BriL=(v))s
||divyb(7) — divybooHLOO(BR;LZ(Y)) S Cl (1 + ||T(T)||L°°(BR§H;1,er(Y))) y
where
Cr = [10val| Lo (v x (-, k)~ + |[divyal|pe (v x (- k,K))-
Notice that in lemma 2, inequality (31) is established without using the assumption that

[|div,b(7) — divybso || — 0; in fact, we only need to prove that

[|divyb — divyboo||L<>°(BR;L2((T—§,T+%)XY))

is bounded (uniformly in 7 > 1), and thus that

[[7] ‘L°°(BR;LQ(T—%,T+%;H}1)er(Y)))

is bounded uniformly in 7. But we have

y*iper

1
||T||L°°(BR;L2(T—%,T+%'H1 (Y))) < Clr(r - §)HL°°(BR;L2(Y))7

where C is a constant which depends only on N, Y, and [[b[ 2o (0,00)x Brxy < [la]| 1o (v x (— K, K))™ -
Hence inequality (31) is satisfied for 7. And the continuity of div,a and 0,a entails that divb(r) —
divbs, converges to 0 in L>®(Bgr; L*(Y)) as 7 — oc.

Consequently the hypotheses of lemma 2 are satisfied and

I[P (T oo (Brszo=(v)) < Cre™ T|10l[Loo(Brir2(vy) YT =1 (39)

where 1 > 0 is a constant which depends only on N, Y, and ||a|z (v x (-, K))

3.2.4. Behavior of (¢, z) for small times In this paragraph, we derive a bound on w (%, x, %) —
uf (o, ).
Assume that the initial data ug(x,y) is smooth in z and y, namely
Vauo € LE(RY;CL, (V)Y and Agug € L (RY; Cper(Y)).

» Yper

Then Vow(r,z,y) € LS, ((0,00) x RN CL (Y)Y, Aguo € LS, ((0,00) x RN; Cper(Y)).
Let us compute

0 t =z AR x t oz t oz
aw (g,x,(g) +§: 61‘7,141 <€7U} (57557 6)) _EAI'UJ <€,x75>

N
0 t t t t
:Z d (axa x) a; <x7w<7x7x)> _A:Eyw (733, x) _SAI (axa x) = fE(tax)
— ox; \ ¢ € 5 € € € € € €

1)l zizm < C (va (t)

and

- + ||Azw|L1(BR;Loo(y))>

LY (Br;Wh>(Y))

where the constant C' depends only on ||a|| e (y x[-k,kx])- Thus, we have to prove that V,w(7,z,y)
(resp. Ayw(7,z,y)) is bounded in L'(Bgr; W1>°(Y)) (resp. L'(Bg; L>°(Y))) uniformly in 7.
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With this aim in view, we define

or _ Ow Otug(x) ~
871,2_(7—7xay> - axl (7'7.’1},:(/) - axl m(y7u0<x))7

Ri(7—7xa y) =

where m(-,p) € Hl,.(Y) is the solution of

—Aym(y,p) + divy(a(y, v(y, p))m(y,p)) = 0.

Thanks to elliptic regularity results and the regularity hypotheses on a, m(-,p) € W24(Y) for all

per

p € R and for all 1 < ¢ < oo, and for all R > 0 there exists a constant C'r > 0 depending only on
N, Y, a and R such that

[Im(,p)l[zee vy + [Im (2l vy £ Cr VIp| < R.
R; satisfies

0-R; + divy(c(T, z,y)R;) — AyR; = divy <(boo(x, y) — c(T, z, y))a%(;(:;)m(y,ﬂo(x))) =: fi(1,z,y)

where

co(r,2,y) = aly, w(r, 2,y)),
boo (2, y) = aly, v(y, uo()))-

As a direct application of lemma 3, we deduce that R; is bounded in L>°([0, 00) X Bg;Cper(Y'))
for all R > 0. Indeed we only have to check that f; is bounded in L°°((0,00) x Bg; L?(Y)); since

|[divye(r) = divybes || Lo (Brir2(v)) < C <1 +IVyr(Dllpe (Br;r2(v)) + [SHII;K} ||Vyv(y,p)|L2(Y)> :
pPE|—K,
we thus obtain a bound on f; thanks to the first step, inequality (31) and proposition 1. Hence
Vew(T, x,y) is bounded in L*(Bg,Cper(Y)) uniformly in 7.
In order to prove that the y derivatives are bounded as well, we intend to use theorem 11.1 in
chapter IIT of [11]; hence we have to prove that

e
25 e IPM(T,T + LLM(Y)),
Oy
with uniform bounds in T" > 0, x € Bg, for some ¢ > 1,7 > 1 such that
1 N
4+ —=1-xk, 40
r + 2q " ( )

with x € (0,1) if N > 2 and & € (0, 3) if N = 1. Consequently we must prove that
Vyw(r,z,y) € L (T,T + 1; L**(Y))
with uniform bounds in 7" > 0 and x € Br. However at the moment we only know that
Vyw(r,2,y) € L2((0,00) x Br; L*(Y)) N L™ (Br; Lie (0, 00); Hyer (Y))) ™

which is not sufficient to ensure that w has the desired regularity when N is large. Hence we first
need to prove the

