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Abstract

We study the limit as € — 0 of the solutions of the equation d;u®+div, [A (%, u )] —
eA,uf = 0. After computing the homogenized problem thanks to formal double-scale
expansions, we prove that as € goes to 0, u® behaves in L120c as v (f, u(t, x)), where
v is determined by a cell problem and @ is the solution of the homogenized problem.
The proof relies on the use of two-scale Young measures, a generalization of Young

measures adapted to two-scale homogenization problems.

Résumé

On étudie ici la limite quand € — 0 des solutions de I’équation 0yuf+div, [A (f, uf )] —

eA,uf = 0. Aprés avoir identifié le probléme homogénéisé grace a un développement
asymptotique, on montre que u® se comporte dans L12OC comme v (%, u(t, ZC)) lorsque
€ — 0, ol v est la solution d’un probléme de la cellule et % celle du probléme ho-
mogénéisé. La preuve utilise les mesures d’Young & deux échelles, une généralisation

des mesures d’Young adaptée aux problémes d’homogénéisation a deux échelles.
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1 Introduction

This paper is devoted to the analysis of the behavior as ¢ — 0 of the solutions
uf € L2 ([0, 00) x RMYNC([0, 00), L (RY))NLE ([0, 00), HL (RY)) of the parabolic

loc
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scalar conservation law :

ou’ N9 x
A2 uE — AU = > RN 1
i (60 + 2 5 (Lwtm) —cau =0 20, 0eRY, (1)

T

u(t =0) = ug (a:, 6) . (2)

The functions A; = A;(y,v) (y € Y, v € R) are assumed to be Y-periodic, where
Y =TI, (0,7;) is the unit cell, and uy € L*®(RY x Y) is also Y-periodic (in fact,
a little more regularity is necessary in order to ensure that wug (x, f) is measurable,
see for instance section 5 in [1]).

Our goal is to derive the homogenized problem, i.e. to show that there exists a
function u® = u%(¢, z, y) such that as ¢ — 0,

u(t,x) — u’(t,z,y)

(the precise meaning of the above convergence will be made clear later on) and to
find the equations solved by u°. The homogenized operator can be computed by
means of a formal double-scale expansion (see [2]|), as we shall see in the second
section; our main result is that the y-average of u° is the solution of a hyperbolic
scalar conservation law, the flux of which can be computed in terms of A and of the
solution of a quasilinear elliptic cell problem.

Notice that the viscosity has the same order of magnitude than the size of the
heterogeneities, characterized by the small parameter ¢; hence, the problem we study
in this article is closer to the homogenization of conservation laws and transport
equations than to the homogenization of parabolic equations in which the viscosity
is of order 1; therefore, the technique we shall use for the proof is inspired from
the one developed by W. E and D. Serre in [3] (see also [4], [5], and [6] for an
equivalent formulation using Hamilton-Jacobi equations) for the homogenization of
a one-dimensional conservation law. From a mathematical point of view, the role
of the viscosity here is to simplify the analysis of the cell problem, but it is not
fundamental in the convergence proof. Speaking in more physical terms, we will see
that viscosity has an effect at a microscopic level only. This is obvious when looking
at the homogenized problem : the cell equation, which rules the microscopic behavior
of u°, remains elliptic, while the viscosity vanishes from the macroscopic evolution
equation, which is a hyperbolic conservation law.

The proof of our main result relies on the use of two-scale convergence, which was
introduced by Allaire in [1], following an idea of Nguetseng (see [7]). The fundamental
idea of Allaire and Nguetseng is to try and justify the formal two-scale expansions

uf(x) = u’ <x, x) + eu' <m, x) + .-
£ £

widely used in homogenization theory by expressing u° as a particular weak limit :
precisely, let us recall the basic result of two-scale convergence (see [1]) :



Proposition 1 Let {uf}.~¢ be a bounded sequence of L*(SY), where Q is an open
set of RN, Then as € — 0, there exists a subsequence, still denoted by €, and u® €

L*(Q xY), such that

Lo (D) w@) de— [ wlay(ay) dedy

£ Qxy
for all ¥ € Cper(Y, L*(Q))

Two-scale convergence is thus based on an appropriate choice of oscillating test func-
tions (see also [8] for a variant of this method applied to Hamilton-Jacobi equations,
and [9] for an exposition of Tartar’s method of oscillating test functions). Unfortu-
nately, we will not be able to use this theorem in the form given by Allaire because
of the non-linearity of equation (1); instead, we will need two-scale Young measures,
a tool introduced by Weinan E in [4] which handles non-linearities and in which
the information contained in two-scale limits is included. We will give more details
about two-scale Young measures and their properties in the third section.

Throughout this article, we use the notation

= ) d
U Y |Y| / y?

and we will work in the following functional spaces : if C3g.(Y') denotes the space of
Y-periodic functions in C*(R"), then :

oo o H ()
Héer< ) = C(Y) A ey, on = 11 e,

= {v € Hyo(Y), (v)y = 0}, [Jollv = [[V][12(v)
C2 (Y x R) ={f = fly,v) € C°(R" x R); f is Y — periodic in y},

per
Wo (Y x R) := C3e, (Y x ]R) , keN,
Y x R) == {u = u(y,v) € WEX(RY*) u is Y — periodic in y},
Kper i= {v(7,y) € C*(RY x Y);v is Y — periodic in y and has compact support in z},

Joer i = {v(t,7,y) € C®(]0, +00) x RY x Y);v Y — periodic and with compact support in ¢, x}.

Whe

per,loc (

Thanks to the Poincaré-Wirtinger inequality, the norm on V is equivalent to the H*
norm.

We will often use the following notations:

DAy, . 5
osyr) = S (1PN ava() = -3 2

The organization of the paper is as follows : in the next subsection, we state our main
results, which consist in two theorems : theorem 2 states the existence and uniqueness
of solutions of the cell problem, and theorem 3 gives the strong convergence of the



sequence u° in case of well-prepared initial data. In the next section we derive the
homogenized problem thanks to formal double-scale expansions, and we perform the
analysis of the cell problem (8). In the third and last section, we give two proofs
of theorem 3, the first one using the L' contraction principle for equation (1), but
requiring very strong regularity assumptions, and the second one using two-scale
Young measures.

1.1 Main results

Theorem 2 Let A € W15 (Y xR)N. Assume that there exist Cy > 0, m € [0, 00),

per,loc
n € 0, %) when N > 3, such that for all (y,p) €Y xR
|ai(y,p)] < Co(L+[p|™) V1<i<N, (3)
|an+1(y, p)| < Co (1 + |p[") .- (4)

Assume as well that one of the following conditions holds:

m =0 (5)
or 0<n<1 (6)
2
or n < and 3Ipo € R, Yy € Y an41(y,po) = 0. (7)

Then for all p € R, there exists a unique solution u € V' of the cell problem

—Ayt+ divy Ay, p+u) = 0; (8)

For all p € R, u(-,p) belongs to W24(Y) for all 1 < q < +o0o and satisfies the

per

following a priori estimate for all R > 0
|a(, p)llw2ary < C Vp € R, |p| < R, (9)
for some constant C depending only on N, Y, Cy, m, n, q and R.

