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Abstract

This article is concerned with the study of entropy solutions of the scalar conserva-
tion law dyu + div,A(x,u) = 0. The main novelty of our work lies in the fact that
the flux A is allowed to depend on the space variable x. We introduce a kinetic for-
mulation for this equation, proven to be equivalent to the usual entropy inequalities.
We check the existence and uniqueness of weak L' solutions of the scalar law.

Résumé

On étudie ici les solutions entropiques de lois de conservation scalaires hétérogénes
Ou+divy A(z, u) = 0. L’apport principal de notre étude vient de la forme plus géné-
rale du flux A, qui dépend explicitement de la variable d’espace . On commence par
introduire une formulation cinétique de la loi de conservation, dont on montre qu’elle
est équivalente aux inégalités entropiques habituelles. On vérifie ensuite 'existence
et I'unicité de solutions faibles L' de la loi de conservation.
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1 Introduction

We are interested in the properties of scalar functions u(t¢, z) solutions in the sense
of distributions of the multi-dimensional scalar conservation law :

ou "0
— (¢, —A;(z, u(t, =0, t>0, zeR",

o)+ Y g At a) =0, 120, x 0
u(t = 0,7) = u’(z) € L'(R™) N L=(R™).

with n € N arbitrary.

Many fundamental contributions to the theory of conservation laws already exist
(see for instance [1], [2], and the references therein), mostly in homogeneous cases,
i.e. when the flux A does not depend on the space variable x.

Following an idea of P-L Lions, B. Perthame and E. Tadmor ([3,4]; see also the pre-
sentation of B. Perthame in [5]), we introduce a kinetic formulation for the problem
(1) and we prove the existence and uniqueness of entropy solutions. The main contri-
bution of this work is the more general form of the flux A: we wish to emphasize the
fact that the spatial dependance of the flux A will require to modify substantially
the kinetic formulation developed in the homogeneous case. From a physical point
of view, the x-dependance of the flux A accounts for spatial heterogeneities.

Let us precise the regularity assumptions we will need on the flux A; : the minimal
hypotheses are

ai(r,v) = ( v) € Lige(R; L*(R")), (2)
Upy1(z,0) = — il AZ (z,v) € L(R"™);, (3)
pir(2,0) =0 Vo € R™. (4)

The proofs of existence and uniqueness require more regularity, namely

a; € C'(R™M),  9ja; € Lt (R; L¥(R™)), 1<4,5<n+1, (5)
3C >0, V(z,v) e R Jai(z,0)| < CA+|z| +v]), 1<i<n+1 (6)

for the proof of existence and
8jai € Llloc(RnJrl) 1< Z,] <n+1 (7)

(with the convention 9; = 0,, for 1 < j < n, and 0,41 = 0,) for the proof of
uniqueness.

These assumptions could probably be weakened, but are rather convenient to work
with in a first step. Notice that condition (4) is not very restrictive : indeed, if (4)



is false and w is a solution of (1), then setting B;(x,v) = A;(x,v) — A;(x,0), u is a
solution of

ou 0

En + Z:ZI @Bi(:z:, u(t,z)) = apy1(x,0);
B satisfies assumption (4); thus, the only change in the analysis is the addition of
a source term. Remark also that (4) is satisfied if and only if the null function is a

solution of (1).

We denote by a = a(z,v) the vector valued function a := (ay,--- , an, any1). Notice
that div,,a = 0. This divergence-free property will be fundamental in the proofs
and, in some sense, replaces the fact that a is independant of x and a,,+; = 0 in the
homogeneous case.

The organization of the article is as follows: in the second section, we recall the
definition of an entropy solution and show the equivalence between the family of
entropy inequalities and the kinetic formulation. This equivalence allows us to de-
fine a weaker notion of solutions, called kinetic solutions. In the third section, the
existence of kinetic solutions of (1) is proved. In the fourth and last section, we show
the uniqueness of kinetic solutions.

2 Entropy solutions and kinetic formulation
2.1 Different notions of solutions - Main results

Let us recall the notion of entropy solution introduced by Kruzkhov (see [6,7]):

Definition 1 A function u € C(R,, L*(R")) N L (R, L=(R™)) is an entropy so-
lution of the system (1) if it is a solution of (1) in the distributional sense, and if

it satisfies the following inequality for all convex functions S € C*(R) :

05 (u) - 0 " 0A; ' "L On;
. oA & _
o T ; aminz(x, u) + ; o, (, u)S" (u) ; o, (z,u) <0, (8)
where )
T/i(x’ U) = /0 (li(ZL‘, U,)SI(U/) dv'. (9)

The inequality (8) will be called entropy inequality, and the whole family of entropy
imequalities will be refered to as entropy formulation.

The following result, due to Kruzkhov (see [6,7]) states that the Cauchy propblem
is well-posed in this class of solutions:

Proposition 2 Let v’ € L'(R™) N L=(R").
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Under the assumptions A € C(R™), a; € C(R™™) N L (R, L=(R™)) for 1 <i < n,

loc
ant1 € LS. (R, L>*(R™)), g;; eECR"™) 1 <i<n+1,1<j <n) there exists

a unique entropy solution u € C([0,+o00), L*(R™)) N L (R, , L=®(R™)) of the scalar
conservation law (1) with initial data u®.

Moreover, if u,v are entropy solutions with initial data u°® and v°, then u and v
satisfy the L' contraction property :

lu(t) = v(®)llzr < [lu® ="l VE € R,

Our aim in this paper is to give a better understanding of the entropy solutions of
(1) by introducing a kinetic formulation. This will allow us to generalize Kruzkhov’s
result and to develop a pure L' setting for solutions of (1).

Define x : R? — {1, 1,0} as follows :

1 if0<v<u,
x(v,u) =4 -1 ifu<wv<0,

0 otherwise.

Our first result is the following:

Theorem 3 Let u € C([0,+0o0), LY(R™)) N L.((0, +00), L>°(R™)). Under the as-
sumptions (2), (3), (4), u is an entropy solution of (1) if and only if there exists
a nonnegative measure m(t,x,v) such that m((0,T) x R") < +o00 for all T > 0,
and such that x(v,u(t,z)) satisfies the following kinetic equation in the sense of

distributions on R, x R"*L:

Orx(v,u(t,x)) + divy, [a(x, v)x (v, u(t, z))] = Oym(t, z,v),

(10)
X(Uvu(t = O,J})) - X(U7UO(I))‘

We shall say that equation (10) is the kinetic formulation of the scalar conservation
law (1).

Remark 4 The kinetic formulation of equation (1) will prove to be much more
handy than the equation itself due to the linearity of equation (10). However, it
should be noticed that the nonlinearity is somewhat hidden in equation (10). Note
indeed that in addition to the introduction of an extra “fluctuation” variable v, the
function x is nonlinear. The measure m is called the entropy defect measure and
accounts for the lack of regularity of u: m vanishes on sets of Ry x R™ on which u
is smooth (say Wb for instance).

This result allows us to define a weaker notion of solution:



Definition 5 Let u € C([0,4+00), L*(R™)). u is a kinetic solution of (1) if there
exists a nonnegative measure m such that m((0,7) x R" x (=R, R)) is finite for all
T, R >0 and such that (10) is satisfied in the sense of distributions.

