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Abstract

We study the homogenization of a linear kinetic equation which models the evolution of the
density of charged particles submitted to a highly oscillating electric field. The electric field and the
initial density are assumed to be random and stationary. We identify the asymptotic microscopic
and macroscopic profiles of the density, and we derive formulas for these profiles when the space
dimension is equal to one.

1 Introduction

This note is concerned with the homogenization of a linear transport equation in a stationary ergodic
setting. The equation studied here describes the evolution of the density of charged particles in a rapidly
oscillating random electric potential. This equation can be derived by passing to the semi-classical limit
in the Schrédinger equation (see [12], [14], and the presentation in [10]). Our work generalizes a result of
E. Frénod and K. Hamdache (see [10]) which was obtained in a periodic setting. The strategy of proof
we have chosen here is different from the one of [10], and allows us to retrieve some of the results in [10]
in a rather simple and explicit fashion.

Let us mention a few related works on the homogenization of linear transport equations ; we emphasize
that this list is by no means exhaustive. In [2], Y. Amirat, K. Hamdache and A. Ziani study the
homogenization of a linear transport equation in a periodic setting and give an application to a model
describing a multidimensional miscible flow in a porous media. In [6] (see also [11]), Laurent Dumas and
Frangois Golse focus on the homogenization of linear transport equations with absorption and scattering
terms, in periodic and stationary ergodic settings. And in [7], Weinan E derives strong convergence
results for the homogenization of linear and nonlinear transport equations with oscillatory incompressible
velocity fields in a periodic setting.

Let us now present the context we will be working in : let (Q2, F, P) be a probability space, and let
(T2)zerny be a group transformation acting on . We assume that 7, preserves the probability measure
P for all z € RV, and the group transformation is ergodic, which means

VAe F, (r,A=AVzeRY = P(4)=0or1l).

The periodic setting can be embedded the stationary ergodic setting in the following way (see [17]) :
take Q = RV /ZN ~[0,1)V, and let P be the Lebesgue measure on €. Define the group transformation

(TE)zGRN by
wy=x+y modZN V(z,y) e RN x Q.

Then it is easily checked that 7, preserves the measure P for all z € RV, and that the group transfor-
mation is ergodic. Thus the periodic setting is a particular case of the stationary ergodic setting.

We will denote by E[] the expectation with respect to the probability measure P; in the periodic
case, we will write (f) rather than E[f] to refer to the average of f over one period.

We consider a potential function u = u(y,w) € L=(RY x ) which is assumed to be stationary, i.e.

uy + z,w) = u(y, w) VY(y,z,w) € RN xRN x Q.
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Moreover, we assume that 0 < u(y,w) < upmax = supu Vy € RV, w € Q, and u(-) € Wli’coo (RN, L>=(Q)),
so that there exists a set A C 2 such that P(A) =0, and Vyu(-,w) is well-defined and locally Lipschitz
continuous on R, uniformly for w € Q\ A.

Let f¢ = fé(t,z,&,w), (t >0, x € RV £ € RN, w € Q) be the solution of the transport equation

atfs(taxa£7w) +£ : mea(um,f,w) - %vyu <§7w) : V§f8(t,$7£,W) = 01

z (1)
fs(t = 073375;("}) = fO (IL’, gagaw> .

Here, we assume that the initial data fo = fo(z,y, &, w) belongs to Li (RY x Rév, LOO(RZQV x 2)) and

is stationary in y, i.e.

We set Fy(z,&,w) = fo(x,0,€,w), and we also assume that fj is such that for all € > 0, the function

FE=0): @ 6w = o (2. 5,6w)

belongs to Li (R x Rév , L1(£2)) ; this fact does not follow directly from the above assumptions because

in general, the measurability of f¢(¢ = 0) is not clear. However, if Fy € C.(RY, L} (Ré\’, L>(Q))), for

loc

instance, then f€(t = 0) is measurable and belongs to Li (R x R?,Ll(ﬁ)). We will not comment
further on this restriction and we refer to [4] for other sufficient assumptions on Fy. When f; satisfies
the properties listed above, we say that fy is an admissible initial data; it can be checked (see [4]) that

any linear combination of functions of the type
x1(z) x2(y, & w)

loc loc
It is well-known from the classical theory of linear transport equations that for every w € €2, there

exists a unique solution f¢ of (1) in L{2 ((0,00), Li . (RY x Rg\[)) The goal of this paper is to study the

loc
asymptotic behavior of f¢ as ¢ — 0. Thus, following [10], we define the constraint space K :

with x; € LL (RV) and o € L{ (Rév, L (R} x Q)), with x» stationary, is an admissible initial data.

Definition 1.1. Let
g ' Vyf(yv fa W) - vyu(ya (.U) ' vﬁf(yv ga w) =0 (2)

be the constraint equation, and let
K:={fe L}OC(R? X Ri\', LY(Q)); f satisfies (2) in D'(Rff X Rév) a.s. i w}.

We also define the projection P onto the constraint space K, characterised by P(f) € K for f €

L} (Rév x RY, L*(2)) stationary, and

loc

/RN Q(P(f) — )y, & w) g(y, & w) dE dP(w) =0 for a.e. y € RY

for all stationary functions g € L™ (Ré\' X Rév x Q) NK, with compact support in .
(A more precise definition of the projection P will be given in the second section).
Finally, we define K+ as

K+ = {f € Lio (R x Ry, L'(Q)); 39 € Ly, (RE x Ry, L'(Q)),  f="P(9) - g}.

loc loc

Remark 1.1. Let us indicate that the constraint equation can easily be derived thanks to a formal two-
scale Ansatz : indeed, assume that

fs(t7x’£7w)%f(t7x7§7£7w> a56—>0;

inserting this asymptotic expansion in equation (1), we see that f necessarily satisfies the constraint
equation (2).



Remark 1.2. Let f,g € L‘X’(Rjyv, L2(Rév x Q)) be stationary, and assume that f € K and g € K+. Then
for a.e. y € RY,

/ f(yvgaw)g(yvng) df dp(w) =0.
RN xQ

This is a characterization of K- for the class of stationary functions in L”(Rg,L%R? x Q)).

Here, we provide another proof for the result of E. Frénod and K. Hamdache in [10] in the “non-
perturbed case”. Our proof is based on the use of the ergodic theorem, and gives a more concrete insight
of the projection P and of the microscopic behavior of the sequence f¢. Moreover, it allows us to retrieve
the explicit formulas of the integrable case.

The first result we prove in this paper is the following theorem :

Theorem 1. Let fo € L}, (RY x Rév xR)'; L' (Q)) stationary, such that fo is an admissible initial data.

loc

Let f¢ = fe(t,x,&, w) be the solution of (1). Then there exist two functions f = f(t,z,y,&,w) and
g=g(t,z;7,y,&,w), both stationary in y, and a sequence {r(t,z,&,w)}teso such that for alle >0

fa(t7$7§7w) = f (t"r7 §’§7w) +g (t7x; z7§a€7w) +T€(t’ x?g’w)

and :

[Ir<llLs

loc

((0,00) xRY xRY, L1(Q)) — 0 ase—0;

fe L2 ((0,00); L (RY x R? x RY; L'(€2))), and f(t,z) €K for a.e. t >0, z € RY;

loc loc

e For all T >0, for all compact set K C RY x Rév X R?]j,

sup gl 21 (ke x0) < 00.
0<t<T,0<7<T

Moreover, g(t,z;7,-) € Kt for a.e. (t,z,7) € (0,00) x RN x (0,00);
e Microscopic evolution equation for g : for a.e. t,x € (0,00) x RN, g(t,x;-) is a solution of

Jg
E—f—g-vyg—vyu'Vgg:O. (3)

Moreover, for all T > 0

T
t
|/ g(t,x;,x,ﬁ,w> dt
0 € €

e Macroscopic evolution equation : f and g satisfy

8t(§>+fﬂ<y,f,w)~vx(§>:o7 (4)

—0 ase—0.
(RY xRY ,L1(2))

Lt

loc

where

&y, & w) =P (Y. & w);

o Initial data :

f(t::07$,y,fﬂd)::P(ﬂﬂ($ﬂhf,w)
g(t = 07‘7:;7— = O,y,f,W) = [fO _P(fo)] ({177:[/,5,(.(]).



Before going any further, we wish to make a few comments on the above results. First, let us stress
that it is not obvious that the function g is well-defined : indeed, let S(t) (¢ > 0) denote the semi-group
associated to the macroscopic evolution equation (4), and let T'(7) (7 > 0) be the semi-group associated
to the microscopic evolution equation (3). Then g is well defined if and only if, for all stationary function
go = gO(x,yvgaw)a for all t, 7> 07

T(7) [S(t)go] = S(t) [T(T)g0] -

This identity follows from the fact that the speed &¥(y, ¢, w) appearing in equation (4) is a stationary
solution of (3) by definition of the projection PP, and is thus invariant by the semi-group T'(7).

Next, let us explain briefly the meaning of theorem 1. The idea is the following : write fy as
fo = fo| + foL, with fo(x,-) € Kand foy(z,") € K+ a.e. Assume that foj and foy are admissible initial
data. Then f¢ can be written as f”E + f5, where fﬁ (resp. f{) is the solution of equation (1) with initial
data fo (z,z/e,§,w) (resp. foo (z,2/e,§,w)). Theorem 1 states that

fﬁ—f(t,x,%,@w) —0

strongly in LllOC norm. In particular, there are no microscopic oscillations in time in this part of f¢. We
wish to emphasize that this result appears to us to be new.
We now focus on the other part, namely f§. An easy consequence of the theorem is

T
/ Fo (€ w) dt — 0
0

in Lis (RY; L, (RY; L'(2))) and for all T > 0. However, it would be wrong to think that f§ vanishes

loc loc

in L ((0,00) x RY x R?, L'(Q)), for instance. Indeed

t x
T(t ~gltx—,—
fl(?’rvng) g(?'xvgvgag?w)

in L{ ., and
lg(t = 0,27, y)”Ll(Ré\’ xQ) — ||f0J-(xvy)||L1(]Rg’ xQ)

as soon as foy(z,y) € Ll(RéV x ) for almost every x,y. And if fy, is stationary, then

for (@ YL@y <o) = [[for (@, 0)|[iry <o) for ae. z,y.