Lemma 4. There exist q,r satisfying (40), and a constant Cr depending only on N, Y, R, K and
llallwr. (v x(—K,K)) such that for all T >0

[IVywl|poe (Bg;L2r (T, 741;:L20(v))) < CR-
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Proof. Let
or(r,z,y)

Si(T7x>y) = ay

Then S; satisfies
0,5; + le(CSz) — AySz = div(}?’i)7

where

oc(r, ,y)

0, r(r,z,y).

Fi(Taxay) ==
Then
|Ei(r 2, y)| < C(1+ [Si(7,2,9)]),

where the constant C' depends only on ||0yal|pe(y x(—k,k))s ||0y,@
over,

|Lo (v x(~K,K)), and K. More-

llell Lo ([0,00) x &Y xv) < [lal|Loo (v x (K, K)) -
Thus, according to theorem 9.1 and corollary 9.2 in chapter III of [11], we have

S; € L>®°(Br; L*" (T, T + 1; L*(Y))) S; € L°(Bg; L2 (T, T + 1, L27 (Y)))
.. 1 N NO = 1 N N6 (41)
th—+—=1+—,10 1 ith — 4+ — = —

wi ; + % + 5 €(0,1) with 7 + 57 5

and [|Sil| o (ppir2r (1 741:12¢ (v 18 bounded by a constant which depends only on N, Y,

llallwreo (v x(— k. Kx)), 0 and [[Si||Lee (Bg:L2r (7. 74 1:220(v)))-
Moreover, by interpolation we know that

1-6 0
ISillLoe (Brszzr (rr+15020(v))) < Sillp (B poe (77515220 16l Lo (BRiL2 (01415090 (v
1-6 [}
< C|‘Si||Loo(BR;Loo(T7T+1;L2(Y)))||Si|‘LOO(BR;L2(T,T+1;H1(Y)))

where the constant C' depends only on N and Y and where

1.1
@ 2 N’
1
0=-¢€]0,1],
r
10 1
29 2
Hence we have S; € L°°(Bg; L+ (T, T + 1; L?*%(Y))) for all (g1,71) € [1,00) such that
ﬂ + l = ﬁ =1 + Nial
20 2 2’

where 61 = 1— % (notice that in the case when N = 1, we need not go further). Define the sequence

(ak)kzo in R by
NOpy1  NOg
1+ —m = ——.
+ 2 2

Then it is easily proved by induction that as long as 0y € (0, 1),
S; € L®°(Bgr; L* (T, T + 1; L?1(Y)))

1
V(g,7) € [1,00)? s.t. 30 € (O, 1), —

+N_N9
roo2¢ 2

And the bound on ||Si||LOC(BR;LQT(T’T+1;L2(I(Y))) depends only on ]\77 Y, K, ||a||W1,oc(y><(,K’K))
and 6. In particular, it is uniform in T, R.

Since 6, =1 — k%, we can choose kg such that 6, € (0,1) for k < kg and 0 < %&)k < 1. Then
we choose 0 € (6, 1) such that 0 < NTQ < 1, and ¢, > 1 such that % + % = NTQ. According to the

above remarks, S; € L>(Bg; L?" (T, T + 1; L*>4(Y))) with uniform bounds in 7" > 0. Since
Vyw = (Slv e 7SN) + Vyv(y,ﬁo(x)),

this concludes the proof of the lemma.
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Consequently, according to theorem 11.1 in chapter III of [11], there exists a constant Cg
depending only on R >0, N, Y, K, ||a|[w1. v x(—k,k)) and [[Vuol| o (Bg,cpe (v)) Such that

H ylz]wHLoo(loo)xBRxY <CR V1 <73 ] <N

And for every 7 € [0, 1],

182 4w | (3axvy < Crn (1 lollws o (Basep, v ) -
It remains to prove that Ayw is bounded in L*([0,00) x Br x Y). The equation satisfied by
Ofi
Oz;

the right-hand side of the above equation belongs to L>°([0,00) x Bg x Y) for all R > 0 according
to the preceding steps. Thus A,w is bounded in L*([0,00) x B x Y) by lemma 3.