We will prove that the Cauchy problem is also well-posed in this class of solutions:
Theorem 6 Let v’ € LY(R"™). Under the assumptions (2), (3), (4), (5), (6), there
exists a kinetic solution u € C([0,4+00), L'(R™)) of the scalar conservation law (1)

such that u(t = 0) = u°

Moreover, under assumptions (2), (3), (4), (7), if u1,us are two kinetic solutions of
(1) such that for all T >0

T
/0/Rn+l|ai(x,v)\|x(v,uj(t,a:))|dxdvdt<—i—oo 1<i<n, j=1,2,

then the L' contraction property holds:

[lur (8) — w2 (D) L2y < [[ur(t = 0) = uz(t = 0)[[L1mny  VE > 0. (11)

Remark 7 In fact, uniqueness will be proved in a broader class of solutions, called
generalized kinetic solutions (see section 4).

Remark 8 Pushing further the equivalence between entropy and kinetic solutions,
it can be proved that u € C([0, +00), L'(R™)) is a kinetic solution of (1) if and only
if w is a solution of (1) in the distributional sense and if there exists a nonnegative
measure mo(t, x,v) such that the following equality holds for all functions S € C*(R)
such that S’ has bounded support

0 "0 “ 314 / 77@
8255( u(t, x))+;a—xim(x,u(t,x))+z T (x,u)S" (u Z@ T, u)

— —/RS”(v)mo(t,x,v) dv. (12)

In that case, m (the kinetic entropy defect measure) and mq are equal, up to a
function of t, x.

The proof of this result is the same as the one of theorem 3, and is left to the reader.
In the following subsection, we prove theorem 3. Sections 3 and 4 are devoted to

the proof of theorem 6: more precisely, section 3 is concerned with the proof of the
existence, and section 4 with the one of uniqueness.



2.2 Equivalence between the entropy and kinetic formulations - Proof of theorem 3

The equivalence of initial conditions is easily checked; concerning the equivalence of
the evolution equations, we define a distribution m which is a solution of (10), and
we prove that m is nonnegative and locally bounded if and only if u is an entropy
solution.

- First step: definition of m.

Let uw € C(Ry, LY(R™)) N L2 (R, L®(R™)). Define the distribution m(t, z,v) by

m(t, z,v) 8t/ ) dw + 81 /OU a;(x,w)x(w,u(t,z)) dw +
+an+1<x7v)X( ’ (t,ZL’)), (1?’)

so that (10) is satisfied in the sense of distributions.

We multiply (10) by S’(v), with S’ € D(R), and integrate with respect to v. We
shall use systematically the following easy fact

[ FOx@ ) do=f(u) = F0) VueR VfeWLE®R).  (14)

Taking f = S and f = n;, and using the following identity (recall that (4) is satisfied)

0A; , on;
87%( v)S'(v) = .

01— 0 b ) ) €0

leads us to the following equation, which holds true as long as S” € D(R) :

S (ult. ) + 3 S nteult. ) + 3 S @) () =Y 2” ()

i=1 ?

= —/ S"(v)ym(t, z,v) dv. (15)

- Second step: If m > 0 is a locally bounded measure, then u is an entropy solution

of (1).
Assume m is a nonnegative measure on R, x R"*! such that
T
/ / m(t,z,v) dt dvdv < oo VT >0.
0 Rn+1

In the sequel, we will work on a compact time interval [0, 7], and we set

M = [ful| o (0,1)xmn) < 00
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First, let us generalize (15) to all S € C*(R) subquadratic, i.e. such that S” is

bounded. If S € C*(R) is subquadratic, we truncate S thanks to a cut-off function

¢ € C°(R) s.t. ¢(v) = 1 for |v| <1 and ¢(v) = 0 for |v] > 2: set ¢pp(v) = qb(%),
= S¢x. Then Sy € D(R), and we may write (15) for S.

But for £ > M, Sp(u(t,x)) = S(u(t,z)) and ng(z,u) = n(zr,u) for almost every
(t,x). Thus, for k > M, on D'((0,T) x R"), we have

S0t + X (o) + 3 G o

=1 3

Rt
k(v

/

Then, we pass to the limit as £k — oo thanks to the bounds on S” and m. Equation
(15) is thus true for all functions S € C>°(R) subquadratic, which implies in partic-
ular that u is a distributional solution of (1). In a similar fashion, equality (15) is
extended to S € C*(R) convex and subquadratic by mollifying S and passing to the
limit thanks to the bounds on S, m, and wu.

m(t,z,v) dv. (16)

Now, let S € C*(R) convex. Since u is bounded on (0,7) x R™, we can change the
values of S(v) for large v in order to obtain a subquadratic function : set for instance
C' = ||S"||zso(—am,m) and define the C? convex subquadratic function S such that
S” = inf(C,S") and S = S on [-M, M]. We have S(u) = S(u) a.e. in (0,T) x R,
(idem with 7; and S’); moreover, S satisfies equation (15), and thus inequality (8),
since S is convex. Thus, (8) is true for all convex functions S € C*(R) and u is an
entropy solution of (1).

- Third step: If u is an entropy solution of (1), then m is a nonnegative locally
bounded measure.

Let us now prove the reciprocal implication. First, remark that if S € C*(R) is a
convex function such that S” € D(R), then comparing (8) and (15), we have

/ S"(v)ym(t,z,v) dv > 0.
R

Unfortunately, if we consider any nonnegative test function ¢ € D(R),, we cannot
find S such that S” = ¢ and S’ € D(R). The idea is thus to change the values
of p(v) for large v in order to be able to find such a function S. This requires to
investigate the behavior of m for large v.

Indeed, for |v| > M, equation (13) becomes

gtu(t, r) + Z; E)iiAi(x’ u(t,z)) = m(t,z,v).
Comparing the above equation to (1) yields

m(t,z,v) =0 in D'((0,T) x R" x (M, +0)). (17)
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Now, if ¢ € D(R), is an arbitrary nonnegative test function, define S € C* such
that S” = ¢; S” is a convex function. Multiplying S by a cut-off function which is
equal to 1 over the interval [—M, M], and denoting by S € D(R) the function thus
obtained, we have :

1) S(u(t,z)) = S(u(t,z)) on (0,T) x R* (idem for n; and S');

(1)
(2) Jpo(v)m(t,z,v)dv = f S"(v)m(t, z,v)dv;
(3) S satisfies (15)
(4) S satisfies (8).

Combining all these properties leads us to
/ o(v)m(t,z,v)dv >0 Vo € DR),.
R

Thus, m is a nonnegative distribution (and hence a nonnegative measure) on R, x R"1.

Finally, let us show that for all 7' > 0,

/ /Rn+1 (t,z,v) dt de dv < fHuOHLg(Rn +/ /R - a1 (z,0)x (v, u(t, x)) dt de dv.

(18)
Indeed, thanks to (17), (15) is true for all convex C? functions (the proof of this fact is
the same as in the first part of the equivalence). Write (15) for S € C? a nonnegative
convex subquadratic function such that S(0) = 0; then S(u(t,-)) € L'(R") for all
t > 0. Integrating (15) on (0,7) x R™ yields

/ /Rn+1 S"()ym(t,z,v) dvdrdt< [ Su’(z)) dx (19)

Rn

T 1"
+/O /Rn+1 Ap1(x,v)x (v, u(t, 2))S"(v) dv dz dt.