T T
t t
/ g(tax;axa§7w> dt = / g(ta$;70a§7w>
0 € € LY (RY xRY xQ) 0 € LY (RY xRY xQ)

T t
= / g (t = 07 x; 7707 57 w)
0 &

= Tllfor (@, 0)llLr @y xry¥ x0)-

Thus, if fo,1 # 0, then for all T > 0, we derive

dt

dt

LY (RY xRY x©)

The same kind of inequality holds if the L' norms are replaced with L] . norms, but the derivation of

the inequality with L] . norms involves bounds on the function ¢ which will be given later. Thus we
refer to the proof of lemma 3.3 for arguments which yield similar inequalities with L] . norms.

Hence f§ does not vanish strongly in general. In other words, there are fast oscillations in time, due
to the ill-preparedness of the initial data (i.e. the fact that fo(z,-) ¢ K), but these oscillations do not
cancel out as the small parameter £ vanishes.

Remark 1.3. Some of the equations of theorem 1 can be guessed thanks to a two-scale Ansatz. We have
already explained how equation (2) is obtained. The derivation of the evolution equation (3) is the same



as the one of (2), except that the Ansatz now involves microscopic oscillations in time. In other words,

f
fE(t,m7£’w) :fO <t7x,z"z7£7w) +5f1 (t’x7t’x

)
g €

£7w> +eey
then fO(t,x,-) satisfies (3).

The derivation of (4) is less obvious, and in fact we have only been able to compute it for the function
f, that is, when there are no microscopic oscillations in the time variable. Hence, assume that

fa(t,l'7£,w) = fo (tv‘ra gang) +5f1 (t,%%,f,w) +ee
We insert this expansion in equation (1), and compute the ° order term. We obtain
Of*+E-Vaf® +&-Vyf! =Vyu-Vefl =0

Thanks to remark 1.2, the term ¢*(y,&,w) = & -V, f1 — Vyu - Veft belongs to K. Indeed, let g € K
be stationary and smooth, with compact support in §. According to Birkhoff’s ergodic theorem, we have,
for all y € RY, and almost surely in w

Lo e ew dedP@) = Jim o [ Qe gwg(e6w) dzde,

R—oo | BR| BrxRY

And if f1 and g are smooth,
[ Pecwgeewdzd = — [ (€ Vig- Vo Veg) (600 6 w) dodg
BrxRY BrxRY

+/ f-nBR(y)g(z7§,w)fl(z7§,w) dz dg
OBRr JRN

Since g € K and g has compact support in &, we deduce that ¢ € K+ thanks to remark 1.2. Recall also
that fO(t,z,-) belongs to K almost everywhere. Thus projecting the above equation on K yields (4).

Let us now explain how our strategy of proof differs from the one of E. Frénod and K. Hamdache
in [10]. The authors of [10] used the concept of two-scale convergence, a notion introduced by Gabriel
N’Guetseng in [16], and then formalized and developed by Grégoire Allaire in [1]. We will first explain
briefly what are the main arguments of [10], and then we shall expose the great lines of the proof of the
present paper.

The notion of two-scale convergence relies on a choice of oscillating test functions; the central result
of the theory is the following (see [1]) :

Proposition 1.1. Let U be an open set in RN, and let (¢°)c>0 be a bounded sequence in L*>(U). Then
there exists a function ¢° € L*(U x [0,1]Y), and a subsequence (&) such that €, — 0 as n — oo, such
that

n

x
/g€"<x>w (1‘,* ) dz —>/ 9°(z,y)v(z,y) dz dy
U € Ux[0,1]V
for all functions 1 € L*(U;Cper([0, 1)V)).
It is then said that the sequence g™ two-scale converges towards go.

This concept can be generalized with no difficulty to functions depending on ¢ and & as well. In [10],
the authors pass to the two-scale limit in equation (1), after deriving a priori bounds on the sequence
f¢. Using test functions of the type

x
Ep (t,IL', 775) )
€

with ¢ € Dper([0,00) x RY x [0, 1] x Rév), they first prove that the two-scale limit of the sequence f¢,
say f(t,x,y,&), satisfies the constraint equation (2). Then, taking test functions of the type

(1)



such that ¢(¢, x,-) € K almost everywhere, they derive the macroscopic evolution equation (4). The proof
is straight-forward and simpler than the one we present here, but does not include any description of
the microscopic oscillations in time. Moreover, since the method of [10] relies on two-scale convergence,
the result only provides information on the weak-limit (or two-scale limit) of the sequence f¢; in other
words, the strong convergence result we state here is new, and cannot be derived by two-scale convergence
techniques.

However, let us mention that the notion of two-scale convergence has been generalized to stationary
settings by Alain Bourgeat, Andro Mikeli¢ and Steve Wright (see [4]); the relevant concept is then called
stochastic two-scale convergence in the mean. The result of [4] is the following :

Proposition 1.2. Assume that L*(Q, P) is separable.
Let U be an open set in RN, and let (¢°)e>o be a bounded sequence in L2(U x Q). Then there exists
a function g° € L*>(U x Q), and a subsequence () such that €, — 0 as n — oo, such that

/ g (z, W)Y (:C, Tﬁw) dx dP(w) — ¢°(z, w)Y(z,w) dr dP(w),
UxQ

UxQ

for any v € L*(U x Q) such that the function
(2, w) — Y(x, T,w)
belongs to L*(U x Q).

Tt is likely that the arguments of [10] can be generalized to the present case in order to obtain the
same kind of weak convergence results, as long as L?(12) is separable. We prefer to focus on a different
method, which is more explicit and which allows for the derivation of strong convergence results.

The key of our analysis lies in the study of the behavior as € — 0 of the Hamiltonian system

Ye(t,a,6,w) = —E5(t, 2,6, w), >0
25(ty, & w) = LV u(Ye(t 2,6 w),w), >0
Ye(t=0,2,6w) =x, B5(t=0,z,{,w) =&, (2,6,w) e RPN x Q.

Indeed, if fj is smooth, then

P g) = fo (Y ), BT g )0 )

so that we can deduce the asymptotic behavior of f¢ from the one of (Y¢,Z°). And it is easily checked
that

t
Ye(t o 6w) = <Y ( x,f,w) :
e e
(tyé-?)_“(? 7£a)7
where (Y, E) is the solution of the system

Y(Lyvgaw) E’(t Y, 67 )7 t> 07
E(@i%f#’) - vyu( (tay7§7w)7w)7 t> 07 (5)
Y(t:(ly’ﬁvw):yv E’(t:Ovya€7w):£a (y7§7w)eR2NXQ'

Hence, in order to study the limit of f¢ as ¢ — 0, we have to investigate the long time behavior of the
system (Y, E), and this will be achieved with the help of the ergodic theorem in the second section.
This dynamical system also allows for a better understanding of the function & appearing in (4).
Indeed, we shall prove in the second section that
Y(T,y,§,w)
T

almost everywhere,

gﬁ (yang) = — lim

so that —¢* is the rotation vector associated with the dynamics (Y, Z).



In the case where N = 1, we can give explicit formulas for £#(y, £, w) ; the proof of this formula in the
stationary ergodic case is strongly linked to methods from the Aubry-Mather theory (see [8], [9], [15]),
and thus also to the homogenization of Hamilton-Jacobi equations. In the rest of the paper, we set

_ kP
H(y7§7w)_ 2 +u(y,w)

Let us first recall the definition of the homogenized Hamiltonian H (see [13])

o iwi<E [v/2(tax — )]
H(p) = Umax + =
A if |p| > E { 2(Umax — u)] , where |p| = F [ 2(Umax — u) + /\} .
Proposition 1.3. Assume that N = 1. ~
Let (y,&,w) € R x R x Q such that H(y,&,w) > Umas- Let P = P(y,&,w) € R such that H(P) =
H(y, & w) and sgn(P) = sgn(§). Then
fu(y@,w) = gl<P)

Moreover, if L is the dual function of H, i.e.
1
L(y, p,w) = sup (p€ — H(y,éw)) = 5 |pl* = uly, w),
¢eR 2

and L is the homogenized Lagrangian (the dual function of H), then
P(L)(y. & w) = L (y, &, w).)

In the periodic case, we will give another proof of the above result; the strategy chosen in that case
is inspired from techniques and calculations in classical mechanics. It also allows to give a formula for
! for low energies in the periodic setting only:

Proposition 1.4. Assume that N =1 and that the environment is periodic.
Let (y,€) € R? such that H(y,&) < Umas- Then €8(y, &) = 0.

The organisation of this note is the following : in the second section, we derive some preliminary
results on the long-time behavior of the system (Y,;Z) thanks to the ergodic theorem. Those will be
useful in the proof of theorem 1, to which is devoted the third section. Eventually, the fourth and last
section is concerned with results in the integrable case, both in the periodic and the stationary ergodic
settings.

2 Preliminaries

This section is largely devoted to the study of the long-time behavior of the Hamiltonian system (Y, E)
defined by (5). First, notice that the Hamiltonian H(y,&,w) := 1[¢|*> + u(y,w) is constant along the
curves of the system (V,Z), and if f € L>®(,C'(R) x Rév)) is stationary, then

Indeed, for all f € L>*(Q,C' (R} x RY)), we have

0

a (Y(t,y,f,w),E(t,y,f,w),w) = {H7.f} (Y(tay7§7w)7E(tayang)7w) )

where {H, f} denotes the Poisson bracket of f and H, i.e.

{H7 f} (yafvw) =¢- vyf(yafvw) - VyU(y,f,w) ’ ng(y,f,w)-



Let us mention an easily checked property of the trajectories (Y, =) which will be used extensively in
the rest of the article : for all (y,z,&) € RN forallw e Q, t >0,

Y(t,y,§mw)+2=Y(t,y+2E§w),
E(tay,éa'rzw) = E(tvy + 2757"‘))' (6)

In the periodic case, this invariance entails that the hamiltonian system (Y,E) can be considered as a
dynamical system on the N dimensional torus [0, 27)". In this periodic setting, it is somewhat natural
to introduce the semi-group of transformations (7;)¢>o on [0,27)" x RN given by

Te(y, &) = (Y(t,y,9),E(t,5,8)), yel0,2m), ¢eRN.