Theorem 3 Assume that A € W2 (Y xR)N satisfies the assumptions of theorem

per,loc

2, and that 52 € Lj, (Y x R), G € Lj,, (Y xR) for L<i < N+1,1<j<N.

loc v loc
Let p € R, and let © be the unique solution in V' of the cell problem (8).

Let

Aw) = 57 [ Adwp+ i) dy. (10)

Assume also that ug is “well-prepared”, i.e. satisfies
uo(x, y) = v(y, to(z)) (11)

4



for some ug € L' N L= (RY).

Then as € goes to 0,

loc

e (t, ) — v <j,u(t,x)> 0 in I2,([0,00) X RY),

where u = u(t,z) € C([0,00), L*(RN)) N L>=([0,00) x RY) is the unique entropy
solution of the hyperbolic scalar conservation law

on &L oAt x))

=1

u(t = 0,2) = uo(z) € L' 0 L= RY).

(12)

Remark 4 Notice that in general, the null function is not a solution of (1), unless
we make the additional hypothesis any1(y,0) = 0 for ally € Y. Therefore, in general

there are no global L' bounds on the solutions of (1), even if ug (x, f) e LY(RY).
Moreover, slightly stronger assumptions on the fluz A are required in general in order
to ensure the existence of solutions of (1), e.g. A € W2(Y x R). The hypothesis

per

g;;, 9u: ¢ L} (Y x R) is necessary so that the L' contraction principle holds.

Remark 5 Assumption (11) means that the initial data is already adapted to the
microstructure; if it is not, i.e. if it cannot be written in the form

uo(,y) = v (y,uo(x)),

then it is expected that there will be an initial layer of order € during which the
solution will adjust itself to the microstructure; this problem is not addressed here,
and will be delt with in a future article.

2 Formal computation of the homogenized problem

In order to compute the effective equations which rule the system in the limit ¢ — 0,
we use double scale asymptotic expansions (see [2] for a general presentation of this
technique): assume that u® satisfies the following Ansatz :

uf(t,z) = u’ (t,x,x> + eu? (t@, x) T
€ €

5



Inserting this expansion in equation (1) and identifying the powers of &, we derive

the following equations on u°, u! :

Order !+ —Au°(t,x,y) + div,A(y,u°(t, 7, y)) = 0, (13)
Order €° : ou? + i 0 [Ai(y uo)} —2Au’ — Ayut + g: 0 [ulai(y uo)} = 0.
ot i—1 (9.%1 ’ Y Y Pt 8yz ’

(14)

(13) leads us to write u° in the form
u(t,2,y) = alt,x) + aly, alt, ),

where u(t,z) ;= (u’(t,z,-))y and @ = a(y,p), y € Y,p € R satisfies the so-called
cell equation

—Ayi+ divA(y, p + u(y,p)) =0
together with the condition (), = 0 for all p. Then, averaging (14) with respect to
y yields the evolution equation on u :

0A;(u)
8@- n O’

on I
o X
where the homogenized flux A; can be computed thanks to the formula

Ai(p) == (A(p+a(-,p))y -

The €° term also allows us to derive the equation on u! :

N +§:i {ula-(y uo)} =2A,,u’ — @ +§: 0 {A‘(y uO)}
Y = Oy o w ot = ox; U '

Unfortunately, these calculations are entirely formal, and must be justified rigorously.
In the following subsections, we will show that the homogenized equations computed
above have solutions, and in the third section, we shall prove the convergence of u®
to the solution of the homogenized problem.

2.1 Cell problem

This subsection is devoted to the proof of theorem 2. In fact, more general results
can be proved, which we state in the following lemmas.

Lemma 6 Assume A € WY, (Y x R) satisfies (3),(4) with m > 0 arbitrary,

per, loc

n € [0,5%2) when N > 2 (if N < 2, there is no restriction on n).



(1) Regularity: If u € H,,(Y') is a solution of (8) for somep € R, thenu € W*4(Y)
foralll < q < 400, and the following estimate holds: for all R > 0, there exists
a constant C' > 0 depending only on R, q, N, Y, m, n and Cy, and a constant
M depending only on q, m, n and N such that

(-, p)|lw2ary < C(L+ ||l|mpry))™  Vp € [-R, R]. (15)

(2) Uniqueness and monotony: for all p € R, there exists at most one solution
w(y,p) € V of (8). Moreover, if u(y,p) and u(y,p’) are two solutions of (8)
with p > p', then setting v(y,p) = p + u(y,p) we have

v(y,p) > v(y,p) ae on Y.

(8) p-derivative : assume that there exists a solution of (8) for all p € R and that

Kpg = sup ||a(-,p)||m ) < +o00 VR > 0.
lp|<R

Then for all p € R, g—g(~,p) € H,,

C(R,N,Y,Cy,m,n, Kg) such that

Moreover, g—; € H),(Y) is the unique solution of

(Y) and for all R > 0 there exists C' =

ou
— <. 1
o <c (16)

L ((=R,R),Hpe(Y))

per

ov . ov
—a, 50+ i, (a<y7 v(y,p»ap) 0 (1)
under the constraint <g—z>y =1.
The Krein-Rutman theorem ensures that
ov
a—p(y,p) >0  forae (y,p) €Y xR. (18)

If additionnally a; € L*°(Y xR) for 1 <i < N (i.e. m = 0), then there exists
a > 0 depending only on N, Y, and maxi<;<y ||a;||s such that

dv(y,p)

>a>0 VyeY VpeR. (19)
dp
Hence
igfv(y,p) — 400 asp — +00, (20)
supv(y,p) — —00 as p — —o0. (21)
Y



We now state the existence result:

Lemma 7 Assume A € W2, (Y x R) satisfies (3),(4) with m and n satisfying

per, loc

one of the three conditions (5), (6) or (7). Then there exists a (unique) solution of
(8) for all p € R, and it satisfies the following a priori estimate

la(p)||lm < Cr Vp € [-R, R, (22)
where C'r depends on
(1) N, Y, and Cy when (5) is satisfied;
(2) N,Y,Cy, R andn when (6) is satisfied;
(3) N,Y,Cy, R, n and py when (7) is satisfied.

Remark 8 Hypothesis (7) can be slightly relazed : in fact, we only need that for all
A € [0,1], there exists py € R and uy € V' such that

—Ayuy + Adivy, Ay, pa +uy) =0
and supyejoy([pal + [[uallzrvy) < +oo.