The choice S(v) = 1= ‘ gives the desired result. O

Remark 9 We wish to lay emphasis on a major difference with homogeneous scalar
conservation laws. For a homogeneous conservation law, if S € C*(R) is convex and
such that S(0) = 0, then for any entropy solution in C(Ry, L'(R™)) N L>®(R, x R")

d

Tt S S(u(t,x)) de < 0. (20)
In particular, all LP norms are nonincreasing (see [5]).

This is no longer true for heterogeneous conservation laws: indeed, integrating for-
mally (8) on R™ yields

d 1
7t Jen S(u(t,z)) de < - S"(v)an1(x,v)x (v, u(t,z)) dx dv.



In general, the right-hand side of the above inequality is not nonpositive, and no LP
norm is conserved for p > 1. If we want to retrieve the properties of homogeneous
laws, we need to take additionnal hypotheses on the flur A in order that

/ a1 (x,v)x (v, u(t, z)) de < 0.
R
In particular, this is the case if we assume
sgn(0) ns1(0) = —Jans: (v)] < 0. (1)

Notice that this hypothesis is satisfied for homogeneous fluzes (in that case a,+1 =0).

It can be shown under the assumptions of theorem 2 and (21) that all entropy so-
lutions of (1) satisfy (20). And if m is the kinetic entropy defect measure, then
m((0, +o0) x R*"1) < oo.

3 Existence of kinetic solutions

This section is devoted to the proof of the existence of kinetic solutions, as stated in
theorem 6. According to theorem 3, this implies the existence of entropy solutions

of (1).

Here, the kinetic formulation proves to be very useful: indeed, equation (10) is a
very simple linear transport equation of which we can compute explicit solutions
f(t,z,v) thanks to the method of characteristics. The whole problem is to prove
that these solutions can be written in the form f (¢, z,v) = x(v, u(t, x)), possibly up
to the addition of the source term %—T. With this aim in view, we intend to show
that solutions of (10) can be obtained as limits of a BGK-type relaxation model.
The steps of the proof are the same as in [5] : first, we study a linear transport
equation inspired from equation (10). In this first step, the main difference with the
homogeneous case lies in the fact that characteristics are no longer straight lines, and
the representation formula for solutions of the linear equation is more complicated.
Then, we introduce an approached equation for (10), which expresses a relaxation
towards an equilibrium of the form x (v, u(t, z)). There, in order to adapt the proofs
of [5] it will be necessary to develop new ideas, especially because equation (10) or
equation (1) are no longer invariant under translations in the variable z. Eventually,
we prove a few compactness results which allow us to pass to the limit in nonlinear
terms as the relaxation parameter goes to oo (hydrodynamic limit). Once again,
these compactness results are tougher to obtain than in the homogeneous case due
to the more general form of characteristics which yields rather lenghty calculations.



3.1  Preliminaries : study of a linear transport equation

First, let us study the following equation :

gtf(t’ z,v) + divy, (a(z, v) f(t, 2,0)) + Af(t, z,0) = g(t, x,v), (22)
f(t:07xav>:fo(x7v); (23)

A > 0 is a fixed parameter, ¢ is a given function which will sometimes be referred to
as source term.

Define the characteristic ODE associated to this equation :

X(t,y,w) = a(X(t,y,w))
X(t=0,y,w)=(y,w) € R

X is well defined thanks to hypotheses (5), (6). For all ¢t > 0, X(¢) : R""! — R**!
is a C!-diffeomorphism and thanks to Liouville’s theorem,

0X(t, z)

det
¢ 0z

J(t,z) == exp (/Ot div, pa(X (s, 2)) ds) =

(Here and in the rest of the section z denotes the couple (y,w).)
Since div,,a = 0, notice that

0X(t,2) _

det R

We are then able to prove the following

Lemma 10 Let f° € LY(R"™), g € L} (R, LY(R™1)); under the assumptions (2),
(3), (5), (6), there exists a unique solution f € C(Ry; L*(R™™)) of equation (23) in
the sense of distributions, and it has the following properties :

(1) Representation formula : for all t >0, for a.e. (y,w) € R*™!
£t X (g w) = Pl w)e™ + [ N gs, X (s y,w)) ds; - (25)
(2) Evolution of the total mass :

jt/f(t,x,v) da:dv+)\/f(t,x,v) da:dv:/g(t,:c,v) dx dv (26)

C;i/]f(t,x,v)\d:r;dv—i—)\/\f(t,:c,vﬂda:dvg/]g(t,x,vﬂd:cdv (27)
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PROOF. The proof of this lemma is left to the reader; it relies on the use of the
characteristics: first, the representation formula is shown for classical C! solutions;
the relations (26) and (27) follow from (25) and (24). Then these results are extended
to weak solutions in L' by density and passage to the limit. Uniqueness derives from
existence of solutions for the dual problem. 0O

3.2 Relaxation model towards the equilibrium x(v,u)

As mentioned previously, we study a BGK-type model which expresses the relaxation
of the solutions of a kinetic equation towards an equilibrium of the form x (v, u(t, z)):

8
f>\ + Z (aifa) + 5o (@i fo) + AL = x(v, ua(t, @) = 0;
uA( ,x) = [p f,\(t,x,v) dv; (28)
f)\(t = 073:71}) = fo(x,v).
In the rest of this subsection A is a fixed parameter, and therefore we will denote by
f,u the functions fy,u,.

Sometimes an additionnal assumption on the initial data f° € L'(R"™') will be
necessary :

[z, )] = sgn(v) f(z,v) < 1. (29)
Proposition 11 Let f° € LYR"™), v°(z) := [ fO(x,v) dv € L}Y(R").

Under the assumptions (2), (3), (4), (5), (6), there exists a unique solution f €
C(Ry; LY(R™1)) of the system (28), and f satisfies :

(1) Mass conservation : for all t >0,
/ u(t,z) dx :/ u’(x) dx, (30)
Rr R™
a2 @ey < Oz @erny < 0N gnny; (31)

(2) L' contraction property: for allt > 0, for all solutions f1, f2 of (28) with initial
data f7, f3,

[lur (t) — ua(W)llzrgeny < LA = LOll@esy S A = Fllogey.  (32)
(3) Uniform equicontinuity in space: assume that f°(z,v) = x(v,u’(z)) for some

u’ € LY(R"™). Then for all T,R > 0, there exists a function wrr : [0,00) —
[0, 00) independant of A, continuous and increasing, with wgr(0) = 0 such that

lult, -+ h) — ult, Wi se < wrr(lh]) ¥t e[0,T], Vhe R, (33)

11



where Bp := {x € R"; |z| < R}.
(4) Sign property: under the additionnal hypothesis (29), f satisfies

[f(t,2,0)] = sgn(v) f(t, 2,0) < 15 (34)
(5) L™ norm control: still assuming that (29) holds, define
Ay = inf{A >0, fO(x,v) =0 for [v| > A};
then for all t > 0, we have

a0 < Aco +l|ant1]loo;

f(t,[E,U) =0 fO?” |U| > AOO +t||an+1||oo

PROOF. We only give the main steps of the proof. This theorem was first proved
by B. Perthame and E. Tadmor in [8] in the homogeneous case. We shall follow the
same argument as B. Perthame in [5].