According to Liouville’s theorem, this semi-group preserves the Lebesgue measure on [0,27)" x RY;
moreover, we can construct a family of finite invariant measures on [0,27)" x RY by setting m.(y, &) =
1g(y.e)<c dy d§ for ¢ > 0 (remember that the Hamiltonian is constant along the hamiltonian curves).
This construction is the root of the ergodic theorem (see corollary 2.1), and thus of the study of the
long-time behavior of the system (Y, Z).

In the stationary ergodic setting, this construction can be generalized as follows : we define the
transformation T; : Rév x Q — Rév x Q by

Tt(gv w) = (E(tv Oa gv w), TY(t,O,&,w)w)

together with the family of measures
Me 1= 1H(E»W)SC df dP(w)

where H(&,w) := ][> + u(0,w). It is obvious that for all ¢ € (0,00), p is a finite measure on Rév x Q.
Notice that the “good” generalization to the stationary ergodic setting of the semi-group (7;) is a semi-
group which acts on Rév x £ rather than Rév X Rév . Thanks to the group of transformations (7;),crn,

the transformations in €2 can result in transformations in Rév , but the definition chosen here allows us
to define a family of finite invariant measures, whereas such a construction is rather difficult if one tries
to define a semi-group acting on Rff X Rév . This will be fundamental in the rest of the proof.

Lemma 2.1. (T});>0 is a semi-group on Rév x  and preserves the family of measures pi..
Proof. Let us first prove the semi-group property : let t, s € [0,00), and (&,w) € RY x €; then
T; OTs(ng) = Ti (E(Sa0757"‘))77-}’(5,0,5,(4;)“})

= (E(t7075(570755“})3TY(S,O,{,w)w)vw/)

and using the properties (6) we deduce

E(ta075(870a£7w)7TY(s,O,§,w)w) = E(t,Y(S70,5,&1),5(8,0,5,&1)7&)),
= E({t+s,0,§,w)
and
WS TY(0,2(5,0.60). v (010,600 @) TY (5.0,6,0)W

= TY(4,0,E(5,0,6,0), Ty (5,0,6,0)@)+Y (5,06 ,0) W

= TY(4,Y(5,0,6,w),E(s,0,6,w) )W

= TY(t4s5,0,6,w0)W
Thus

Ty o T (5; CU) = (E(t + 3,0, ga CU), TY(t+s,0,§,w)w) = Tt+s (5; (U).

Since it is obvious that Ty = Id, (1})>0 is a semi-group on RY x .



We now have to check the invariance property; let F € L'(RY x Q; u..) arbitrary. We set f(y, &,w) :=
F(¢, myw) for (y,&,w) € RJyV X Rév x €, and we compute

/ F(Tt(ng» dﬂc(£7w) =F [/ f(Y(t?ngaw)7E(ta0757w)aw)1H(Y(t,O,&,w),E(t,O,g,w),w)gc d§ .
RN xQ RN
Since the probability measure P is invariant by the group of transformation 7, and
f(Y(tv Y, f, w), E(tv Y, 57 w)’ W) = f(Y(ta Oa 57 TyW), E(ta Oa 57 TyW), TyW),
we have, for all y € R
E [f(Y(ta 07 ga w)7 E(ta 07 57 w)a w)1H(Y(t,0,§,w),5(t,0,£,w),w)gc] =
=F [f(Y(ta Y, fa LU), E(ta Y, fa w)7 w)1H(Y(t,y,£,¢d),E(t,y,ﬁ,w)yw)ﬁc] .

Take an arbitrary function ¢ € Ll(Rff ), and write
[, F@w) dutew)
RN xQ

= K |:/]R2N dy d€¢(y>f(Y(t, Y, £7 w)a E(ta Y, §7 w)a w)]—H(Y(t,y,f,w),E(t,y,§,w),w)§c

We change variables in the integral in (y, ) by setting (x,v) = (Y (¢,9,&,w), 2(t,y,&,w)); according to
Liouville’s theorem, the jacobian of this change of variables is equal to 1, and

('r7 U) = (Y(t’ y7 57 w)’E(t, y7 57 w)) @ (y7€) = (X(t, l‘?v7w)?v(t, x7v7w))7
where (X, V) is a solution of the Hamiltonian system

X=V
V = —Vu(X,w),
(X, V)(t=0,z,v) = (z,v).

Observe that in the present case, we have simply
X(t, z,v,w) =Y (t,z,—v,w),

so that (X, V) satisfies relations (6).

Hence
/RZN dy d€ ¢(y) f(Y (£,y,€,w), E(t, 4, & w), ) LH(Y (1.6 w). Bty ) w)<c
= - dx dv (X (t,z,v,w)) f(2,0, W)L (z0w0)<c
= | dz dv ¢(X (t,0,v, 7ow) + ) F (v, Tow) Lyg(o, rw) <c
so that

[ F@ew) duclew)

RN xQ

= F / dz dv (X (t,0,v, 7,w) + ) F (v, wa)lH(v,uw)Sc]
L R2N

= F dx dv ¢(X(t,0,v,w) + x)F(v,w)lH(v’w)Q]

L RZN

= F / dv ( d(X(¢,0,0,w) + x) dm) F(/U,(U)].H(,U’w)<cj|
/RN RN

= E/ dvF(v7w)1H(U7w)§c}:/ Fdu,
L/RN RN xQ




since the integral of ¢ is equal to 1.
Hence, we have proved that for all F € L'(R x Q; ), for all t > 0,

j/ FKTuf,w))duAf,w)::J/ F€,w) duel£,w)
RN xQ RN xQ

which means exactly that p. is invariant by the semi-group (7})¢>o.

The following corollary is an immediate consequence of Birkhoff’s ergodic theorem:

Corollary 2.1. Let F € LY(RYN x Q;u.). There exists a function F € L'(RN x Q;u.) such that as
T — o0,

T
7| P@iew) at— P

a.e. on RN x Q and in L*(u.). Moreover, F is invariant by Ty for all t > 0, and

/ F@%z/ Fdp,. (7)
RN xQ RN xQ

Additionally, if f = f(y,& w) is the stationary function associated to F, that is, f(y,&,w) = F(&, yw),
then f is invariant by the hamiltonian flow (Y, Z); precisely, for a.e. (y,&,w) € RN x Q, ¢t >0

fY(ty,&w), Bt y, & w),w) = fy,& w).

Proof. We only have to prove the invariance of f by the Hamiltonian flow; first, for y = 0, we have

f(Y(t,O,f,w),E(LO,f,w),w) = F(E(t7Oang)vTY(t,O,ﬁ,w)w) = F(Tt(gaw))
F

(& w) = (0,8,w)

and the property is proved when y = 0.
For y € RY arbitrary,

fY(ty&w) Bty Ew)w) = FY (0,6 mw) +y,E(0,€ 7yw), w)
= f(Y(t,0,&mw), 2(t,0,& T,w), Tyw)
F0,€,myw) = f(y, & w)
according to the result in the case y = 0.
O

Remark 2.1. We mention here an important but easy consequence of the relations (6) and the invariance
of the measure P with respect to the transformation group 1,, y € RN : for any stationary function
[ =fy,&w)=F(w), FeL2RY xQ), we have
E[f(Y(t7 Y, g: ')7 E‘(tv Y, €7 ')7 )] = E[F(Tt(fa ))]
for allt >0, y,& € RN in particular, the left-hand side of the above equality does not depend on .
This property was used in the proof of lemma 2.1

Remark 2.2. Let us precise a little what happens when the function F € L}, (R?’, LY(Q)). In that case,

loc

F e Ll(]RéV x Q; pie) for all ¢ > 0. Consequently, for any ¢ > 0, we can define the function F,. associated
to F' by corollary 2.1.

It is then easily proved that for any 0 < ¢ < ¢/, F, = F.., p.-almost everywhere. Setting

Supppin = {(§,w), H(§,w) < n},
A, = {(ng) € Suppiin; Fn(y7§) # Fn+1(yug)}

A= [j A,
n=0

10



we see that p.(A) = 0 for all ¢ > 0. Moreover, for all (£,w) € RN x Q\ A, for all integers k,l such
that (€,w) € Suppuy N Supppy, we have Fy(€,w) = Fi(&,w). We can thus define a function F(&,w) on
RYN x Q\ A by

F(¢,w) = F,(&,w)  for anyn € N such that (£,w) € Supppin

We then now that
1 /T _
7| PO a— Few Q

as T — oo, and the convergence holds in L'(u.) for all ¢ > 0, and p,, almost everywhere for n € N.
FEventually, setting

1T -
B:={(&,w) eRY x Q\ 4; T/ F(Ty(&,w)) dt does not converge towards F(§,w) as T — oo}
0

it is easily proved that p.(B) = 0 for all ¢ > 0 (the equality is true for ¢ € N, and is then deduced for
¢ > 0 arbitrary because the family of measures () s increasing in c).

Eventually, we have found a function F € L} (RN, LY(Q)), independent of ¢, such that (8) holds in
LY(p.) and pe-almost everywhere for all ¢ > 0.

Remark 2.3. The construction above allows us to make more precise what we mean by projection P:
let f = f(y,& w) be a stationary function, f € LOO(R?]JV,L}OC(R?,Ll(Q))), and set F(§,w) = f(0,&,w) €
L, (RY,L*(Q)). We can then associate to F a function F € Lj, (RY, L'()) such that (8) holds in

LY (ue) for all ¢ (see remark 2.2). We set
P(f)(y, & w) == F(§ myw).