In that case, the constant Cg in the a priori estimate (22) depends on N,Y, Cy, R,
n and SupAe[O,l](’pA’ + HUAHLI(Y))-

If an11(y,po) =0, we can take py = po for all X € [0, 1], and uy = 0.

We will need the following lemma, of which we skip the proof :

Lemma 9 Letbe L>*(Y)Y, a >0, f € L*(Y). Let m € H,,,(Y) be a solution of
—Aym + divy(bm) = f

such that | [y m| < a.

There exists a positive constant C, depending only on N, Y, ||b|[recyyv, || fllz2(v)
and o, s.t.

Proof of Lemma 6

- First step : A priori estimates :

Multiplying equation (8) by |a|?" 14, for some ¢ > 1, we see that if u € V N L™ is
a solution of (8), then @ satisfies

q/Y \Val|a|*" dy = q/Y 1@t Ay, p + @) - Vi dy;

8



set
Bi(y,w) = / [r|9  As(y, p +7) dr for 1 <3< N.
0

Then using hypothesis (4)

N aB B
)| dy —q / ayz u(y)) dy

N
a [ \Vallalt dy=q3 [

Zgi , U
1 yayi[ (y,
=0

aly) o
:q// " ansa(y,p+r) dr
Y JO
a(y)
<qCo [ [ I @k (pl 4 1)) drdy

n,, .., 2 ~ n+q
oy <€ (A DB + 11 ) (23

v (&%)

for all ¢ > 1 and for some constant C' depending only on N, n, Y, Cy and gq.

- Second step : U € M<retool (V) :

Let R > 0 arbitrary, and let p € [—R, R], ng = max(1,n). According to the a priori
estimate (23), there exists a constant Cg depending only on R, N, n, Y, Cy and ¢
such that if & € V .10 L7"™(Y") is a solution of (8)

q+ng

135 [ < Cr (1 + [l gano) 2

H' is imbedded in L¥2(Y) for N > 2, and in L"(Y) for N < 2,1 < r < +o0
arbitrary. Hence if @ € V' is a solution of (8)

u € ﬂ1§r<+ooLT(Y) if N <2,
~ - (a+)N .
ae L (Y)=aeL ¥ (Y) Vqe[l,+o0)if N> 2.

When N > 2, define the sequence (gx)r>1 by

@ =1, q1+n0=(qp+1) k>1.

N -2

Then it is easily checked that since n < & +§, qr > 1 for all kK> 1 and
ue L% (Y) VEk>1,

qr — +00 as k — oo.

Moreover,

lal[prine < Cllal] ax < Clla]|m

b
o,

where the constant C' depends only on N, Y, and n.



In all cases, & € Ni<rciool”(Y). And for all » > 2, there exists a constant Cg
depending only on R, r, N, n, Cy and Y, and a constant M depending only on r, n
and N such that for all p € [-R, R], for all solutions @ € V of (8)

laller < Cr (14 [[alla)™ - (24)

- Third step : W?" estimates :
Let R > 0, and let p € R, |p| < R; let @ be a solution of (8) for the parameter p.

Since @ € H).(Y), the chain rule allows us to write

—Ayi = any1(y,p+(y)) — aly,p +a(y)) - V. (25)

In the above equation, ayy1(y,p + u(y)), a(y,p + @(y)) belong to L"(Y") for all
r € [1,+00), and V,u € L*(Y).

Hence the right-hand side belongs to L(Y) for all 1 < ¢ < 2, with locally uniform
bounds in p. Using interior regularity results for elliptic equations (see [10],[11])
combined with the periodicity, it can be proved that @ € W4(Y") for all ¢ < 2 and

lallw2ary < CQ+lal]m)™, (26)

for a constant C' depending only on Cy, m, n, N, Y, ¢, and R and a constant M
depending only on m, n, N and q.

Next, Sobolev imbeddings entail that Va € L2 (R, L4(Y)) for all ¢ > 1 such that

loc
é > % — L+ and we can repeat the same argument as above replacing 2 by -2 (if

N N-2
N > 2).
More precisely, let us define the sequence ¢; by

11k N
o 2 N "

then it is easily checked using the above method that
ae W (Y)Vqe (1,q.) = a€ W (Y) Vg€ (1,q1),
as long as k + 1 < &, and with bounds of the type (26).

By induction, @ € W4(Y) for all 1 < q < qy,, where kg is the integer defined by
N
ko < 5 < ko+1.
Then qx, > N; consequently, & € W24(Y) for all ¢ < N, and thus u € W' (Y) for
all 7 > 1. Plugging this result once more into (25) yields « € W for all r > 1, with

bounds of the type (26). Hence (15) is proved.

10



- Fourth step : Uniqueness and monotony of solutions of (8) :

If 4, and @y are two solutions of (8) for parameters py, pa, then w,, ,, == (p1 +0) —
(p2 + @g) € V satisfies an elliptic equation

—Aywp, py, + divy (bp, p,Wp, p,) = 0,

where )
ban(y) = | aly, (1= )oly,p1) + 7o(y.p2) dr.

Thanks to the regularity result we have just shown, by, ,, € L>(Y)" for all py, ps €
R. And for all R > 0, there exists a constant C' depending on N, Y, Cy, m, n, R,
‘ |’ll(p1) | ’Hl, ‘ |’11(p2> ’ ’Hl, such that

||bp17p2||L°°(Y)N <C Vpi,p2 € [-R,R].

The uniqueness and the monotony follow from the following lemma

Lemma 10 Let b € L™(Y), and let v € H),,(Y') be a solution of the linear elliptic
equation
—Ayv + divy(bv) = 0. (27)

There exists a positive probability measure m € My, (Y') = Cpe(Y)' and a constant

¢ € R such that v = em. In particular, if (v), =0, then v = 0.
We postpone the proof of the lemma.

Hence, since (wp, p,)y = (p1 — p2), we deduce that wy, p, = (1 — P2)Myp, po, With
My, p, & positive measure on Y. If p; = py, then w,, ,, = 0, and the uniqueness is
proved. If p; > po, then

v(yapl) > U(yapQ) \V/y ey.

As a consequence, we deduce

||U(y7p1) - U(y7p2)||L1(Y) - /Y (U(y7p1) - U<y7p2>) dy - |Y|<p1 _p2)

- Fifth step : p-derivative:

Now, 1My, ,,(y) = 2e)=vre) j5 5 positive measure on Y for p; # py, pr,p2 € R,

/ P1—p2
and my, ,, satisfies

— Ay, p, + divy (bp, p, My p,) = 0, (M, ) = 1. (28)
Assume that

Kpg = sup ||a(p)||m vy < +00 VR > 0.
lp|<R

11



Then for all R > 0 there exists a constant C'r > 0 depending only on N, Y n, m,
Cy, R and Kp such that

||bp1,pz||L°°(Y)N <Cgr Vp1,p2 € [-R,R].