- First step : the existence is based on a fixed point method. Fix 7" > 0 and define
the following Banach spaces :

Xr:=C(0,T; LYR™), ||ullx :== sup [[u(t)]|r:@n);
te[0,T]

Yr = C(0,T; LNR™™),  |Iflly = sup ||f ()]0,
te[0,7)

If w € X7, thanks to lemma 10, there exists a unique f € Y7 solution of the equation

£ iy (af) 4 AT — (o, wlt,2))] = 0
f(t=0,2,v) = fo>z,v).

Define the operator ® : w € Xp — u = [ f dv € X, where f € Y is the solution
of (35) corresponding to w. Then it is readily proved, using the linearity of equation
(23), inequality (27) and the property

(35)

/ﬂ£|x(v,u1) — x(v,ug)] dv = |ug —us| Vug,us € R,

that p
e[ M= fldrdvex [ 1= fl dedo < Xlwy = wsllx.
dt Rn+1 Rn+1

Hence, by Gronwall’s lemma, ® is a strict contraction from Xr into itself. Thus, ®

has a unique fixed point in X7 for every initial data f© € L'(R"*1) and the function

f solution of (35) for the fixed point of ® is a solution of (28).
- Second step : the proof of (30), (31) and (32) relies on the particular form of the

function x and on properties (26) and (27) of lemma 10. It is left to the reader since
it does not give rise to any particular difficulty.

12



- Third step : inequality (33) is not so easy to prove since equation (23) is not
invariant under translations in the x variable; consequently, denoting by f(t, z,v)
the solution corresponding to the translated initial data f°(x + h,v), there is no
reason why f (¢, x,v) should be equal to f(¢,z + h,v), and thus we cannot apply
(32).

Let us estimate f (¢, x,v)— f(t, z+h,v), or more generally f(¢t,z,v)— f(t,x+h,v+w)
for all (h,w) € R™"; in the sequel, for k = (h,w) € R"* and ¢ : R"** — R? (d € N
arbitrary), we set

0 (z,0) ER"™ i oz + hyv+w), Jp:=1Id— 1.
f—mf = Jif is a solution of

;ka + divy o (k@) Je f) + A f = Ay [x(v,u(t, z))] — Jpa - Vo f. (36)

Unfortunately the right-hand side of the above equation does not belong to L!.
We first derive formally an a priori estimate, under the additional hypothesis u° €
BV (R™) N L*(R™), then we will briefly justify rigorously this a priori estimate, and
eventually we will generalize our result to the case when u° merely belongs to L.
Let a > 0, T' > 0 arbitrary, and let

vo(r) = exp(—a(|zi]| + -+ |za]), z€R™

Then |V (2)] < agp,(x) for almost every x € R™.

We denote by C' a generic constant which depends only on n, T', ©° and the bounds
on a, but neither on a nor on A\. We begin with the case when k = (0,w), with
w € R arbitrary. It is then easily checked that for all u € R,
[ Ix(w, ) = x(o +w,w)] dv < 2min(ful, jul) - ¥(w,u) € R
R

Thus, multiplying (36) by ¢.(z) and integrating on R"*! yields

d C
= [ efleat A [ 1flpa <AZfwl + [Buall@oxanplel [ [Veudl¢a(@)

Hllallgrx-aay [ e Va2l
<t

+CO&/ |ka|(zpo¢
Rn+1

A, |Vz,vf|90a($)>

« Rr+1

where A = ||u°||z + T||any1|| 2. We have used here the L norm control property,
which will be proved later.
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We then use Gronwall’s lemma, assuming that A > 2 and C'a < 1, and we obtain

/Rn“IkaIs%SCe*(A ot / | T f° Isaaﬂw!—
—(A=Ca)(t—s)
+C|w|/ /RHe Vo f ()| a ds
<C’|w|[ +/ /]RH (Vawf(8)|@a ds}.

We now let w go to 0, which gives

/Rn+1 Vo f(t)lea < C [aln + /Ot /Rn+1(|vmf| + Vo f)a ds} ,

Using Gronwall’s lemma for the second time, we derive

t 1 t
[ Lo Wfleads<c |+ [ [ Vafleads].
0 JRnt1 « 0 JRnt+1L

Thanks to this bound on |V, f|, we now derive a bound on |V, f|: take k = (h,0),
with A € R™ arbitrary. With the same arguments as before, we obtain successively

d
<
at - |ka|90a C‘h|/ ’vm vf‘goa + CO‘/HH ‘ka|§0aa

< N .
L Vdlealt) < Clh [Hvxu b+ [ Veafliod]

We then let h go to 0, and we use the previous bound on |V, f|; we apply once again
Gronwall’s lemma, and we are led to

sup |vxf()|%<cl + [V ||M1+// . |V$f|<pa]

tefo,7] /R F1

<c[ +|yvu\|M1]

Take now R > 0 arbitrary, a > 0 small enough so that e % > 1/2. Then for all
heR™ forall A >2,te0,T]

lun(t, 1) =ur(t Masy < B[ 197 0)e < CIR [+ 1927 an] - (37)

Let us now justify this a priori estimate: we consider a parabolic approximation of
the linear transport equation (23)

Of +divap(af) + Af —elopf =g

The solutions of this equation still satisfy (26), (27). Thus for all A\,e > 0 there exists
a unique solution of

atfe,)\ + divx,vfs,)\ + )\fs,)\ - SAm,vfs,)\ = AX(”, us,A),

14



with u. y = [ fea(+, v) dv. Moreover, classically f. x — fi in Yr. And thanks to the
regularizing parabolic term f; , has enough regularity for the a priori estimate to be
rigorously derived. Passing to the limit as ¢ — 0 in (37) gives the desired result.

Now, when u° does not belong to L> N BV (R"™!), we take a family u which has
these properties and such that [|u® — ug|| 1)y < 0 for all & > 0. Then according
to the L' contraction principle and (37) for the solution corresponding to the initial
data x(v,u), we have

[u(t, -+ h) —u(t, )|y < C0O,R,T)|h|+26 Vte[0,T] Vs> 0.
Inequality (33) is then proved with

wrr(n) = mf[C(6, R, T)[h]| +24].

- Fourth step : sign property : if fO satisfies (29), then h(t,z,v) = sgn(v)f(t, z,v)
satisfies equation (23) with a source term g(t,z,v) = A sgn(v)x(v,u(t,x)) € [0, ]
and an initial data belonging to [0, 1]. According to the representation formula (25),
0<h<1a.e.

- Fifth step : L* norm control : first, notice that the definition of A, only depends
on the initial data f°. Consider the convex set

C = {w € XpNL¥((0, T)xR™); [|w(t)||pe () < Aoott|lansi|le  for ae. t € (0,T)}.

The idea is to prove that C is invariant by the application ®, which entails that
the fixed point of ® belongs to C. Indeed, the fixed point of ® corresponding to the
initial data f° is obtained as the limit in Xy of any sequence w, = ®"(wy), with
wy € Xp arbitrary. Take wy € C : if ® leaves C invariant, then w, € C for all n
and up to a subsequence, w, converges weakly* in L>((0,7") x R"). Thus the fixed
point of ® belongs to C. Here the main difference with the proof of [5] is the use of
characteristics and the fact that the L> norm is not conserved.