1t follows from corollary 2.1 that P(f) is invariant by the hamiltonian flow (5), and thus satisfies the
constraint equation. From now on, we take this definition for the projection P, instead of the one given
in the introduction. Notice that, for all y € RN and p.-almost everywhere,

T
P(w) = Jim g [ FT(Erw)

1 T
lim —/ fY (0,6 1w),E(¢,0,6, Tyw), Tyw) dt
T—oo T 0

T
— lm & /0 F V(3,6 0), 2t 5, €,w),w) dt

And we also give a more precise definition of £4(y, &, w) : let
RVxQ — RV
£ (Gw) = &
Then € € LY(RN x Q, pe) for all ¢ > 0, and
. 1 [T
E(.60) = POW&w) = tim 7 [ Spw)de
0

T—o0

almost everywhere and in L' (u.) for all 0 < ¢ < oo.

Eventually, we mention here a property that will be used in the proof of the theorem; with the same
notations as above, let
¢>(7'7 Y, ng) =F (TT(& Tyw)) )
with F € L{, (RY, L'(2)). Then ¢ is a solution of the evolution equation

loc
Orp+ & Vyd— Vyu- Vedp =0,

with initial data ¢(7 = 0,y,&,w) = f(y,&w) = F (€, 7yw). This is a classical fact if ¢ is C! in the
variables y, £; thanks to a contraction property for the transport equation (3) and a density result which
will be stated later (see lemma 3.2), it is true when F merely belongs to L!. In order to avoid technical
details at this stage, we omit the proof of this result for weak (that is, L) solutions.

11



3 The general N-dimensional case

This section is devoted to the proof of theorem 1. The proof is divided in three steps : first, we study
the case of an initial data which does not depend on x, then the case when the initial data only depends
on z (and not on y, &, w), and eventually, we treat the general case.

3.1 First case : fy does not depend on =z
Here, we assume that fo = fo(y, & w) € Lip (RY; L®(RY x Q))NCHRY xR}, L>(Q)). The smoothness

loc
assumption will be removed in the third section. Recall that fy is stationary, that is, fo(y + z,&,w) =

foly, &, Tow) a.s. inw, for all (y,z,&) € R3V. In the rest of the subsection, we set

FO(an) = fO(Oagaw)
and .
Rew) = Jim 7 [ R d foonw) = Rl nw).

Notice that Fy € Lj,.(RY; L>(Q)), and thus Fy € L' (RN x €; p.) for all ¢ > 0.

loc
o))

In that case,
c t x —_
f (t7$7£aw) = fO (Y (7a§7w>7:‘< )
e €

t
£
= fo (Y (Z,O,g,Tgw) , B <Z,O,£,T§w> ,Tyu)
= Fy (Tﬁ (f,wa))
= fo (?57&)) -l-{Fo (Té (§,Tgw)) —Fy (f,T%w)}

o8

In accordance with theorem 1, we set

g(T,y,f,w) = (FO - FO) (TT (€7Tyw))’

and ¢ = 0. Then g satisfies the microscopic evolution equation (3) thanks to the remark at the end of the
preceding section. Moreover, g(7) € K+ by definition of K and because P (Fp (T (&, yw))) = Fo(&, Tyw).
Notice also that fo = P(fy) thanks to remark 2.3.

There only remains to check that

T t x
/ g(,g,ﬁ,w) dt—0 ase—0 (9)
0

€
in LL (RY, LY (RN x Q, u.)) for all T > 0 and ¢ > 0.
The invariance of the measure P with respect to the group of transformations (7;)zecr~ (see remark
2.1) entails that

/QXRév :Z/Of fo (Y (t,g,f,w) , =2 (t,g,f,w) ,w) dt — fo (g,ﬁ,w> dpc(§,w)
) / ;/ Fo (Ti(&,w)) dt = Fo (6, ) | dpelé, )

and the term above goes to 0 as € — 0 according to corollary 2.1 and is independent of 2 € R, Thus
theorem 1 is proved in the case when f; does not depend on the macroscopic variable x.

The following remark will prove to be useful when treating the general case :

12



Remark 3.1. If fo € L™ (and fo is C* in the variables y,€), then for any function a € L®((0,00) x
Riv X Ré\’ X Rév x ), stationary in y, we have

T
t
/a(t,x,:,f,w)g(e,:,@w) dt -0 ase—0
0
in L}

loe(RY, LYRY x Q, i) for all T >0 and ¢ > 0.

Indeed, let us ﬁrst prove the property for a = aj(t)az(z,y,& w), with a1, ay € L™. If ay is an
indicator function of the type
ar(t) = 17, <t<my,

the the property follows from the equality

T inf(T,T2) inf(T,T1)
t x t x
/ ax (t)g(77£7w> dt:/ ( ) 7£a ) / ( ) 757 )
0 € € 0 0

According to (9), the convergence result thus follows for a(t,y, &, w) = a1(t)az(y,&w). Then, let a1 €
L*>([0,00)) be arbitrary, and let T > 0, n € N*. Let b,, € L*>((]0,o0)) such that ||a1 — bu||L10,7) < 1/n,

and
N’I’L

b, = E Oéi,n]-T,;m,<t<Ti/,na
=1

with N, €N, o, € R, T;, n,T > 0. We have

/OT by (t) as (9:, g,f,w) g (z, :,{,w> dt

— ’ag (x,g,ﬁ,w)’ |/0Tbn(t)g <Z_,Z75,w) dt
[ oo (L2 60) ar

and the last term in the right-hand side vanishes as ¢ — 0 in L} (RN LY RN x Q, u.)) by linearity.

Moreover,
T T
t t

/ al(t) az (l’, f?&?"‘}) g (a xa€7w> dt / bn(t) az (x7£,£aw) g (vxvfaw> dt

0 € e'e 0 € e e
1
+=laz||ze|[fol| Lo
n

IN

llag||z

<

Thus the result holds for a = a1(t)az(y, &, w), with a1, ag € L™ arbitmry.
For a arbitrary, take a sequence as with § > 0, converging to a in L} , and such that

=Y al(t)ad(z.y, & w).
k=0

with a$,al in L. The property is known for as, and it is thus easily deduced for a using arguments
stmilar to the ones developed above.

loc’

3.2 Second case : fy = fo(x)

Unlike the preceding subsection, we now focus on the case when f; only depends on the macroscopic
variable z. In order to simplify the analysis, we assume that fo € W5 (RY) (the case when fy is not
smooth in x will be treated in the next subsection). In that case,

etz & w) = fo <€Y (t, x,g,w)) .
e e

13



Hence we have to investigate the behavior as e — 0 of
t x
eY (, ,§,w> .
€' €

Lemma 3.1. Let T > 0 arbitrary. As e vanishes,

We prove the following

t
eY (,m,f,w> —x+t§ﬁ (E,f,w) —0
e e €
in L=((0,T) x RY; L{RY x O, ).

Proof. Let us write, for ¢t > 0

eY (i,j,{,w) —z + &t (g,f,w) = E/(J;Y(S,z,&w) ds + t&* (g,f,w>

I
|
-
S—
m
[1
/N
@
o8
ML
Y
~
jsW
&
+
~
o
—~
o8
ML
€
~

Let 0 < a < T arbitrary. For a <t < T, we have

Y (z,i,g,w) —.’E+t£u (iag?w)’ duc(fvw)

o |+

£
tJo

E(T(&,w)) ds — & (0,&,w)| duc(€,w)

g/
R?XQ

T sup

o
T>2

IN

l "¢ w S — f w
> [ émewn as-g0.60)

L (RN xQp.)

and the upper-bound vanishes as € — 0 for any a > 0 thanks to corollary 2.1. Notice that the upper-
bound does not depend on z, hence the convergence holds in L>(RY; L (u.)).
We now have to investigate what happens when ¢t is close to 0; notice that

sw (¢ (2 6)]

where the constant Cy only depends on N and c. Indeed, if H(&,w) < ¢, then for all ¢ > 0,

< Cy (10)
LY (RN xQ,pc)

5 [E(0.6 W) < HT(Ew) =H(Ew) < o
Thus, if H(§,w) < ¢, then
€4(0,€,w) < V2¢N.

Thus inequality (10) holds with Cy = v2¢N.
Similarly, for all ¢ > 0,

sup
zERN

< Cp.
LY (RN xQ,uc)

f(Ts(&Tgw))’

Hence, if 0 < t < «, we have

sup/
zeRN JRY xQ

Y (t, x,s,w) — g (x,s,w)’ dpie(€,w) < 2aCy.
E £ £
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Eventually,

5Y< , =&, )—x—&-tfu( ,€, )

< inf {2Coa + T sup
o<a<T >

<
L2 ((0,T) xRN L (e )

L[ w)) ds — & w
- [ é@ew) as—g 060

Llw}

and the lemma is proved. O
We easily deduce that theorem 1 is true when fo € W5 (RY) with
flt,z,y,&w) = folz — t€¥(y.&,w)), g=0,
etz w) = fo(t,x, & w) — f (t,m, g,f,w)

and it is easily checked that f satisfies P(f) = f, f(t = 0) = P(fo) = fo (since fp is independent of y and
€), and that f is a solution of the evolution equation (4).

3.3 Third case : f; arbitrary

We now tackle the case of an arbitrary stationary function fy € Ll (RY x Rév , L (R x €)). We begin
with the case when

fo(xa Y, ga w) = a/('r)b(ya 57 (A)),
with a € WH*(RN) and b € L>(R) x ]Rév x Q) NCHRY x ]Rév, L>(Q)), b stationary. This case follows
directly from the two first subsections. Indeed, let

f(t. 2,6 w) = a(w — t€¥(y,&,w)) P(0) (y,&,w),
and
gtz 7,y, & w) = ale — € (y,&,w)) (b—P(D)) (Tr(y, & w)).
It is already known that f and g satisfy (4), that f(¢,z, ) € K, and that ¢ satisfies (3) thanks to the
preceding subsections and the fact that ¢*(y, &, w) is invariant by the Hamiltonian flow (Y, Z). Notice
that it is capital here that the coefficient ¢*(y, &, w) in the transport equation (4) belongs to K.