Hence, using lemma 9, there exists a positive constant C' = C(R, Cy, m,n, N, Y, Kg)
such that

Hmpl,szHl(Y) <C V(pl,m) € R27 D1 751927 |P1|7 |p2| <R.

Let p, — po, po € [—R, R]. Extracting a subsequence, m,, ;. (-) converges weakly in
H! (Y), strongly in L*(Y)) to g—;(y,po) and by, ,, converges to a(y,v(y, po)). Passing

per
to the limit in equation (28) leads to equation (17). A priori estimates are obtained

using lemma 9, and eventually, lemma 10 entails that ﬁ%(% Do) is a positive prob-
ability measure on Y for all pg.

- Sizth step : Proof of (20), (21) :
When m = 0, 9¢ satisfies (17) with
P

a(y, v(y, p))||Levyv <20y V¥p e R.
According to the Harnack inequality (see for instance [10]) combined with the peri-
odicity, there exists a constant C' depending only on Cy, N, and Y such that

supw < C'inf w.
Y Y

Since [, w = |Y|, supy w > 1. Hence there exists a positive constant «, depending
only on Cy, N, and Y, such that

ov(y,p)
Op

>«

and (20), (21) are proved.

Proof of Lemma 7

Let us define the operator T': u € V +— v € V where v = T'(u) € V is the unique
solution of the elliptic equation

—Ayv = —div, Ay, p + u(y)).
Fixed points of T" are solutions of (8), and 7" is a continuous compact operator.
We want to apply Schaefer’s fixed point theorem, and thus prove that

{ueV;3INe[0,1], u=AT(u)}

12



is bounded. In the sequel, we take u € V, A € [0,1] such that u = AT'(u), and we
try and derive a bound on wu.

We begin with the case m = 0. In that case, u satisfies
—Ayu + div(bu) = Aan41(y, 0),

where )
by) = A [ aly.tp+u)) dt.
Hence b € L*(Y)" and

[10]| 2o vy < lal| ooy xmyn < 2G5,
1
[[Aan41(y, 0)||2v) < ColY]2.

Thus according to lemma 9, there exists a constant C' depending only on N, Y and
(o, such that

lullmvy < C
and the estimate is proved.

When either (6) or (7) are satisfied, for all u € V' such that u = AT'(u), the a priori
estimate (23) with ¢ = 1 and changing A into AA yields

n 1 ntl
lull gy < € (1 + D2 il + [l ) (29)
for some constant C' depending only on N, n, Cy and Y.

If n < 1, then it is easily seen that this inequality leads to an H! a priori estimate,
and thus to the existence of solutions of (8). Hence, we now focus on the case n > 1.

Since n 4+ 1 < 252 < 28 (if N > 2), we can interpolate L™™ between L' and

28
L~-2 :let 6 € (0, 1] such that

where ¢y := % Then

nt1 (n+1) (r+1)(1-0)
uf| paes < ulf 2 HUIIqu
(n+1)0 (n+1)(1-0)
<[luflp® ullg ®

It is easily checked that n < & +2 if and only if %) < 1. The whole problem thus
reduces to find L! estimates for the solutions of (8). This is quite easy if hypothesis
(7) is satisfied. Indeed, in that case, @(y, po) = 0 is a special solution of (8) for p = py
and for the flux AA; hence, according to lemma 6,

[lullr = [fu = a(po)l|r < [p = pol[Y] + ||(p + u) = (po + @(po))llr < 2[p — pol[Y'].

13



Plugging these estimates into (29) yields

(n+1)(1-06)
lullis < Cr (1 -+l * ) (30)

for all p such that |p| < R, where the constant Cg depends only on N, Y, n, Cy, po
and R. Since eréﬂ < 1, ||u||f: is bounded by a constant depending on the same
parameters as C'g. Hence the a priori estimate is proved and solutions of (8) exist
for all p € R.

Proof of Lemma 10

The constant function equal to 1 on Y, denoted by 1, is a solution of the dual
problem

—A,1=b(y)-V,1=0. (31)
We want to prove, using the strong form of the Krein-Rutman theorem, that there
exists a constant ¢ € R such that w = em, where m > 0 is a solution of (27). Indeed,
in that case ¢ = 0 necessarily since (w),, = 0 and thus w = 0.

Let us introduce the operator F': u € L*(Y) — v € H where v = F(u) is the unique
solution of the equation
—Av —b-Vu+ av = au,
and « is a positive constant chosen so that the bilinear form associated to F' is
2
coercive (e.g. o = % + %) With that choice of a F' is a strictly positive operator.

Next, using once again interior regularity results for linear elliptic equations com-
bined with the periodicity, we show that F' maps L(Y) into W22(Y) for all ¢ > 2.

Hence, the restriction of F' to Cper(Y), still denoted by F', is a compact operator
from Cpe(Y') into itself.

The last step consists in using the maximum principle: if u € Cpe(Y), u >0, u # 0
and v = F(u), then v(y) > 0 for all y € Y (see for instance [12]; the maximum
principle is in general proved for classical solutions of elliptic equations with regular
coefficients. However the proofs remain unchanged for weak solutions and b € L™
provided the following property holds true for any v > 0:

ue€ LX(Y),u>~v ae =uv=F(u)>".

This property can be proved by approximating b in L7 for 1 < ¢ < oo by a sequence
b, € CH(Y) for some u € (0,1).)

Hence, F : Cper(Y) — Cper(Y) is a strongly positive operator.

We conclude by using the strong form of the Krein-Rutman theorem (see [13], [14]):
since F'(1) = 1, the spectral radius of F is equal to 1 and 1 is a simple eigenvalue
of F*, the adjoint of F', with a positive eigenvector. Let m € M (V) = Cper(Y)' be

per
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the unique positive invariant measure such that (m),, = 1 and F*(m) = m. Since
ve H (Y)C M. (Y) solves (27), F*(v) = v; thus, there exists ¢ € R such that

per per
v =cm. If (v)y, =0, then ¢ = 0 and v = 0, which completes the proof of the lemma.

Remark 11 This lemma can be generalized without any difficulty to the case b € L4
for some q > N wusing the inequality

’/ vb - Vo
Y

where C' is a constant depending only on N and Y .

1-N 1+
< Clfbllpaloll 2 " [[Voll 2 ©

Remark 12 Let us point out that the techniques we have used in order to find a
priori bounds on the solutions of the cell problem rely strongly on the ellipticity of
equation (8). In particular, when the viscosity is equal to 0 in equation (1), the cell
problem becomes
div, A(y, p + a(y)) = 0,

and we have no clue how to derive a priori bounds on the solutions of the above
equation in general. The few cases in which we are able to prove such bounds suggest
strongly that the flux A should be nonlinear. However, it is an open problem how to
treat such an equation in general, and which hypotheses should be expected on the
flux. We will come back on these questions in a future paper.