Let us now prove that ®(C) C C. Let wy € C, wy = ®(wy). Fix t € (0,7, zo € R",
and take vy € R such that |vg| > A + t||@n+1]]00; Wwe denote by (y,w) the unique
vector in R™*! such that X (¢,y,w) = (xg,v0), and by z(s,y,w) € R, v(s,y,w) € R
the functions

X (s,y,w) :== (z(s,y,w),v(s,y,w)) Vse[0,T].
Thus according to hypothesis (3) and to the definition of X,

[v(s,y,w) = v(t,y, w)| < |lanllo(t —5) Vs €[0,T],

which yields
[u(s,y,w)| > Ao + $||ani1lloo Vs € [0, 1]
Hence fo(y7w) = fo(x<0’ y7w)7v(0a y7w)) =0 and

X(v(s,y,w),w(s,z(s,y,w))) =0 for s e (0,T).

15



The representation formula (25) then leads us to
fl(t,ﬂfo,'l}o) =0 for ’U0| > Aoo+t|’an+1’|oo

This equality combined with the sign property (34) entails that wy € C. O

3.8 Passage to the limit : compactness of the family (uy, fx)

The last step of the proof of the existence consists in passing to the limit as A — oo
in equation (28) (hydrodynamic limit). More precisely we will prove the following
proposition :

Proposition 12 Let u° € L'(R"), fO(x,v) := x(v,u’(x)), T > 0. Assume that (2),
(3), (4), (5), (6) are satisfied.

Let (uy, fr) be the solution of the system (28) with initial data f°. Then as A — oo
there exists a subsequence (still denoted by A) such that

up(t,x) — u(t,z) in C(0,T; L'(R™)), (38)
At z,v) — f(t,x,v) = x(v,u(t,z)) in C(0,T; L*(R"™)) (39)

and f(t,z,v) = x(v,u) is a weak solution of the kinetic equation (10).

Moreover, according to the uniqueness result, the whole family (uy, f) converges to

(u, f)-

PROOF.
We begin with the compactness of the family u,, which follows from Ascoli’s theorem.
- First step : equicontinuity of the family wu,) :

First, thanks to (33), the family u, is locally equicontinuous in space. Moreover, for
all A > 0,¢t >0, k>0 we have

ua(t) — ua(t + k)| r@ny < 10 = fa(B)l | @nen)
thanks to the L' contraction principle.

The difficult part is to prove that [|f® — fi(k)||r:®n+1) is bounded uniformly in .
Once again we follow the proof of B. Perthame in [5].

In the following, we set

w(uo,a) = sup ||u0(- +h)— uo(-)||L1(Rn).
heR™ |h|<a
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The proof is similar to the one of (33): fy — fY is a solution of

gt(fA — [*) +divey [a(f = )] F A=) = A (x(v,w) = f°) = al(z,v) - Vo,

but since f° is not regular, we replace f by x(v,uJ) in the above equation, where

ud = u’ x5 and @5 = 5%@ (g), ¢ the standard mollifier. Notice that

Vawx(v,u5) = (0(v = 1) Vaug, (v) — 6(v — ug)),

and a,1(x,v)d(v) = 0 in the sense of distributions thanks to (4). Moreover, u € L>®(R™)
and

HwHL
||| oo mny < |1 "= S
Set
As = HaHLw(R"x(f&ﬁn,&%))‘

Using property (27) of lemma 10 yields the following inequality

@fo — x(v, u)|| ety < As||Vax (v, ud)||ar @ory + ||ans (-, ug) | 2wy

in which we easily evaluate the different terms

AV n
HVIX('U,Ug)HMl(RrH—I) < MJSLI(R)w(uO,(S)
[ fx — X(U7U0)||L1(Rn+1) <||fx— X(Uaug)HLl(RnH) + ||UO - Ug||L1(R")

1" — g1y < /Rann [’ (@ —y) — u’(2)] @s(y) dr dy < w(u’, ).

Moreover, thanks to hypotheses (4), (5) we also have

| @n (-, U(S)HL1 Rr) < BJH“ HLI(R ™)
where  Bs = [|0vanil| oo mn(— 5 1))

Eventually we obtain the following bound uniformly in A > 0

IVello @

||f,\( ) (U u )||L1 (Rn+1) < w(u 5) |? + k?A(; 5

] + k’B(SHUOHLl(Rn).

We are thus led to define the modulus of equicontinuity in time

[Vl 1@

Ly 0
w (k) = (1sr>1£ {w(u ,0) [2 + kAs 5

] +]<3B5||U,O||L1(Rn)} . (40)

- Second step : uniform equi-integrability :

The property is first shown in the case of bounded initial data, and then generalized
to the case of initial data in L'(R").

17



If u° € L°°(R"), according to the L norm control property of proposition 11,
At z,v) =0 for ae. (t,2) € Ry x R", v € R such that |v] > |[u°||e + t||@ni1]]oo-
In that case, define

A= ||a||L°°(R”X(fM,M))7
where M := ||u°||oo + T'||@n+1]]co-

Take ¢ € CHR™R) such that p(x) = 0 for |2| < I, o(z) = 1 for |z| > 1, and

27
0 < ¢ < 1. Define pp := ¢ (ﬁ) Then multiplying (28) by ¢ yields

9 . n g
&UWR) + dive, (afapr) + Ar[fr — x(v,u)] = 1) ai%'
=1 7

We deduce from the above inequality that

d A )
%/RM | Aler do dv < A/}Rn+1 || Vepr| de dv < EHVzSOHmHU |21 )

which yields eventually

/ lux(t, z)| dx S/ | fa(t, z,0)|pr(z) dx dv
|z|>R R+

A
< [u’(2)| dz + TEHVMHooHUOHLl(Rn)- (41)

|z|>£&

This last inequality shows the uniform equi-integrability of the family u, in the case
where u° is bounded.

If u° is not bounded, we regularize u° by convolution : set ul = u® * ¢s, and let
uys, fr.s be the solution of the system (28) with the initial data x(v,u).

According to the uniform equi-integrability result in the case of bounded initial data,
we have, with As := ||a||Loo(RnX(_6£n’ K )

ST
[ st o) de < [
|z|>R |z|>

The L' contraction principle (32) yields

As
N |ug(z)| dx + T§||Vz90||oo||ug||L1(R")-

2

A
/|$|>R ux(t, z)| do < u ()| dz + TﬁHVmgoHooHung(Rn) +2/ud — )| .

R
|$‘25

Choose ¢ > 0 so that the quantity ||u§ —u||;1(gn) is small enough, and then with that
choice of 9, take R sufficiently large so that the two other terms in the right-hand
side are small as well. Hence u, is uniformly equi-integrable.

Thus, according to Ascoli’s theorem, the family {uy }1~0 is compact in C(0, T; L' (R"))
for all T > 0; therefore there exist v € C(0,T; L'(R™)) and a sequence A(n) — oo
such that uy(,) converges to u in C(0,T; L'(R™)).

18



-Third step : famy — x(v,u) in C(0,T; LY (R™1))

Let us recall the representation formula

t
o8 (0)) = X, 0+ A [ (0fs), (5, 2(5)) ds.
(42)
In the above formula, for more simplicity we have omitted the variables y, w, which
are arguments of the functions z(s), v(s), X(t). We will systematically use this
notation in the rest of the proof when no confusion might occur.

Thus

P (8, X (1)) = x(v(t), u(t, (t)))
= [ £y, w) = x(v(t), u(t, x(t )))] “A(mt

() [ O [ (o(s), urgn (s, 2(5))) — x(v(0), u(t, 2(1)))] ds;
We integrate this equality with respect to y, w, recalling (24)

#3600 (®) = x(w,u(t))
<Hf0’ L1(Rn+1) + Hu(t>HL1 R")) €
A //Rnﬂ e X(v(s), ur@) (s, 2(s))) — X(U(t),u(t,:c(t)))‘ ds dy dw.