There remains to check that g(¢, z;7,-) € K+, that the remainder 7¢ goes to 0 strongly in Li . and that
g(t,z;t/e, /e, &, w) goes weakly to 0 in the sense of theorem 1. First, notice that a(x — t&*(y, &, w)) € K
and (b—P(b)) (T (y,&,w)) € Kt Thus, a(z — t&HP(b) = Pla(z — t&¥)b) almost everywhere (because
a(z — t€%(0,&,w)) is invariant by the semi-group 75), and consequently

g(t,z;my, & w) = [a(m — tgﬁ)b —P (a(x — t{“ﬁ)b)] (T7 (&, Tyw)).

Hence g(t,z;7,-) € K+ a.e.
Then, setting

(o) = 6w - (n 2 6w) - (ot D 6w).

we have to prove that r° goes to 0 strongly in L. . We compute the difference

loc*

Fagw) - f (hanfew) o (ta L ew)

el () o
))P( )
))

Il
l—|
/\

™

L<
/T\

™18

Z‘”
v
"

&

|

—~

’1?_:
{“

&
~——
~—

—_
>
S
~
S

| =~

| 8

oo
~_

[1]
/T\

A

oo
S~
~_
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The right-hand side of the above equality is bounded by

(Ezes)re(zes)

and thus converges to 0 as e — 0 in L>=((0,7) x RY; Ll(RéV x €, ue))) according to the second subsection.
Moreover, it is easily proved that as € — 0,

T
t
/ g(tam;axvgaw> dt — 0
0 g €

strongly in L] (RY x Ré\’, L'(€2)) thanks to remark 3.1. Hence theorem 1 is proved in that case.

The general case now follows from a density result and a contraction property, which are stated in
the two lemmas below. We first explain how the general case can be deduced from the lemmas, and then
we prove the lemmas.

The first lemma states that linear combinations of functions of the type a(x)b(y, &, w), with a and b
smooth, are dense in L (R x Ré\', L= (R) x Q).

Lemma 3.2. Let fy € L}, (RY x R?,LOO(R;JV x Q)) arbitrary, and set Fy(z,&,w) = fo(x,0,&,w). Let
R, R’ > 0 arbitrary.
There exists a sequence of functions F,, € L'(RY x Rév x Q) such that

o F, = Fy asn — oo in LY(Bg x Br x Q) ;

llal[wr.eo][b]| Lo

loc

e Foralln € N, there exist an integer N,, € N and functions a? € CLNWH(RN), b € L>® (Rév x ),
1 <i < N, such that almost surely in w, for all (x,&) € R?2N

Fp(x,&w Za ) bR (€ w) ;

e Foralln eN, for1 <i< N,, the function

(y,&,w) = b (§, Tyw)
belongs to C* (R} x RY, L>(Q)).

The second lemma states a contraction property for equation (1) and for equation (4).

Lemma 3.3. Let gy € L}, (RY x Rév,Loo(RéV x Q)) be a stationary admissible data for (1). Let g be
the solution of (1) with initial data go (x,x/e,&,w). Then for all R,R',T > 0, for all t € [0,T],

E / 10 (1,2, €,w)| d de
rEBR, {EBR/

< Gollzr(op 1 p XRY xQ,de dpe , (6,.0)) (11)

where

Go(x,g,w) = 90($707§aw)a
CR,T,R’ = {ZE € RNa |‘T| <R+ T\/ Rr? + 2umax} )
1
CRr' = 7R/2 + Umaz-

Similarly, if g is a solution of (4) with initial data go € L}, (RY x Rév, L=(RY x Q)), then

sty ) do< [ 0,9, €, . (12)
/ng < RATV/ €2+ 2umas
And if h is solution of (3) with initial data hg € L}, (Rév, L= (R x Q)), then for ally e RN, 7 >0,

loc

E

/ h(7,y,&,w)] df] S/ [hol(y; Ew) dpicy, (€ w). (13)
fGBR/ R?XQ
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We postpone the proofs of lemmas 3.2 and 3.3.

Now, let R, R’ > 0 abritrary, and let F}, be a sequence converging to Fy in L'(Bg x Br/ x Q) as in
lemma 3.2. Assume that fj is an admissible initial data for (1), and let fZ (resp. f¢) be the solution of (1)
with initial data F;, (z,f,wa) (resp. Fp (:c,f,rfw)), and let f,, = fu(t,2,y,£,w), gn = gn(t,2; 7,9, &, w)
be the functions associated to f by theorem 1 for all n.

Let f(t,z,y,&, w), g(t,x;7,y,&,w) be the solutions of the system

P(f)=7f P(g) =0,

815( :;l )"’fﬂ(yafaw)vx( g ) =0,

0rg +&-Vyg — Vyu(y,w) - Veg = 0,
f(t = O) = IP)(fo)7 g(t = 0,.’13;7' = O7ya§7w) = [fO - P(fo)] (xay7§7w)'
We have already proved that f,, g, satisfy the above system. We denote by Fy, F,,, the functions

associated to Fy, F, respectively by corollary 2.1, so that P(fo)(z,y,&,w) = Fo(x, &, myw), and f,,(t =

Oxyga ) F((E gva ) gn(t_oxT 0y7£7 ) (F F)(xagv’ryw)'
Notice that if G € Ll(RéV X Q, 1), for some ¢ > 0, then p. almost everywhere

Glew) = M*/Gﬂéﬂﬁ

1 T
< Jim 5 [ G dt = TET (.6,

and thus, according to property (7),

[P

/ Gl (y,€) dpe(y, )
RN xQ

IGI(y, &) dc(y,€) = |Gl @y xa )
RN xQ ¢

Consequently, setting ¢ := cg/, we have

||f(t7'vy7€7w)_fn(t7'7y7€7w)||L1(BR) S HFO : €7Tyw)_Fn('VgﬂTyw)HLl(CR,T@)
||f(t,$,y,§,w) 7fn(t7I7y?§7w)|‘L1(BR><BR/><Q) < ||F0 Iy ||L1(CR7T7R/xR?XQ,dwduc(&w))
< ||F0 - n||L1(CR,T,R’ XRQ’ X Q,dzxdpc(€,w)) *

And similarly, using (11), (12), (13),
l[fe(t, 2, & w) — ffL(tvxang)HLl(BRxBR/xQ) <||Fo — Fn”Ll(CRyTYR,xRéVXQ,dm dpe(€,w))>
llg(t, 3 7,y,§,w) — gult, 257y, & w )||L1(BR><BR,><Q) <2|[Fp - Fn”Ll(CRYT‘R/XRé\’xQ,daﬁduc(é,w))'

The above inequalities are true for all ¢ € [0,T] and for all 7 > 0.
Set

€ .— f€ _ E _ E E
T(t7.’177§,0.)) -—f(t,.’I},g,W) f(t7x7€7€7w) g(taxa€7€>£7w)'
Then for all ¢ € [0,7T], for all n € N,

IO (BrxBrxa) < |f5() = fa®llp (BrX B x)
t

HIF#) = fr(®)l Lo (RN;LY (Brx Bgy xR2))

oo s2) o (+)

e Ol Lt (Brx By <)

Lo (RN ;L1 (BR % B s X))

IN

Ao = Fullpi(op g <22 x0,dzdpe(0)) T I (O1L1 (Brx B x9)-
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Thus 7° — 0 as € — 0 in L>([0, 00); L, (RY x RY; L1(Q)).

There only remains to check that fOTg(t,m;t/e,x/e,g,w) dt goes strongly to 0 in L} norm as e
vanishes; this result follows immediately from the same property for g, and the above inequalities.
Therefore, we skip its proof. O

We now tackle the proofs of lemmas 3.2 and 3.3.

Proof of Lemma 3.2. We use the results of chapter 2 in [5]. Since Fy € L'(Bgr x Bri41,L>®(Q2)), Fy €
LY(Bgr, L*(Brry1 x ). Thus, there exists a sequence of functions (F,),en such that F, — Fy in
LY(Br x Briy1 % Q), and for all n € N,

N’Vl

Fn = Z 1Ai’n (x)(bz,n(ga w)u

i=1
where N,, € N, and :
o forallne N, 1<i<N,, A, C Br is a measurable set;
e foralln e N, 1 <i<N,, ¢;, € L'(Br11 x Q).

We shall explain later why we have chosen an approximating sequence in L'(Bgr X Br/11 x Q) rather
than Ll(BR X Bpr X Q)

The idea is to replace F), by a function F}, having the same structure, but in which the functions 14, .,
¢ n have been regularized. Hence we consider a mollifier p € D(RN ) such that p > 0 and fRN p=1. For
k €N, set

pr(x) = kNp(kx), xcRN.

The regularization by convolution in the variable x is standard : 14, , () is replaced by

1a,, *zpr(z) = / 1a,., (Y)pr(z —y).
RN

Concerning the regularization of the functions ¢; ,,, we first truncate ¢;, in order to obtain a function
in L*°. For M > 0, set

¢%z = Sgn(¢i,n) inf(|¢i,n|7 M).
Then ¢}, € L>®(Bgy1 x ), and ¢}, converges towards ¢, as M — oo in L'(Bg/41 x ). Thus we
work with ¢%l instead of ¢; ,,, and we drop the superscript M in order to avoid too heavy notations.
Now, for k € N, we set, for y € RN, € € Bp,

Spi,n(ya 67 w) = ¢i,n(£; Tyw);
Sof,n(yvé-?w) = /]R?N ¢i,n(£,7 Ty’w) pk(y - y/)pk(g - fl) dy/ df/v
(bf,n(fvw) = pr,n(&fvw)'

This is the part where it is convenient to have ¢;,, € L'(Bpr/4+1,2). Indeed, if £ € Bp and |¢ — ¢'| < 1,
then ¢’ € Bg/y1; thus the convolution is well-defined on RY x Bp: as long as Din € Ll(BR/H, Q).