Before going any further in the multi-scale analysis of problem (1), let us mention a
few examples in which hypotheses (5), (6), and (7) seem “natural”.

Take A(y,v) = b(y)f(v), where b € WH*(Y)N has values in RY, f € W,b>°(R) is

scalar.

If div,b = 0 on Y, then constants are solutions of equation (8). Lemma 6 asserts
that there are no other solutions as long as f has polynomial growth. Notice that in
that case, hypothesis (7) is satisfied.

Let us study now the less trivial case b(y) = V,¢(y), where ¢ € C},.(Y). Assume
that f does not vanish on R (otherwise we are in case (7)); without loss of generality,
we can assume that

f(v) >0 YveR.
We can thus define -
H(v ::/ —~ _dw VYweR
=)y Fw)

It is obvious that any solution of
—Vyu==Vyo(y)f(p+u) (32)

is a solution of (8); hence, we search for particular solutions of (8) which satisfy

(32).

(32) is equivalent to
V,H(p+u) =V,
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and thus to
H(p+u) = ¢+ cst.
Thus we deduce that solutions of (32) exist if and only if

H(+00) — H(—00) = /R} > 0sCo. (33)

In particular, this is always satisfied when |f(v)| < Co(1 + |v|)™ for some n < 1 (i.e.
when (6) holds) since in that case

H(+00) — H(—00) —/lec = +00.

Assume that (33) is satisfied; notice that H € C'(R) and H' = % does not vanish

on R. Hence H is a C' diffeomorphism from R to (H(—o0), H(4+00)) =: (a, 3). We
denote by H™! : (a, 3) — R its reciprocal application. Let

cy = [} — max ¢,
Cc_ =« — min ¢.

Then for all ¢ € (c_, c;) we can define
ve = H Y (p+¢), ue:=uv.— (ve) (34)

and wu, is a solution of (8) for all ¢ € (¢_, cy). Hence, when (33) is satisfied, we have
found special solutions of (8). If cx = £oo, then we have found solutions for all
values of the parameter p in (8). If |f(v)] < Co(1 + |v])" with n < Y2 then we
deduce that there exist solutions of (8) for all values of p as well thanks to lemma 7

and the remark following the lemma (changing A into AA is equivalent to changing

¢ into Ao).

Reciprocally, let us prove that (33) is a necessary condition for solutions of (8) to
exist at all when n < % Let ug € V be a solution of (8) for the parameter py € R,
and let vy := pg+ug. According to lemma (6), vg € L>(Y). Hence we can change the
function f for values of v larger than ||vg||z~ so that the function f thus obtained

satisfies (33) and

flo(y)) = flwoly)) Vyey.

We can even choose f so that

/OOO}Z/OOO}ZﬂLoo.

In that case, we have proved that there exist solutions of (8) for the flux Vo(y)f(v)
for all values of the parameter p. Let u., be the solution for the parameter py,
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Vey i= Ug, + po. Then

— Ay, + divy (Vo) f(vey (1)) =0,
—Ayvo + divy (Vo) f(vo(y)) = —Ayvo + divy (Vo(y) f(vo(y))) = 0,

and by uniqueness of the solutions of (8) for the flux Ve (y)f(v), vo = ve,. Conse-
quently,

vo=H "' (¢+co) = H (¢ + o)
and (33) is satisfied. Moreover, we have proved that all solutions of (8) can be written
in the form (34).

Now, let us explain why condition (7) is optimal, to a certain extent. Take f(v) =
(1+ [v[*)? for some n > Y¥2 Then o = —3 € R. Assume that (33) is satisfied. In
order to simplify our analysis, we assume as well that ¢ attains its minimum in a
unique point o in the interior of Y.

We define
voi=H (¢ +c);
v_(y) is finite for all y # yy. Moreover, if u € V' is a solution of (8) for the parameter
p, then u can be written in the form (34). Thus there exists ¢ € (c_, c;) such that
u + p = v, and necessarily
p+u>v_.

Hence, if we can prove that v_ € L'(Y'), we will be able to derive a lower bound on
the admissible values of p so that there exists a solution of (8) for the parameter p.
In other words, there will be no solution for p < (v_).

Let us prove that v_ € L'(Y): there exists a constant ¢ > 1 such that for y in a
neighbourhood Vj of yq

1
“ly - yol” < o(y) — d(yo) < cly — yol*.

Hence .
E|y —yol> < H(v_) —a < cly — yo|*.
On the other hand, there exists a constant C' depending only on n such that for all
A>1,
1 1 © 1 1

< < .
CA=t = Ja f(v) — CA”—l

1 1 v— ] 1
—— < Hlw.)—a= - dv < O——.
Clop S H-)—a= | ey @ = O

Thus, there exists a constant C' such that for all y € Y

C

|U—| < 2 -
ly — yo|™1

17



Ifn> %, then % < N and the singularity in y, is integrable: v_ € L'(Y).
Let us gather our results in the following

Lemma 13 Let A(y,v) = Vo(y) f(v), with f(v) > 0 for all v € R. Assume that

. N +2
fv) < Co(1+ |v))" withn < 3o

Then

(1) There ezist solutions of (8) for some values (but possibly not all) of the param-
eter p if and only if
fog = oss
— > osco.
R f

(2) If the above inequality is satisfied and f(v) < Co(1 + |v|)™ with n < 22 then
there exist solutions of (8) for all values of the parameter p.

(3) If
/oo 101 .
o f Jeof
then there exist solutions of (8) for all values of p € R.

(4) If |f(v)| = (L+[v]*)2 withn > 232 then there exists ¢ € Ca, (Y) and p_,p; €
R such that there are no solutions of (8) forp <p_ orp > p,.

The second point in the above lemma is the analogue of condition (7), and the third
one of (6) (or (5): if f is uniformly Lipschitz, then it satisfies f(v) < Co(1 + |v]),
and thus the condition in the third point of the lemma is satisfied). Hence this
example somehow explains the different conditions which are required for existence,
and enlights the various regimes which can occur. However, hypotheses (5), (6)
and (7) do not cover all the cases in which the existence holds, even in this rather
simplified problem. A more general and more thorough existence theory remains to
be accomplished.

As a conclusion to this subsection, let us also mention that the above example also
provides cases when the convergences (20), (21) do not hold. Indeed, assume that
a, f € R and that solutions of (8) (or, equivalently, of (32)) exist for all p € R. Then

lim ir;fv(y,p) = lim H '(inf¢ +c) = H (B — oscg) < +o00
C—C4

p—-+oo

and similarly lim,_, ., supy v(y,p) > —oo.
2.2 Fvolution equation and first order corrector

Once @ is rigourously defined, we can compute the homogenized flux

A(p) == (A(-,p+a(-, p))) (35)
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Define alsofor 1 <i < N

=y QAip) _ <5"Ué'];p> ai<.,v<.,p)>>.