A few rather lengthy calculations are necessary in order to show that the right-hand
side of the inequality converges to 0 : first, we write

Ll (Rn+1)
—A(n)t

(43)

X (44)

s, (1)) — x (v(t), u(s, z(2)))] (45)

(46)

We need to bound each of the four integrals generated by the terms of the right-hand
side (recall that z(s), z(t), v(s), v(t) are functions of (y,w)).

Concerning the integral corresponding to (43), after integrating with respect to y
and w and changing the variables from (y,w) to (x,v) = X(s,y,w) (remember that
the jacobian of this change of variables is equal to 1 thanks to (24)), we obtain

M) [ e by (o), uals, 7()) — x (0(5), s, 2(5)))] ds dy o

< |[ux — ul|x; — 0.
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The same kind of trick allows us to replace u by any regular function us, and the
approximation error is then upper-bounded by ||u — us||x,. Therefore when it is
necessary we will replace u by a regular approximation of u in X.

In a similar fashion, in the integral corresponding to (46) we use the change of
variables (z,v) = X(¢,y,w) and we are led to

n) [ P (w0), uls, (1) = x(o(t) ult,w(0))| ds dy duo

t
< )\(n)/ e MWsyl(s) ds — 0.
0

It remains to bound the integrals corresponding to the two other terms. We begin
with (45) : set, for 0 < s < t, (y,w) € R",

h(t,s,y,w) = v(s,y,w) —v(t,y, w);
According to the definition of the flux X(s), |h(t,s,y,w)| < ||ant1||oo(t — $).

Define h(t,s,z,v) = v(s, X(t)""(z,v)) — v (recall that X(¢) : R"™ — R"! is a
C'-diffeomorphism). Then

Bt 5,2,0)] < [[ani]loo(t = 5).

In the integral corresponding to (45) we change the variables from (y, w) to (z,v) = X(¢,y, w):

n) /Ot/RnJrl e~ An)(t—s) Ix(v(s),u(s,z(t)) — x(v(t),u(s,z(t)))| (y,w) ds dy dw
n) /Ot/Rn+1 e~ Am)(t—s) X( t 8, x,0), u(s,x)) — X(v,u(s,x))’ ds dr dv

t
—A(n)(t—s)

_)x(n)/O/RnHe X(v ‘ (t,s,z,v)|,

t

—A(n)(t—s)

n> /0/Rn+1 € X (U

Let us upper-bound for instance |x(v + |h|, u) — x(v, u)|:

(s,x)) — x(v,u(s, :v))’ ds dx dv

h(t, s, x,v)|,

(s, x)) — x(v,u(s, :c))’ ds dz dv.

x(v + |h(t s, x,v)|,u(s,x)) — X(U,U(S,I))‘

(
< X(U + ||a’n+1|’00( - 8),U(S,Z‘)) - X(’U,U(S,JJ)N
+ Lu(s,2)<01 —Jjani]loo (t—5) <v<u(s,z)

+ Ly

5,2)>0 Lau(5,2) —[|ant1]]oo (t—s) <v<0-
Integrating this inequality on R"*! yields
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/ /e Aln)(t=s) X(U+\ﬁ(t,5,x,v)|,u(s,x)) —X(U,U(S,JJ))‘ dx dv
ReJR
< [[nf(fu(s)]; lantalloo (t = s L1 eny

Lyt + Jansal oo (t = )+

LY (R")

w0t = lanplloe(t = )|, o,

Each of the terms in the right-hand side goes to 0 as s — t. Therefore

A0 [ fhe

The integral corresponding to |x(v — |h|,u) — x(v,u)| can be treated in a similar
fashion.

v+ ‘ht s,x,v)|, (s,a:)) —X(v,u(s,as))‘ ds dx dvr:o 0.

We now derive a bound for (44); the main difficulty here comes from the lack
of regularity of u. Thus we consider a function us; € C!([0,7] x R™) such that
Suppus(t) C K5Vt € [0,T], with K5 a compact set of R”, and ||us(t) —u(t)|| L1 (rn) < 6
for all t € [0, T]. As previously observed, replacing u by us in the integral correspond-
ing to (44) and integrating with respect to y, w leads to an approximation error which
can be upper-bounded by ||u — us||x, < 9.

Let us focus on the integral

/Rnﬂ |X (U(Sa y,w),u(;(s, iL‘(S,y, w))) - X (U(Sa y,w),ug(s, l‘(t, yaw»)’ dy dw. (47)

In order to derive an upper bound for (47), we use the same kind of method as for
(45). Set H(s,t,y,w) = z(t,y,w) —z(s,y,w). Then for 0 < s <tand 1 <i <n, we
have

¢
H;(s,t,y,w) :/ a;(z(r,y,w),v(r,y, w)) dr.

Assume that |v(s,y, w)| < [|us||eo; then
[o(r,y, w)] < luslloo + (r = $)llanalloc < luslloo + Tllanplle Vs <7 <t.
Therefore there exists As > 0 such that if |v(s,y,v)| < ||us||co, then
|H (s, t,y,w)| < As(t — s).

Now define H(s,t,z,v) = H(s,t,X(s) " (x,v)) (recall that X(s) is a C' diffeomor-
phism of R"™!). We have just proved that there exists As > 0 such that

o] < |[|us]|oo = |]:I(3,t,x,v)| < As(t — s).
We are now ready to upper-bound (47) :
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‘X(U<Sv Y, U)), U5<S, LL’(S, Y, ’UJ))) - X(U(Sa Y, w)7 U5(S, l’(t, Y, w)))| dy dw

n+1

x(v, us(s, ) — x(v, us(s, x + H(s,t,z, v)))‘ dx dv

n+1

e
—

1v€[U5 (s,z),U5(s,w+ﬁ(s,t,m,v))] dz dv

n S ol <[Jus || oo
< / 17,ts0)(v) dvdx  where I5(t,s,x) = U [us(t,x), us(t, z + h)]

n JR

h e R,
b < As(t — s)
<[ s fus(te) —uslt o+ b)) da
h € R™,
|h] < As(t — s)

< [|Vus||wAs(t — s) da

~ JK5+B(0,A5t)
< As(t — s)mes (K5 + B(0, As t)) || Vs |oo-

Hence

A [ e ol ua(s, 2() = x(0(5), s, )] (3 0) dy
1

< WA(; mes (Supp us + B(0, Ast)) ||Vus||so

(44) is thus upper-bounded by

) 1
g(f) [5 + WA(; mes (Supp us + B(0, Ast)) ||Vus||oo =20

Thus we have showed that for all T > 0, there exists u € C(0,7; L'(R")) and a
sequence A(n) — oo such that

Unpy — w  in C(0, T Ll(R")),
f/\(n) - f = X(au) n C(OaT;Ll(Rn-H))'

- Fourth step : x(v,u) is a solution of (10) :
First, let us recall the equation satisfied by fy :
0 .
o+ divag (afy) = Ao un(6,2) — £l
up(t,z) = / falt, x,v) dv;
R

f)\(t = O,I,U) = fo(:E,U) = X(U,UO(ZL‘)).
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The following lemma allows us to transform the right-hand side of the evolution
equation satisfied by fy:

Lemma 13 Let g € L'(R) such that
sgn(v)g(v) = |g(v)| <1 a.e..
Let w = [z g(v) dv. There exists a unique function m € Co(R) such that

(0, 0) — g(v) = Lm(w).

dv
Moreover, m is nonnegative.