The function ¢f, belongs to C}(RN x Bg/, L>(f)), where C} denotes the space of C* bounded
functions with bounded derivatives. Moreover, it is easily checked that wﬁ , is stationary, and <pf W w)
converges towards ¢; »(w) in Li (R}, L' (Bg)), almost surely in w. And if K is any compact set in RY,
then there exists a compact set K’ such that K C K’ and almost surely in w,

95 (@) = @in (- ) lLr(kxBr) < 2010im (W) L1 (5 B -

Since ||@in(-;w)||L1 (k' x B, belongs to L'(Q), using Lebesgue’s dominated convergence theorem, we
deduce that @ﬁn converges towards ¢; , in L (K x Bgr: x Q), for every compact set K C RY. Thus (bfm
converges towards ¢; , in LY(Br x Q) as k — oo, due to the invariance of the measure P with respect
to the transformation group 7.
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We set
Fnk z,§w Z]'Azn *g (@ Qsﬁn(faw)

Then ka converges towards F), as k — oo in LY(Bg x Br' x ). Thus there exists an integer k,, such
that

||Fnkn *FnHLl(BRxBR,xQ) < w

Set F,, := Nn,kw Then F,, converges towards Fy in L' as n — oo, and thus the lemma is true.
O

Proof of Lemma 3.3. We first prove the lemma when gy € C*(RY x R} x Ré\’, L>(Q)). In that case, let

us recall that
. t x t x
g (t,z,f,w) = 9o ey <77£7W)7 (a 557 >a'—‘(aa€7w>7w>
g £ E £
Y

)

t t
90 ( Y <,O,§,me) +x,Y (,O,f,ﬂu)) , = (,0,§,me> ,Tww)
6 1> E 1> 5 £ 1>
t
= Gy <5 <€,O,§,T§w> +x,Te (f,TaEcw)) ,

where Go(z,&,w) := go(z,0,&, w) for all (z,&,w) € RN x RN x Q, and the semi-group (7});>0 was defined
in section 2 (see lemma 2.1). Moreover, since

5 53,00 +u (Y (t,y,6,)) = 316 +u(y, )

we have

2ty 6.0)| < VIEP +20(y,w) < VIEP + 2ima

and almost surely in w,

t
Y (70,§,w>‘ <tV €12 + 2umax-

€
Additionnally, we have, for all R’ > 0, for almost every &£ € RY and almost surely in w,
Lig<r < Lpg(e,w) <3 R Ftiman

(Remember that H(¢,w) = 1[¢]> 4+ u(0,w)). Thus, setting cp/ := %R’z + Umax, We have

/ 67 (12,6, )] da ds]

r€BR, £EBp/

/ E HGO (EY (t,o,g,w> +2,T: (f,Tqu)) H dx d¢
rEBR, SEBR/ € € € N

/ EHGO (5Y (t,(),f,w) +x, T (5,w)> H dz d¢
r€BR, £EBp/ € N

E

- F /563 , (/weB Go (EY (Z»07§aw) +x, Tt (&w))‘ dx) dg}
=F /feBR, (/Z§R+T\/m’G0 (ZvTﬁ (&w))‘ dz) dg]
: /zlsmwm /me Go (=72 (6.0)| dhey (€,0) a2

G 2’57(’() d,uc ’ 57('() dz
/ZISR+T\/W2%MX/]RNXQ o )| o (W)

= ||G0||L1(CR’TYR/><]R?><Q,dw dpic y (§w))
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Now, if go is an arbitrary admissible data in Lj, (R} x R x Rév, L>(Q)), we choose a sequence G,
approaching Gy as in lemma 3.2 (R and R’ are fixed). Then inequality (11) is true for ¢& for alln € N, and
for g5 —g¢, for all n,m € N. Thus the sequence gZ, is a Cauchy sequence in L2 ((0,00), L' (Br x Brr x2)).
Thus it converges strongly towards a solution of the transport equation (1). Thanks to a uniqueness
result for the transport equation (1), the limit of the sequence g5 as n — oo is g°. There only remains

to pass to the limit as n — oo in the inequality (11) written for g5 and G§.

The proof of inequalities (12) and (13) go along the same lines.

4 The integrable case

In this section, we treat independently the periodic and the stationary ergodic case. Indeed, some results
of the periodic case are no longer true in the stationary ergodic setting, and the results which do remain
valid are not proved with the same tools.

Let us make precise what we mean about “integrable case” : in the periodic case, we take a function
u(y) which has the form

N
u(y) = Zui(yi)a (14)

where each function u; is periodic with period 1 (1 <7 < N). The Hamiltonian H(y,&) can be written

N

H(y, ) = 6l +uly) = S Hilwi,&)

i=1
where H;(y;,&) = 1&]? + wi(y;) (1 <i < N). And the Hamiltonian system (5) becomes

}./i = _Ei7
2 = ul(Y;), (15)

Thus it is enough to investigate the behavior of each one-dimensional Hamiltonian system (15) individ-
ually, and for most calculations, we can assume without loss of generality that N = 1, and we drop all
indices i. However, for the calculation of the projection P, a more thorough discussion will be needed,
and we will come back to the case where N > 1 in the corresponding paragraph.

In the stationary ergodic setting, expression (14) can be transposed in the following way : assume
that = IIY | Q;, where each ; is a probability space, and assume that for 1 <4 < N, an ergodic group
transformation, denoted by (7;,)ycr, acts on each ;.

Then for w = (w1, ,wn) € Q, and y = (y1,- -+ ,yn) € RY, we set 7w := (T1,5,W1," ", TN.ynWN)-
And we assume that the function u can be written

N
u(y,w) = Z Ui (Ti,y,wi) »
i=1

where U; € L>®(£;) for all 1 <4 < N. The same remarks as in the periodic case can be made, and thus
we will only consider the case N = 1 ; note that in the stationary ergodic case, we are unable to compute
the projection P when N > 1.

4.1 Periodic setting

The goal of this subsection is to give another proof of the results of K. Hamdache and E. Frénod in [10],
based on the study of the system

e
E=d(Y), (16)
Y =
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The Hamiltonian H(y, &) = $|¢|? + u(y) is constant along the trajectories of the system (16), so that

(5, ) +u(Y (t,y,) = H(y. &)

N | =

We now fix y, ¢ € RV. Without any loss of generality, we assume y € [—1 5 é) and we set £ := H(y, ).
The above equation describes the movement of a single particle in a periodic potential u, with 0 < u <
Umax- 1t is well-known that there are two kinds of behavior, depending on the value of the energy & : if
E < Umax, the particle is “trapped” in a well of potential around y, and Y (¢) remains bounded as t — oo.
In that case, the trajectories in the phase space are closed curves. If € > upyax, the trajectory of the
particle is unconstrained and |Y (t)| — oo as t — oco. We study more precisely these two cases and their
consequences on the expression of the projection IP in the following subsections ; we refer for instance to
[3] for further calculations and results about Hamiltonian dynamics and ordlnary differential equations
in general.

4.1.1 Expression of ¢f(y,¢)

We begin with the case when H(y,&) < umax. In that case, u(y) < H(y,£) < Umax- By continuity of
the potential u, there exists y_ < y and y4 > y such that H(y,&) < u(y+) < Umax, and the periodicity
of w allows us to choose y4 such that |y; —y—_| < 1. Then y_ < Y (t,y,£) < y4 for all ¢ > 0. Indeed,
assume that there exists ¢ > 0 such that Y (¢t,4,£) > y+ >y =Y (t =0,y,&). Since the trajectory Y is
continuous in time, there exists 0 < ¢ty < ¢ such that Y (¢t = g, y,£) = y+, which is absurd since

H(Y(to,?hf), E(to, yvf)) = H(yvg) > U(Y(to,y,g)) = u(y+) > H(y,ﬁ)

Thus Y (¢,y,£) is bounded. Since

e T y —Y(T,y,£)
# = lim — [ = = — lim — - lim 25098
0.0 = Jim 7 [ Sy ar=—tm 7 [ V= fim T

we deduce that &*(y, &) = 0 for all y, ¢ such that H(y,£) < Umax-
We now study the case H(y,£) > umax. Since
Y (t,y, ) =2 (H(y, &) — u(Y (t,,€)) = 2(H(y,€) — tmax) > 0,
we deduce that Y does not vanish for ¢ > 0. Consequently,
E(t,y,€) = =Y (t,9,€) = sgn(€) V2 (H(y. €) — u(Y (t,4,9))),

and since |Y (t,y,€) — y| > /2 (H(Y,€) — Umax)t, [Y(t)] — 00 as t — co. We immediately deduce that
E(t,y,£) is periodic in time: indeed, there exists tgp > 0 such that

Y (to,y,§) =y —sgn(§).

And

[1]

(t=to,y,&) = sgu(€)v2(H(y,&) — uY(to,y,%)))

so that for s > 0,

Y(tO + 5,9, 5) - Y(Sa Y, g) - Sgn(£)7
E’(tO + S7y7§) = E(Sa y7£)a

and = is periodic with period tg.
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Consequently,

T to
5@@fhm1/“ammm —5 =(t,y.¢) dt.

T—oo T to
But
to
Sty &) dt = Yit,
JRET / 0.6 d
= (tOvyug) y)
= Sgn(§)~

Thus we only have to compute to. With this aim in view, we use the change of variables s = Y'(t), with
Jacobian ds = Ydt (vecall that Y (t,y,&) = —sgn(€)y/2 (H(y, &) — u(Y (£, y,€))) ), in the formula

to
to = / dt
0
Y (to) 1
= / ds
v (t=0) —sgn(£)y/2 (H(y, &) — u(s))

~san(©) 1
—sen ds
g@L NCIGITGETIO)

ds

! 1
/0 V2(H(y, ) — uls))

Eventually, we deduce

&y, &) = sgn(&)p(H (y,9)),

where
1

1
(E—u(s))

We close this paragraph with a calculation which allows us to express ¢! in terms of the homogenized
Hamiltonian H. The result we will obtain will be justified in more abstract and theoretical terms in the
last subsection, using arguments similar to those of the theory of Aubry-Mather.

First, let us recall the expression of the homogenized Hamiltonian H (see [13]) : we have

p(€) = \/§1£>urnax

1
H(y, &) = §|§|2 +u(y), withinfu =0, supu = Umax,
and thus

o 110 if p< < 2(umax—u)>
H(p) = thmae + 2 A if |p| > < 2(Umax — u)> , where |p| = < 2(Umax — u) + )\> .