0-R +divy(cR) — AyR = — divy ((Og,¢)R);

Now, we multiply the L! contraction principle inequality between u® and w (ﬁ, x, %) by a test
function ¢ (%), with ¢ € D(RY), 0 < ¢ <1, p(x) = 1 when |z| < 1, ¢(z) = 0 when |z > 2, and
we integrate over (0, ) x RV,

We deduce there exist constants C, Cr such that C' depends only on N and ||a||pe(y x[-k,K])
and Cg dependson N, Y, K, R, ||a|[w1. (v x (—&,K))s |[[@o||[w.0 (Barscr,, (v)) and [[Azuol| Lo (BapiCper (V)

per

such that
‘ u®(a) —w(g,@zE)‘ <luf(t=0)— (7—0 x, )||L1(Bm)
e’ e/llLyBg) €
=0
c [« s oz
—|-f/ —w<f,x,f>‘ ds
R Jy € €/ 11LY(B2r)
+CRra.
For s > 0,
. s x . s x
) =0 (o D)1y < sy + [ (G2
< 2|Bsg| K.
Thus oz
’us(a)—w(f,x,f)‘ < Cra
e’ e/llyBg)

where the constant Cr depends only on R, N, Y, K, |[|a||w1. (v x (- Kk, K)), |[to||wi (Bopic 1,(7))
and [[Az oL (BoniCpe: (v))-
3.2.5. Bound on ||v (£, (o, z)) — v (£, 1g(x )HLl(BR) + [|v¥ (@) — v (2, ﬂ(a,x))HLl(BR)
— First, A < iip(z) < B a.e. in RY. Hence, A < ii(t,z) < B for a.e. (t,x) € (0,00) x RY. Thus

Hv (g,a(a,x)> —v (gao(x))‘ Hav Y, D) la(a) — 0@ |11 (s

Lo (Y x[A,B])

L1(Br)

w(@) (42)

Hav Y, D)
oo (Y x[A,B])

where w is the modulus of continuity in time for u:

w(k) := sup |la(r) — 120||L1(RN) —0
0<r<k k—0

— For all R > 0 and for almost every a > 0,
‘ v¥(a) — v (E,ﬂ(a,x)ﬂ
€

as € — 0 according to the homogenization result in case of well-prepared initial data.

0 43
L (43)
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3.2.6. Conclusion Gathering (42), (43), and the exponential result proved in the second step,
we obtain, for all R > 0

, b
+CR6 )

||u5(a)_ys(a)||L1(BR)ScRa+CW(Q)+’ Li(Br)

v¥ (o, ) —v (g, u(a, x)) ’

as long as a > € > 0, where :

— the constant Cr depends on R, N, Y, K, |la|lw1.vx—K,x)): |[tollwieB,rict vy and

1Az uol| Lo (BariCper ()3

— the constants C, p depend only on N, Y, and ||al|y1.0c (v x[— k7, k"))

— the constant C'; depends on R, N, Y, K, ||a[|w1.0 (v x [~ k,&])s | [0 (2, y)=v(y, Uo(2))|| oo (BrsL2(v)) s
and the speed of convergence of w(r,x,y) towards v(y, uo(x)) in L>®(Br X Y).

Going back to inequality (26), and using all the bounds derived in the preceding steps leads us
to

_po
+ Cpre =

[|[u(T)=v* (1)1 (BR) < CeCT e B 4+ Cra +w(a) + )
L'(Br)

v¥ (o, ) —v (g,ﬂ(a,x))‘

The inequality holds for all R > 0 and for all T > o > ¢ > 0.
Let n > 0 arbitrary, T" > 0 fixed. First, we choose R > 0 large enough so that

CeCTe B <.
For this R > 0, we choose ay > 0 small enough so that
CeT (Cra+ Cw(a)) <n for 0 < a < ag.

We pick a € (0, o) such that

At last, for this R and « > 0, we take 0 < g9 < « small enough so that

CeCT (‘

Hence, we have proved that

—0 ase—0.
LY(Br)

v¥ (o, x) —v (g,ﬂ(a,x)) ‘

Lo

+ Che™ " ) <n Vee (0,e]

v¥ (o, ) — v (g,ﬂ(a,x)ﬂ

L'(Br)

[

loc

((0,00);LL (rN)) — 0 ase — 0.

loc

Let 0 < a < b; since

u® —w (g,ﬂ(t,x)) ’

< (0= a)||u® = v®|[Los ((a,b)sL1 (Br))

L'((a,b)xBr)
o= (ot

L'((a,b)x Br)

we conclude that

u® —v (%,ﬂ(t,x)) —0 ase— 0in Li.((0,00) x RY).
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