(A proof of this lemma is given in [5].)

Therefore f) satifies a kinetic equation of the kind

0 0

— div,, (afy) = —my(t, x,v); 48

Pt divag (afy) = oomalt o) (15)
where m, is a nonnegative measure and my(t, z,-) € Co(R) for almost every (t,x).
In order to pass to the limit in the above equation, we need to prove that the family

m is bounded uniformly in A; precisely, m, satisfies the following inequality for a.e.
veR, forall T >0

T T
/0 /n my(t, x,v) de dt < u(v) +/0 /Rn i1 (z,0) fia(t, z,v) do dt (49)

where

(0) = Lozl |6 = 0):] [z + Lusoll (@ = 0) [l < [0l o,

The proof of this inequality is similar to the one of the bound on m at the end of
theorem 3. First, we prove that for all functions S € C*(R) such that S(0) = 0 and
S’ has bounded support we have

T
/ / S"(v)my(t, z,v) dz dv dt
0 Rn+1

< S'(v)(x(v,u’(x)) — AA(T,x,v)) dv dz

- RnJrl

T
+/0 An«kl CLn-‘rl(‘r? U)f)\<t7 x, U)S”(U> dv dz dt. (50)

Then we generalize this result to functions of the type S(v) = (v — vg)4+ (vo > 0)
and S(v) = (v —vy)— (vg < 0) thanks to regularizations, which leads to (49).
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Integrating (49) with respect to v on the interval (—R, R) (with R > 0 arbitrary)
yields

T R
L L matta) do dw de < 2RI oy + Tllansa o oo [y

thus we can extract a sub-sequence, still denoted by A(n), such that my,) converges
in w— M" to a nonnegative measure m bounded on (0,7) x R" x (=R, R) for R > 0
arbitrary, and which satisfies inequalities of the type (50). Taking S(v) = % leads
to the fact that m is bounded on (0,7) x R"* if v € L?. Eventually, passing to
the limit in (48) yields

2X(v, u(t,z)) + dive, (a(z, v)x(v,u(t, z))) = =—m(t, z,v)

ot o

and thus u is an entropy solution of (1).

Moreover, it follows from the uniqueness result that the whole families f, and m,
converge to x (v, u(t,z)) and u in C(0, T; L*(R"™)) and C(0, T; L*(R")) respectively,
and u is then well defined on [0, +00) x R*. O

4 Uniqueness - L' contraction principle

This section is devoted to the proof of the uniqueness of kinetic (and thus entropy)
solutions of (1), in a general L' setting. The classical proof by Kruzkhov of the
L' contraction principle (see [6,7] in the general case, and also [2] in the case of a
one-dimensional homogeneous conservation law) relies on the use of the so-called
Kruzkhov entropies S(u) = |u — k| and on the doubling of the variables. It requires
to work with entropy solutions in C(R,, L') N LS (R, L>=(R")). Here, we will follow
the proof of B. Perthame in [5], [9] (see also [10] for another formulation of the same
result using measure valued solutions): uniqueness is in fact proved in a broader
class of solutions, called generalized kinetic solutions. Some parts of the proof are
rather technical, since they involve regularization by convolution of equation (10)
and strong convergence results in order to pass to the limit in nonlinear terms. We
will pass quickly on the details which are treated in [5] and [9] in order to focus on
the difficulties which did not occur in the homogeneous case.

Let us start with a definition:

Definition 14 A function f € L32.(0, +o0; LY(R™1)) is called a generalized kinetic

loc
solution of the scalar conservation law (1) if there exists a nonnegative measure m

such that (f,m) is a distributional solution of the system

Oif(t,x,v) + divy, (a(x,v) f(t, z,v)) = Oym(t, z,v),
ft=0,2,v) = x(v,u’(2)), u° e L'R"). (51)
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and if there exists a family pr € LP(R), T > 0 and a nonnegative measure v such
that

/OT/n m(t,x,v) dedt < pur(v) ae veRVT >0, (52)
[f(t,2,0)| = sgn(v) f(¢,2,0) <1, (53)
gi =0(v) —v(t,z,v). (54)

Remark 15 Without any loss of generality, we assume in the following that the
family pg is increasing in T, and that pp nonincreasing (resp. mondecreasing) on
(0,4+00) (resp. (—00,0)) for each T > 0. Recall that LF(R) is the subset of L>°(R)
which consists of functions which go to 0 at fo0.

Remark 16 It is easily checked that if u is a kinetic solution of (1), then x(v,u) is
a generalized kinetic solution of (1) with m the kinetic entropy defect measure. In
that case v(t,z,v) = 6(v — u(t,x)) and using inequality (19) with S(v) = (v — vg)+
(resp. S(v) = (v —vy)—) with vy > 0 (resp. vy < 0) yields inequality (52) with

pr(v) = Lozl (u” = v) || @n) + Lusol(w” = v)— |1 an)
Fllant1lloo mes{(¢,z) € (0,T) x R", [u(t, )| > |v]}.

Notice also that condition (54) implies that f is monotonous (in v, for almost every
(t,)) on each of the intervals (0, +00), (—o0,0), and since f € L',
f(t,z,v) =0 as|v| — oo

almost everywhere in (¢, ). Consequently, integrating now (54) between —oo and
+o00 yields

/ v(t,z,v)dv=1 fora.e.t, x. (55)
R

For more simplicity, we will also assume that f is continuous at ¢ = 0 with values
in L'(R™"!). This property can in fact be derived from equation (51) (see [11], [5]);
it is always satisfied for entropy solutions.

The result we will prove here is the following:
Theorem 17 Assume that (2), (3), (4), (7) are satisfied.

Letu® € LY(R™), and let f be a generalized kinetic solution of the scalar conservation
law (1) which is continuous at t = 0 and such that

T
//+ lai(z, )| |f(t 2, 0)| dtdedv < +oo YT >0 (1<i<n).  (56)
0 R 1

Then there exists u € L2.(0, +o00; LY(R™)) such that f(t,z,v) = x(v,u(t,z)) almost

loc
everywhere, where u is a solution of (1) (in the sense of distributions).
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Moreover, let fi = x(v,u1), fo = x(v,uz) be two generalized kinetic solutions of (1)
with initial datas x(v,u?), x(v,u3). Assume that f; satisfies (56) for j = 1,2, and
that f; is continuous at time t = 0. Then the L' contraction principle holds: for
almost every t > 0,

/ |u1(t,x)—u2(t,x)|dm:/ i — fol(t, 2, 0) dmdvg/ W0(x) — ud| dz (57)
R Rn+1 R™

The first step of the proof is the regularization by convolution of equation (51) in
order to use the chain rule for generalized kinetic solutions and compare f? and |f|.
Take three mollifiers ¢; € D(R), @2 € D(R"), 3 € D(R), ¢; >0 (i = 1,2,3), with

/%:/ 902:/803:1-
R R R

Assume that supp ¢; C [—1,0], supp p2 C B(0,1), supp ¢3 C [—1,1].