In other words, setting

[0,00) — [0, 00)
0:
A = < 2(umax - u) + )\>
we have 1
H(p) = tmax + 5 1pjz000)0 " (Ip]).
Hence,

. 1 1
H'(p) = s80(p) 5 o100 gr =1
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and

oy L 1
9(”2< 2<umax—u>+A>’
2 (H(

(|p| 7umaX> V|p| > 6(0),
Ip| > 6(0) <= H(p) > tmax Vp.

Gathering all the terms, we are led to

H(p) = sen()V21gpysum.
1
< H(p)U>

= sgu(p)e (H(p))
Thus, the final expression is -
&(y,6) = H'(p),

where p is such that -
H(p) = H(y,&) V tumax, sgn(p) = sgn(§).

4.1.2 Expression of the projection P

We also mention here how to find a general expression of the projection PP in the special case N = 1,
and we explain how to generalize this expression in some particular cases when N > 1. Recall that if
=7 e LloC(Ri,V X Rév) is periodic in y, then

P()(v.€) = Jim —/ FY (9. €). 5 (. ©)) dt
and the limit holds almost everywhere and in L'([0,1) x RN m..), with dm.(y,¢) = L (y,e)<c dy d§.

We begin with the case H(y,£) > Umax- We have seen in the previous paragraph that there exists
to > 0, which depends only on H(y,&) such that for all ¢ > 0, for all k € N

Y(t+kto,y,&) =Y(ty,&) —ksgn(§), E(t+kto,y. &) =E(ty,E).
Thus f(Y(t),=(t)) is periodic in time with period ¢p, and

P(f)(y.€) = ti / O (8. €). 5t . €)) dt

We use once again the change of variables s = Y (¢), so that

/0 U Y (89,60, 5(t 1, ) dt

y—sgn(§) \/2 1 p
- / S (s sente (8]~ ute)) —sen(©) V2 (H (&) —u(s))
1
- < (sente) V20 >¢2 ysu<>>>'
And eventually, B
P(f)(y,€) = F(sgn(€), H(y,£)) (17)

with

n==x1, &> umax-
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We now focus on the case 0 < € < Umax. In order to simplify the analysis we assume that & ¢
{u(y) ;u has a local extremum at y} (this set is finite or countable), and that

Vy € R, '(y) =0 = u has a local extremum at y.

In that case, it can be easily proved that Y (¢,y, ) is periodic in ¢; this follows directly from the fact
that the trajectory in the phase space is closed (see [3]). Indeed, pushing a little further the analysis of
the previous paragraph, we construct z4 such that

lz4 — 2| <27, 2_ < z4,
u(zg) =€,
Zo Sy < zy,
u(z) <& Vze (2-,24).

Then the particle starting from y with initial speed —¢ reaches either z; or z_ in finite time; the speed
of the particle is 0 at that moment since

Y2 =2(€ —u(Y)),

but its acceleration is —u/(z4) # 0, so the particle turns around and goes back in the reverse direction.
It then reaches the other extremity of the interval (z_,z;) in finite time, and the same phenomena
occurs. Hence after a finite time ¢, the particle is back at its starting point y with the same speed —&.
Consequently, the movement of the particle is periodic in time with period #y. Thus, we have

t1+to
B(f) (9,€) = ~ / Y (8, €).2(t,9,€)) dt,

to Jyy

where ¢; > 0 is arbitrary. It is convenient to choose for ¢; the first time when the particle hits z_. In
that case, it is easily seen that ¢y is twice the time it takes to the particle to go from z_ to zy, so that

to

t1+to/2 e 1 1
2 /t dt:/z, \/z(g—u(s))ds<1"<g z(g_u)>

and
tl-‘r%) 1
/f f(Y(tvya§>7E(t’ya€)) dt = <1u<£f(8’_ 2(5—u))> )

t1+to
/t f(Y(t,y,f),E(t,y,§)) dt = <1u<8f(s> 2(5—u))1>.

t
i+

Gathering all the terms, we are led to

e () ()] )
(N, &) = 2<1u<g 5 >
(E—u)

Expressions (17) and (18) are compatible with the ones in [10].

Let us now come back to the case when N > 1, and take a function ¢(y, &) = ¢1(y1,&1) - on(yn, En),
where each ; is periodic with period 1. We want to compute the limit

1 T
TA 4101(5/1(75,y1,£1),51(t7y1,§1)) e @N(YN(t7yN7£N)vEN(t7yNa§N)) dt.
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In general, knowing the behavior of each trajectory (Y, Z;) independently is not enough to compute such
a product. However, here, we recall that each function ¢;(Y;(t, yi, &), Zi(t, v, &)) (1 <4 < N) is periodic
in time. The period depends only on H;(y;,&;) and on the function u;. More precisely, setting

1
1
T;(&) := \/5/ 1y, (y<e—=—==dz YE>0,E # Unax,
0 & —ui(2)
wi(Yi(t,yi, &), Ei(t, v, &) 1s periodic in time with period T;(H;(y:,&;))-
We can thus use the following result :

Lemma 4.1. Let f1,---, fny € L (R) such that f; is periodic with period 8;, and set (f;) = 9%_ foai fi.

Assume that i i
Do+ N0 Yk, k) € ZV\ {O). (19)
01 aN

Then as T — o0,
1 T
o RO AR

Sketch of proof. By density, it is enough to prove the lemma for fi,-, fy € C>°(R). Write f; as a Fourier
series (the series converges thanks to the regularity assumption), and use the fact that for all o # 0,

1 (T
—/ etdt —0 asT — 0.
T Jo

In the present setting, we deduce the following result :

Proposition 4.1 Let ¢ : (1,€) > ¢1(y1.£1) - on (y,En), where ; € L5, (R, x RE).
Let (y,€) € [0,1)N x RN, and let 0; = 0;(y;,&) = T;(Hi(yi &) for 1 < i < N. Assume that
(01,---,0N) satisfy condition (19). Then

P(p)(y, &) = P1(p1)(y1,&1) - Pn(on) (yn, EN) (20)

where each P; is the projection in dimension 1 with potential u;, given by expressions (17) and (18).

In particular, when the set

{(v,€) € [0, 1]V xRY; (61(y1,&1), -+, On(yn, En)) satisfy condition (19)}

has zero Lebesgue measure, equality (20) holds almost everywhere. It can then be generalized to arbitrary
functions ¢ € Lgocr(]RN x RN) (always by linearity and density). The correct expression of the projection
P is then

]P):IPHO]PQO---OIPN, (21)

where each projection P; acts on the variables (y;,&;) only. Notice that all projections P; thus commute
with one another; hence the order in which they are taken is unimportant.

We wish to emphasize that on the open set {(y,¢) € R*N Vi € {1,--- N} H;(y;, &) > maxu;}, the
expression (21) is true. Indeed, for k € Z \ {0}, set

Ap = {t eRY;kyty + - + knty = 0}.
Then Ay, is a hyperplane, and we have

{(ya§)7 (y>£) € R2N’Hl(yugl) > max u; Vi and (91(y17£1)7 e agN(yNaé-N)) SatiSfy (19>}

= U {(y7£)7(y7£) ERZNaHi(yiagi) > max u; Vi and (el(ylagl)a"' aeN(yN7€N)) EAk}
keZN\{0}
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Hence it suffices to prove that if A is any hyperplane in RY,
|{(y,§), (y,€) € R®N  H,(ys,&) > maxu; Vi and (01(y1,€1), -, On(yn, En)) € AH =0.
Without any loss of generality, assume that
A={teRY ajt;+ - +anty =0}, witha; #0.

Then, using the fact that T3 is strictly nonincreasing on (maxw;, +00), we can find a open set C' C
Y x RV~1 and a continuous function y : C' — R such that

{(y,9), (5, €) € R*N  H(y;, &) > maxu; Vi and (01 (y1,&), - ,On(yn,En)) € A}
= {(y:x®:¢).€), &) el u {(y,—x(.£).¢), (&) eC}.

Above, the set C C Y x RV~ is defined by

—1
C = {(y,g’) €Y x RN H(y;, &) > maxu;, i > 2 and — (a20a(y2,&2) + -+ anOn(yn, &n)) > 0} )
1

and the function y is defined on C by

X1, yns e, EN) = \/2 |:T11 (;11 (a202(y2, &) + - +aN9N(yN7§n))> - Ul(yl)]7

where T, ! : (0,00) — (maxu;, +00) is the inverse function of T7.
Since x is a continuous function, the set

{(y,x(y,€),¢), (v,&)eC}

has zero Lebesgue measure in R?V (it is the graph of a continuous curve).
As a consequence, the set

{(y,¢) € RzN,Hi(yi,@-) > maxw; Vi and (01(y1,&1), -+ ,0n(yn,&En)) satisfy condition (19)}

has zero Lebesgue measure.

However, let us mention here that in general, condition (19) cannot be relaxed : indeed, assume for
instance that u; = u; := u for ¢ # j and assume that the function w is such that

Jyo >0, uly) =y for [y| < yo,

and u(y) > yd ify € [—%, %] \ [—%0, Yol
Then if |£] < |/yo, we have

| 1o
TS:/ 7dy:2/ -4
(€) TR i

Thus, if H;(yi,&) < /yo, then (Y;,Z;)(t,y;,&;) is periodic with period Ty. Notice that Ty does not
depend on the energy H;(y;, &)

In that case, the function p(Y (t),E(t)) is also periodic with period Tp. Thus we have to compute the
limit of

z=:Tp

%/0 fi(t) - fn(t) dt

as T — oo, where the f; are arbitrary functions with period Tjy. It is then easily proved that

1 T
P [ A0-ad- Y o, (22)
0 kezZV,
ki+--+kny=0
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where

To it
aj; = / e dt, 1<j<N, lez
0

€
To
In general, the right-hand side of (22) differs from a; - - an,0, and thus

P#APio-- 0Py

for (y,€) in a neighbourhood of the origin.