Then according to the results of the preceding subsection, a; € L2 (R).

@ can thus be defined as the unique entropy solution in C([0, o), L' (R"))NL>(]0, 0o) x
RY) of the scalar conservation law (see for instance [15] for a complete theory of
existence and uniqueness)

— 4+ =0, t>0, zeRY

a(t = 0,2) = uo(z) € L' RY) N L=(RY).

On sets of [0,00) x RY on which @ is regular (say W'!), one can define the first
order corrector u! by

—Aju' + Z [u a;(y,u )} =2A,,u’ — {8@1;0 + Z 88% [Az‘(yauo)} } . (37)

(t, z) are parameters; since the right hand side has mean zero, and the only solutions
of the adjoint equation

—Ayw — a;(y,u’) - V,w =0

are constants, one can apply the Riesz-Fredholm theory to show that solutions of
(37) exist, and are unique up to solutions of the homogeneous equation

—A w+z

{wozZ Y, u )} = 0.

Comparing the above equation to (17), and recalling the results of the proof of
lemma 6, we see that the solutions of the homogeneous equation can be written
w(t,x,y) = c(t, ZB)ap (y,u(t,z)). In particular, u! is unequivocally defined under the
condition

ov
1 _ N
/Yu (t,z,y) ap(t,yc,y) dy=0 ae. (t,z) €[0,00) x RY.

Pushing the calculations a little further, we write u! in the slightly more sympathetic
form

where x;(-,p) € H...(Y) Vp € R solves the elliptic equation :

per
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8t 2 sl ) =2 P o)y
~ 5 (.ol ). (39)

As before, the existence and uniqueness of y; follow from the Fredholm alternative
provided the condition

/Xia”:o VpeR
y 7 Op

holds true.
Let us summarize the results of this subsection in the following

Lemma 14 Assume A € Wer Y X R) satisfies (3), (4). Then there ezists a
unique entropy solution u € C([O o), LYRN)) N L>([0,00) x RY) of the hyperbolic
scalar conservation law (36).

If u € WHHO), where O C [0,00) x RN, then for (t,z) € O, there exists a unique
ul(t,z,-) € H. (V) satisfying (37) and the condition

per

/ ul(t,x,y)@(t,x,y) dy=0 a.e. (t,z)€O.
Y dp

Moreover, u' can be written

u

t s y Z (ta‘r»?

where x;(-,p) € H}

per

(Y) satisfies equation (38) Vp € R.

In the rest of the article, we set

u(t,z,y) = a(t,z) + a(y, u(t, ) = vy, a(t, x)). (39)

3 Convergence proof
3.1 Naive idea using L' contraction principle

We are now ready to prove the convergence result announced in theorem 3. A first
naive idea consists in computing the equation satisfied by u° (t, x, g), or rather

T x
v (t,x) == u® (t,x, ) + eut (t,x, ) ,
3 3
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where u° and u! were defined in the last section : assuming that @ and A are regular
in order to compute all the necessary derivations, v° is a solution of

o X0 T
— A Z %) —eA 0t = f¢
ot +;8xi z(é?’v) eRat” =I5,

where

0A; (x uo—i—sul) B 0A; (x u0> | 0%A, (:z: uo)
dy; \e’ Oy; \¢e’ 8y, ov \¢g’

0*A; [x
0y .1 i (T 9
) e G (L)

(40)
Assuming that u° satisfies (11),

N 9u

va(t:(J,x)—ua(t:O,x):sul( t=0,x, 5)_523931%( : (x))

We assume that ayy1(y,0) = 0, so that w®(t) and v°(¢) belong to L'(RY) for all
t > 0. Thus, using the L' contraction property for equation (1) yields :

(1) = o (D) < elled (6= 0,2, %) ey + [ [ 17°(t,2)| ot

The next step consists in deriving a bound of order ¢ for f°. The calculations are
lengthy and fastidious, and require very strong regularity assumptions on # and
on the flux A : for instance, in order to upper bound the first two terms in (40),
which are Taylor expansions, we need to assume A € Wi (Y x R)". Eventually,
we obtain the following rough estimate :

//RNyfftmddecg// ) dz dt,

where

g°(t,2) = |Voul*+|0ua| |Vou| +]| D*al +10, Vol +|D%al+|Veul*+| D"l |V,al (41)

and C' is a constant depending only on N, Y, and the bounds on A.

We do not give the details of the proof here; the main advantage of this method is to
give a better understanding of the problem thanks to explicit calculations. The proof
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we will give of theorem 3 in this article does not require as many calculations, but
might seem less intuitive since the convergence is “hidden” behind Young measures.

3.2 A few results about two-scale Young measures

Let us first recall a few results about two-scale Young measures : standard Young
measures were introduced by Luc Tartar in [16] in the framework of compensated
compactness as a tool to study weak limits of non-linear functions. Weinan E in
[4] combined Tartar’s results with Nguetseng’s and Allaire’s theory of two-scale
convergence (see [1], [7]) and proved the following lemma:

Lemma 15 Assume we have a sequence of functions {v°}.~q, with v* : RY — K,
where K is a compact set of R. Then there exists a subsequence, still denoted by
{v°}es0, and a family of parametrized probability measures {v,,(\)} supported in
K, which depends measurably on (x,y), and is periodic in y with period Y, such that
as e — 0,

/]RN For(t,z)y (9” i) dz — (F(A), Vay) ¥(2,y) dz dy (42)

RN xY
for all € K,ep, F € C(K). The subsequence does not depend on 1 or F.
{vey(N)} is the two-scale Young measure associated to the sequence v°.

For our application, we will need the following straightforward generalization of E’s
lemma :

Corollary 16 Assume we have a sequence of functions {v}esq, with v¢ : [0,00) X
RY — K, where K is a compact set of R. Then there exists a subsequence, still
denoted by {v°}e~o, and a family of parametrized probability measures {vyy,(N)}
supported in K, which depends measurably on (t,z,y), and is periodic in y with
period Y, such that as € — 0,

x x
F{—v(t t,x,— | dtd F(y,\), Vi t,x,y) dtdxd
/[o,oo)xRN <€’U ( ,x))¢( ' 6) T [O,OO)XJRNXY< (¥, A) Vi) V{1, 2, y) dtdrdy
(43)
for all Y € Jper, F € Cper(Y X K). The subsequence does not depend on ¢ or F.