In this regard, let us mention that we believe that there is a slight misprint in [10] concerning the
expression of the projection P when N = 2 and for low energies. Indeed, when & := H;(y1,£1) < maxu;
and & = H(y2,&2) < ug, it is stated in [10] that

PO =5 [ {Flermmsen(6) VaE — o) snle) VEE: — ualea)
+f (21, 22, —sgn(&1)vV/2(E1 — ui(z1), —sgn(€2)v/2(E; — UQ(ZQ)} dv(z1, 22).

where

dv(z1,29) = dz1dzo,

1 1 1
-1 I - -
C ui(z1)<&€1 g - Ul(zl) uz(22)<E2 \/m
and the constant C' is such that v is a probability measure on [0, 1]2.

When 91 (yla gl); 92 (y27 52) SatiSfy (19)’ then P(f) (y7€) =Pio P2(f)(y7 5)7 and thus in that case, the
correct expression is rather

P(f)(y,€) = i/ {f(zlaZQaSgn(gl) 2(&1 — ua(z1),5gn(€2) v/ 2(E2 — ua(22)

+f (21, 22,580(£1)V/2(E1 — u1(21), —sgn(§2)v/2(E2 — ua(22)
+f (21, 22, —sgn(&1)V/2(E1 — w1 (21),580(§2) V/2(E2 — ua(22)

+f(z1, 22, —sgn(&1)v/2(&1 — u1(z1), —sgn(&a)v/2(E2 — UQ(ZQ)} dv(z1, z2).

Let us give an explicit example where 61 (y1,&1), 02(y2, &2) satisfy (19) and £ < maxuj, & < maxus.
Assume that for i = 1,2, there exists a;, y? such that

2
wi(ys) = a; lyil* Yyl <yi, and (Z;) ¢ Q,

and w;(y;) > a; [y?]* if v? < |yi| < 1/2. Indeed, in that case, T;(&;) = To/\/ai if & < a; [y]?, and

the condition a?/a3 ¢ Q ensures that 0 (y1,&1),02(y2, &) satisfy (19) for y, ¢ in a neighbourhood of the

origin.

Thus the expression of [10] is false in that case. In the general case, it is unclear whether a gen-
eral expression of this kind can be given, considering the discussion around the hypothesis (19) above.
Nonetheless, we emphasize that this mistake is of no consequence on the rest of the article [10], and that
all the other expressions are compatible with ours.

4.2 Stationary ergodic setting

In the stationary ergodic setting, some of the expressions or properties above are no longer true. The
most significant difference occurs when the energy H(y,£) < Umax; indeed, in that case the particle is
not necessarily trapped, depending on the profile of the potential u. Hence, in the rest of the subsection,
we focus on the case H(y,&) > umax. In that case, the movement of the particle is unbounded and has
many similarities with the periodic case. In particular, the particle sees “all the potential” during its
evolution, and this will be fundamental in the use of the ergodic theorem.
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4.2.1 Expression of & (y, ¢, w)

This paragraph is devoted to the proof of proposition 1.3 in the stationary ergodic setting.

We wish to point out that the expressions in the periodic and in the stationary ergodic case when
H(y,&,w) > umax are exactly the same (compare proposition 1.3 and the end of paragraph 4.1.1). This
expression, and more precisely, the equality ¢# = H'(P) for some P, is in fact strongly linked to Aubry-
Mather theory. Indeed,

)

I Y(T —
(y,&,w) = lim —/ E(t,y, & w)dt = — lim YTy &w) =y
T J, T

T—o0

and &f(y, €, w) is thus (up to a multiplication by —1) the rotation number associated to the Hamiltonian
flow starting at (y,&). The interested reader should compare our proposition 1.3 to lemma 2.8 in [8] or
theorem 4.1 in [9], and our proof to the ones in these articles, and also to the proofs in [15]. We refer
to [8, 9, 15| for further references to Aubry-Mather theory and its applications to partial differential
equations.

Proof of proposition 1.3. In all the proof, we fix y,&,w such that H(y,&, w) > Umax, and we set P =

Py, §,w).
The proof is in two steps : first, we prove that

P(L)(y, & w) > L (¥ (y,&,w)) s (23)
which is equivalent to -
P(L)(y,€,w) > Q€¥(y, &, w) — H(Q) VQ€R,

and then we exhibit a particular @ € R such that equality holds in the previous inequality.
The proof of (23) relies on the following definition of the homogenized Lagrangian (see [18])

Vg € R, L(g) = lim %inf {/0 L(y(s), =¥(s),w) ds, v € WH°((0,T) x RY), ~(0) =0, +(T) = Tq} .

T—o0

The clue of inequality (23) lies in the following remark : since Y (T)/T — —¢* as T — oo and L, we could
“almost” choose 7 = Y in the above definition in order to obtain an upper-bound on L(—&) = L(¢&*).
Thus we define a function v which coincides with Y on a large part of the interval (0, 7).

Let T > 0 arbitrary, and let A € (0,1) be fixed. Define v by

v(s) =Y (s,y,&w) for 1 <s < AT,

Y(0) =0, A(T)=-T& y,&w),
~ affine between 0 and 1 and between AT and T.

Then as T' — oo,
1 1
7 [ L0, =)0 ds o
T Jo
and
1 AT .
7[00, =3)0) ds — ALY,
1
There remains to evaluate the contribution of the interval (AT, T'). On this interval,

1
T—-\T

¥(s) (~T€(y,&,w) - Y(\T))

B 1 " Y(AT) A
= *ﬁf (yafvw)* T 1\

Moreover, for all (y/,¢&",w') € RN x RN x Q,

1 1
L(y &) = 5I¢'1F — uly' @) < €1
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Thus

! B 2
/L(v(sx—ws),w)dng )‘T’_ll)\gu(yﬁ’w)_Y(AT),\.
A

T 2 AT 1-—2A
We now pass to the limit as T — oo, with A € (0,1) fixed; recall that as 7 — oo,
Y Tayvgaw 1 T —
¥:_7 </ ‘:‘(tayvng) dt_y> _)_gﬁ(yang)
T T 0
Thus, for all A € (0,1),
_ 1—A 1 A 2
L (gﬁ(:%gaw)) < )\P(L)(y,f,OJ) + T ‘_Hgﬁ(y7§aw) + mgu(gﬁfvw)

By €. w)|?
< B, &)+ (1 -0 EEEIE

Now, letting A — 1, we obtain inequality (23).
In order to prove the proposition, we have to find a special QQy € R such that

]P)(L)(ya 57 w) = 6205ji (y7 57 w) - I;[(QO)
This will entail that
B(L)(y:&,w) = sup (Q€°(y.&,w) — H(Q)) = L (€ (y.6,w)
and the sup is obtained for &*(y, &, w) = H'(Qo).

The proof of the equality relies on the use of the cell equation for Q = P = P(y,{,w). Indeed, notice
that

v(y,w) := sgn(P) /0?/ \/Q(FI(P) —u(z,w)) dz — Py

is a viscosity solution of -
H(y,P+ V,v,w) = H(P),

and as y — o0

;/Oy \/Q(H(P) —u(z,w))dz — E [ 2(H(P) — U)} )

where U(w) := u(0,w) for all w € Q.
By definition of H,

B |ue)-v)| = P

consequently,

! +1|y| (Sgn(P) /oy V2E(P) - u(zw)) dz - P?J) —0 (24)

as y — 00, a.s. in w. Thus v is a corrector, and v € L°(£;C*(RY)). Thus the method of characteristics,
for instance, can be used to prove that for any couple (v/,¢") = (v, P + V,v(y/,w)), we have

T
/U(y/’ w) = U(Y(T7 y/’ 5/’ UJ)) + A L(Y(t? y/7€I7w)7 E(t7 y/7 5/7(“})7(“)) dt + P [Y(T7 yl7 é—/?w) - y/] + H<P)T

(25)
Before passing to the limit in the above equality, let us prove that we can take (y/,¢") = (y,&). First,
notice that

V0, w) = sen(P)y/2(H (P) — uly’,w)) — P,

and thus sgn (P + V,(y',w)) = sgn(¢’) = sgn(P) = sgn(€). Hence, take y' = y. Then [£]> =
because H(y,&) = H(P) = H(y, ') by definition of ¢’. Thus & = ¢, and we can take (v',&') = (y,
(25).

¢'?
€) in
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Now, we multiply (25) by 1/7T, and pass to the limit as T — oco. Since

1.

§|Y(t7y7§7u})| = H(ya§7w> —u=> H(ya€7w) — Umax > 0 vt> 0’
there exist constants «, 8 > 0 depending only on H(y, £, w) and umax, such that

Y(Tu Y, §7 (U) —Y
T

0<a< <B YT >0.

Consequently, Y(T') — oo as T — oo and

U(y) — U(Y(T7y7§7w)) _ U(y) — U(Y(T’ y)f’w)) Y(Tvyﬁng) -y
T T YTy tw) T T0 e

(remember (24)).

Hence, in the limit we infer

P(L)(y, & w) = P& (y,§,w) — H(P),

and the proposition follows.
O

Remark 4.1. Notice that the proof of inequality (23) does not use the fact that the system is integrable,
or that H(y,&,w) > Umaz. Thus (23) remains true for small energies, or when the system (Y,Z) is not
integrable.

4.2.2 Expression of the projection P

The same method as in the periodic case can be used in order to find the expression of the projection P
when H(y,&,w) =: £ > Umay; indeed, in that case, remember that

T—oo T

1T -
P &) = Jim 7 [ 7 (Y (b0 60) Bl 0).0) de
0
and we can use the change of variables
1

dt= = qy = dy
Y —sgn(§)v/2(€ —u(Y,w))

in order to obtain

T
A.HYw%&w%ﬂtyaw%wdt

Y (T,y,¢,w) 1
- L I (550 VA ) 0) s d
Since the group transformation (7,) is ergodic, and Y (T') — oo as T' — oo, for all £ > upax,
1 Y (T,y,&w) 1
), (VI ) ey e
1
—E|F (Sgn(f) 2(€ — u(O,w))7w> a6 VA u(O,w))]

Thus, we obtain -
P(f)(y, & w) = &y, & w) f(sgn(€), H(y, & w)),

where

fm,&)=F

1
F (77 2(& —u(O,w)),w) NI —u(O,w))} .
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