We will also use the following lemma, due to Tartar (see [16]):

Lemma 17 The two-scale Young measure {v;,,} associated with {v°}.~¢ reduces
to a family of Dirac measures Ov (i) if and only if

— 0.
L2 ([0,00)xR")

ve(t,x) =V (t, x, I)

3
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We want to apply corollary 16 to the sequence u of solutions of (1). Let us prove
that u° is bounded. First, recall that u*(t = 0,z) = v (f, ﬂo(m)) with 1y € L®(RY).
Thus, setting C' = ||to||p®v) and recalling (18), we have

v(m,—C) <u(t=0,z) Sv(x,C) for a.e. x € RY.
5 5

Then, notice that for all p € R, v (f,p) is a stationary solution of (1) and that the
evolution operator associated to (1) is order preserving. Hence,

v <x, —C’) <u(t,x) <w (m, C’) for a.e. t,z € [0,00) x RY
€ €
and

[ || oo .00y ey < max ([[o(:, Ol ey, [[0( =)o) = .
Thanks to this estimate, we can use corollary 16 for the sequence u®, with K =
[—k, k]. Let vy 5, be the two-scale Young measure associated to the sequence u®. As

in [4], [3], [5], the goal is to reduce the family {14, ,}t ., to a family of Dirac masses,

which will lead to the strong convergence in L2 ., as announced in theorem 3.

3.8  Formulation of the cell problem in terms of Young measures

With this aim in view, we use once again the fact that v (f, p) is a stationary solution

of (1), combined with the L! contraction principle for equation (1) and we obtain
the following inequality:

rr (S e () (1) ()

9
ot

In a first step, we multiply (44) by positive test functions e (t, x, f), where ¢ € Jper,
and we pass to the limit as ¢ — 0 using corollary 16 in order to derive information
at the microscopic level on the mesure v. This leads to the inequality (in the sense
of distributions on [0,00) x RY x Y, for all p € R) :

_Ay <|)\ - 'U<y7p)|7 Vt,z,y> + diVy <Sgn()\ - U(yap))[A(ya )‘) - A<y7 U(yap))]v Vt,a:,y) <0.
Since the left-hand side has mean zero, the inequality is in fact an equality :

Ay (A =0y, p)I, Viay) + divy (sgn(A = o(y, p))[A(y, A) = Ay, v(y, p))], Vea) —(25)

As we shall see in the sequel of the proof, we need to prove that (sgn(A — v(y,p)), Vizy)
is well defined and independant of y € Y. This result can be obtained in a rather
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simple and straightforward way by deriving equation (45) with respect to p; unfortu-
nately, this manipulation is valid if and only if v, ,(v(y, p)) = 0. However, deriving
equation (45) on the right and on the left yields the following lemma :

Lemma 18 We use the convention

(sgn( A — @), Vigy) = Viay(A > a) — v, (A < ).
Then for all p € R, (sgn(A —v(y,p)), Vizy) s well defined and is independant of
y €Y : there exists C = C(t,z,p) € L=([0,00) x RN x R) such that

(sen(A — v(y, p)), Viay) = Ct,z,p)  for a.e. (t,2,y) € [0,00) x RY x Y, Vp € R.

We postpone the proof of the lemma to subsection 3.5.

3.4 Reduction of Young measures

As in [4], [5], [3], we apply DiPerna’s method in [17] to reduce the family {v; .4}ty
to a family of Dirac masses : we want to prove that

O [ (N = 2.9l ) dy+ D, [ (il A w1 ,9)), V1) dy S0, (46)
Y Y

where

nz(ya >\7 U) = Sgn()\ - /U) [Al(ya >‘) - Al(Q? U)] :
Indeed, if (46) is true, then we multiply (46) by e~1*! (recall that u° is bounded in
L>®, but not in L}(RY x Y) in general) and we get

d 0

a - el — 0 o]

o Lo (A = (2, 9) ] vy ) e dyda < C/RM (I =t 2,9)], Vi) 7! dyd,
where C' = ||a;|| (v x[-k,x))- Hence, by Gronwall’s lemma,

/ <|)\ —u'(t,z, )|, Vt7x7y> e~ dydx < eCt/ (X —v(y, ()], Vimowy) e dyda.
RN xY Y

RN x
(47)
Moreover, since the initial data is well prepared thanks to (11),
<\)\ —u2(t =0, 2,y)|, Vt:07x7y> = 0. (48)

Thus, combining (47) and (48), we obtain

<|)\ —u'(t, z,y)|, I/t7x7y> =0 forae. (t,z,y) €[0,00) x RY x Y,
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which entails
Vt@’y = 5u0(t,z,y)‘ (49)

(46) remains to be proved. Formally, the left-hand side of (46) can be split into a
sum of two terms :

N
/Y [<|/\ —u’(t, z,y)|, 8tl/t,m7y> + Z <77¢(y, M\ ul(t, 2, y)), 8zin,x,y>1 dy (50)
i—1
and
N
/Y <8t|/\ =t 2, y)| + D Oumily, A, W’ (L, 2, y)), Vt,:v,y> dy. (51)
i=1

First, in order to prove that (50) is nonpositive, we multiply (44) by nonnegative
test functions ¢ = ¢(t,z) € D([0,00) x RY), and pass to the limit as ¢ — 0 using
once again corollary 16. We obtain, in the sense of distributions and for all p € R,

/ (A =0y, )], Veary) +Zaz1/ ni(y, A, v(y,p)),v) <0. (52)

(52) yields

N

/Y [<’A - U(y7p)|7 atVt,z,y> + Z <nl(y7 )‘7 U(yvp))u aziyt,x,y> dy < 0

i=1
for all p € R. The choice p = @(t, ) implies that (50) is nonpositive.

Proving that the term (51) is nonpositive is a bit more difficult, mainly because if
@ is an entropy solution of (36), there is no reason why u® should be an entropy
solution of the scalar law

o’ X o

— A; =g(t,x

5 ;ax i(y,u’) = g(t,z,y),

where ¢ is a source term with null Y-average (recall that u' is defined only on the
sets on which % is regular; on such sets, it can be proved that «° is indeed an entropy

solution of such a law).

The idea is to use the results on kinetic formulation of conservation laws (see for
instance [15]): if S € C*(R), then

95(u) +> 87]1 / S"(p)m(t, x,p) dp, (53)

ot 8951

=1

where m is the entropy defect measure associated to u, and 7; is defined by
7 (p) = ai(p)S'(p)-
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Set, for (y,\) € Y xR,

§*(p) = |v(y.p) = Al,
0= [ st -2 g

Unfortunately S¥* is not C? : thus, we use (53) for S¥°(p) := S¥* x p;s(p), where @5

is a standard mollifier, and we let § — 0. It can be readily shown that S¥*° (resp.

n?™M) converges to S (resp. n?*) uniformly on compact sets of R and uniformly

for (y,\) € Y x K (recall that v, , is supported in K'). Thus as 6 — 0, in the sense
of distributions on [0, 00) x RY,

/Y<8tSy”\’5(ﬂ(t,x)),l/t7m7y> dy — /Y<8tSy”\(ﬂ(t,x)),Vm’y> dy,

and the same convergence holds for 8,17 ().

On the other hand,

’ ov / / / /
s (p) = | gy U P )senlv(y.p') = Nh(p — p') dp's

using lemma 18 and the property <g—;> =1 yields

/Y <Sy,/\,6”(P), Vt,x,y> dy = /Y <[/R sgn(v(y,p') — Nes(p —p') dp’} 7yt7x7y> dy.

Then, using a regularization of the function signum it can be proved that

/ngn(v(y,p’) —Ngs(p—p)dp >0 VyeVY,AeR,

and consequently

B /ny <Sy7A76”(p)’ ”twvy> m(t,z,p) dp dy < 0.

Thus, passing to the limit as 6 — 0, we obtain

N
(o= ot ot + 00t @) <0 (54
i=1
where the inequality is meant in the sense of distributions.
We split (51) into
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h<

<at|/\—u (t,z,y) |+Za My A ' (t, @ y))a’/t,z,y> dy

=1

<8|)\—u txy|+Zaxan w), l/tzy> dy (55)

=1

~<

+Z/ b [y, A (2, ) = (@) vy dy (56)

Thanks to (54), (55) is nonpositive. Let us now focus on (56) : set

i - 0 (70
ov _
= sgn(v(y,p) — A)87) [ai(y, v(y,p)) — ai(p)]
Using once again lemma 18 and the definition of a; yields
/Y (FW A\ D) Viay) dy=0 VpeR. (57)

Set
F'(y, A\ q) : /f (y, A, p) dp;

Then (56) is equal to

s

-
I
—

/Y (00, Fi(y, \,1lt, 7)), V10 ) dy

s

&Ci/Y<Fi(y,)\,ﬂ(t,x)),yt,x,y> dy—/Y<Fi(y,)\,ﬂ(t,x)),axiyt,z,y> dy.

=1

(57) entails that
/ <F’(y, )\,q),ytﬁx,y> dy=0  forae. (t,2) €[0,00) x RY Vg € R,
Y

and thus (56) is null as well. Hence, we have proved (46), and the family {1y, 4}ty
is reduced to a family of Dirac masses.

O

Remark 19 In fact, several reqularizations are necessary in order to make the proof
rigorous; for instance, we need to reqularize the measure v with respect to t,x, so
that the quantities Oy, O,,v are well-defined and the properties of lemma 18 are
preserved, together with inequality (52). These calculations are straight-forward and
follow the arguments developed by R. DiPerna in [17].
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Let us stress as well that the equality Vi—g zy = Ouy(a,y) 5 N0t 0bvious: indeed, uniform

us(t) — ug (a:, %) LIRNY

simple way to prove this fact is to go back to inequality (44), which yields:

bounds in € on ‘ for t close to 0, are not easy to derive; a

1. _ < m P
msup | A =0 )| vay) o) dedy < - fuly, to(w) — uly, p)l ¢(z) drdy,

for allp € R, ¢ € D(RY),.. Hence, for any measure pu, ,()\) such that there exists a
sequence t, — 0 with vy, 4+, — ey w-MY(Ry x RN x Y), we have

[ AN =0 p) ) dy < [ 1ol @ol@) = v(yp)| dy

for all p € R and in the sense of measures for v € RN, Taking p = tg(x) gives
Loy = Oug(ey)s and thus the whole sequence vy, converges in w-M* 0 Oyy(y) as
t— 0.

3.5  Proof of lemma 18

First, observe that (|]A\ — v(y,p)|, V12,) is a continuous function of p for a.e. (¢t,z,y) €
[0, 00) x RY x Y. Moreover, if A # v(y, po), then the function f,(\,p) := A —v(y,p)|
has a partial derivative with respect to p at the point (A, py) which is equal to

o 0
afg@,po) = — 5, (- posen(x = o(y, o).

If X =wv(y,po), then f, has a partial derivatives on the right and on the left at the
point (A, pp) which are equal to

of ov
af;(v(y,po),pé) = afp(y,po),

0 0
J;<v<y,po>,pa> )

Additionnally, notice that for all A € R, p # po

v
dp

v(y,p) — (Y, po)
P — Do

fy()‘7p) - fy()‘7p0)
P —DPo

<

< ‘

L (Y xR)

Hence, using Lebesgue’s dominated convergence theorem, we deduce that the func-
tion

Ftﬂf,y(p) = <|>‘ - U(y,p)\, Vt,ft,y>
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has derivatives on the right and on the left with respect to p for almost every
(t,z,y) € [0,00) x RN x Y

, v ov
F,,(05) = —%(y,po) (sgn(A — v(y, o)), Vewy) + Veww {v(y,p0)}) (;p(y,po),
ov ov

Foylpy) = _87)(97]?0) (sen(A = v(y,20)), Viay) = Ve {0(Y:10)}) afp(y,po)-

In a similar fashion, the function G, (p) := (sgn(A — v(y, p)) [Ai(y, \) — Ai(y,v(y, p))] , Vi)

t"r7y
has derivatives on the right and on the left with respect to p at p = pg which are

equal to

G, (08) = —g;(y,po)ai(y, v(y, po)) [(sgn(A — v(y, p0)); Vi) — Ve {v(Y,p0) })]
v

Gy (0y) = ~gp W Po)ai(y, vy, po)) [{sen(A = v(y, po)), Yuy) + vewy ({0(y: Po) )]

Thus, setting

r@mwmw:gg%mK%MA—w%mxww»—%waw%an

zmxwmr:gy%mK%mx—m%mx%w»+quw%an

we see that [ and r both satisfy for all p € R the elliptic equation

—Ayg +divy (a(y, v(y,p))g) =0 (58)

a.e. on [0,00) x RY and in the sense of distributions on Y. Thus I,r € H! (V)

per

for all p € R and for a.e. (t,7) € [0,00) x RY, and the equation is satisfied in the
variational sense for elliptic equations.

Comparing (58) to (17), and using the Krein-Rutman theorem (see lemma 6), we
deduce that there exist constants C, = C..(t, z,p) and C; = C(t, z, p) such that

ov

T(t,l‘,y,p) = CT(taxap)%(y7p)a

ov
lt,l‘, ) = C tal‘7 a \Is
(t,2,y,p) = Ci( p)ap(y p)

Since g—; is a positive function which does not vanish on Y (see lemma 6), this yields

(sgn(A — v(y, p)), Vewy) — Viwy {v(y,0)}) = Cr(t, 2, p),
(sen(A —v(y,p)); Vi) + Viwy {v(y,p)}) = Ci(t, 2, p).

Thus,
1
<Sgn<>‘ - U(yap>>a Vt,x,y) - 5 (Cl(ta I,p) + C’/‘(tvxap)) - O(tu I7p)
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and the proof is complete. Notice that we have also proved that v, ., ({v(y,p)}) does
not depend on y.

O
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