For € > 0, set

1 t
P=(t, T, v) == —— ¥ () 2 (x) ©3 (U) , teR, zeR" vekR
en € € €

Define, for any couple (f, m) solution of (51)
fer=f*pe, mei=mx*xp..

Lemma 18 f. satisfies the following equation in D'(R™*!)

0 , 0
afs + dlvx,v<af5) - %ms + Te, (58)

where the remainder r. goes to 0 in L}, ((0,00) x R"™) ase — 0 for all T > 0.

Moreover, for all ¢ € D([0,00) x R™), the following inequality holds

0< /OT/n me(t, z,v)p(t, ) dt dz| < ||| sup(piric(v — &), pric(v +€)).

PROOQOF. Since

re(t,x,v) = divy,(af.) — divey,((af) * ¢:),

r. can be written as
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n+1

ro(t,z) = ; /Ooo /Rn+1 la;(z — 2') —a;(2)] f(t — 5,2 — 2) Oip(s,2") d2" ds
= > /OI/OOO/R”H[@ai(z) — d;a;i(z — 12)] %

1<i,j<n+1
Xf(t—s,2—2")2;000:(8,2") dz" ds dr

+ ) 9ai(z) /OOO /Rn+1 ft—s,2—2")20ip:(5,2") d2’ ds

1<4,j<n+1

(In the above inequalities, we have used the notations z = (x,v) € R"" and 9; = 9,
for 1 <i<n, dyy1=0,.)

Since div, ,a = 0, the last term in the right hand side goes to 0 in L, .((0, 0o) x R™1)
as € — 0. As for the other term, for any R, R’ > 0,

1 0
/ dz/ / / |0jai(z) — 0ja;(z — T2")| | f(t—s, 2—2")| |2;0ipc (s, 2')| dz'dsdT
[z|<R,|v|[<R! o Jo Jrntt
S ||Z]8180| |L1((0,OO)><R”+1) wR,R’(ajai, 5‘)’
where

WR,R’(f» h) == sup [|f(-+2) — f(')HLl(BRX(—R’,R/))

|21 <h

for any function f € Ll (R™").

Thus r. — 0 in L] ((0,00) x R"™!) as ¢ — 0 for all T' > 0.

The bound on m, is easily proved with the assumptions on the function 7 and is
left to the reader. O

In a second step, we prove the following

Proposition 19 Let f be a generalized kinetic solution of equation (1) continuous
at time t = 0 and satisfying (56). Then there exists u € LS2.((0, +00); LY(R™)) such
that f(t,z,v) = x(v,u(t,z)) almost everywhere.

Moreover, for all nonnegative test function ¢ € D(R™™), for all T > 0,

T

/ / . me(t, z,v) v* p(t, z,0)(x,v)dt dedv — 0 ase—0 (59)

0 Rn+1
where v(t,z,v) = 6(v — u(t,x)).
PROOF. The proof relies on the comparison between f? and |f| = sgn(v)f. First,
let us define

sgn_(v) 1= sgn * p.(v);
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then the function g.(t,z,v) := sgn_(v) f-(, x,v) satisfies

om.
0rge + div, p(age) = a—ﬂngng(v) + resgn,(v) 4 sgnl(v)a, 1 (x,v) fe;

On the other hand, f2? satisfies

a .
0,f2 + divy,(af?) = 29 S o+ 21

and as € — 0, we have
g: = sgn(v)f = |f| in Lio,((0,00) x R™),
f2= " in Le((0,00) x R™),

9:(t =0) — |x(v,u’(x))| in L'(R™),
f2(t=0) = [x(v,u’(@))]* = [x(v,u’(2))] in LIR™)

thanks to the continuity assumption at ¢ = 0. And for any nonnegative test function
Y = (z,v) € D(R™M), for any T > 0, we have

/ » AT, 2,0) = go(T, 2,0)| ¥(x, v) do dv

= [ [P =0.20) = gt = 0.2,0) () dado

F [0 L 1)~ )] ale o) Ve, v) do do
[0 el o) el (v) — 20, 1] 0. v) ddo di

* / /Rnﬂ (t,x,v) [sgn.(v) — 2f.] Out)(x,v) da dv dt

b [0 ) f s o) 6, v) do dv

- /OT /[R+ sgh. (V) an+1(x, v) fe(t, z, v)(x, v) dr dv dt.

Recall that
Opfe = (0(v) — V) * @c(t,x,v)
and that sgn’ (v) = 2§(v) * p(t,x,v); hence
Sgn,e(”) - 2avfa =2V x Spa(ta ZE,U).
Choose ¢ (x,v) = 0 (%) ¢r(v), with 0 € D(R"), ¢ € D(R), ¢r(v) = 1 if [v| < R,
or(v) =0if |v| > R+1,0(x) = 1 when |z| < 1, and 0 < |¢z| < 2 (R > 0 arbitrary).

Then for all € > 0, we have
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(t,z,v) [sgn.(v) — 2f] Oytb(z,v) dx dv dt

Rn+1
< 2/ / / me(t, z,v) dx dv dt
0 Jrr JR<|o|<R+1
<2 Sup(ﬂT+z—:(U - 5)7 HT+e (U + 6)) dv
R<|v|<R+1

<2(pra (R — 1) 4 pra(—R+ 1))
for R large enough, for 0 < e < 1.

We pass to the limit as € — 0: for almost every T' > 0, we have

fo U200 = 152000 () )
> /OT /Rn+1 f2 (t,z,v) — ]f(t,x,v)” a(x,v) - Vo (0 (2) ¢R(v)> dr dv dt

—i—ZIimsup/ / L m (t, ) * o (t,x,0)0 (2) or(v) dx dv dt
R"

e—0

—2(prs1(R = 1) + pra (=R + 1))

We now pass to the limit as R — oo using assumption (56):

()z/Rn+1 [f(T,:U,v)2 — |f(T,x,v)|} dx dv

Zlimsuplimsup/ / Lm c(t,x,v)2v % o (t, z,v)0 (]Z) or(v) dx dv dv
R

R—o0 e—0

>0

Consequently, f(T,z,v)? = |f(T,x,v)| a.e. and f only takes the values 0, +1.
Combining this property with (54) leads us to f(t,x,v) = x(v,u(t,x)) for some
u € L. ((0, +00), L'(R™)).

Moreover,

limsuplimsup/ / L m (t,z,v)v* o (t, x,0)0 (2) or(v) drdvdv =0
R

R—o0 e—0

and since f = x(v,u(t,z)), v(t,z,v) = §(v —u(t, z)), which proves the last assertion
of proposition 19. O

The first part of theorem 17 is thus proved. We are now ready to show the L'
contraction principle for generalized kinetic solutions. Take two generalized solutions
f1, f2, continuous at time ¢ = 0 and satisfying (56). Setting f., = f; * ¢., we have

8tfe,i + divx,v(afe,i) =




and f;(t = 0) = x(v,u). It is easily checked that

a(Wla,l - ms,Z)

ov

8t(f5,1_f5,2)2+divm,v (a(fa,l - fa,2)2> =2 (fs,l - f5,2)+2<T51 - TEQ)(fE,l - f572>-

(60)

Take a test function ¢g(x,v) := 0 (%) or(v), with R > 0 and with 0, ¢ satisfying
the same hypotheses as in the proof of proposition 19. Multiplying (60) by ¢g(z, v)
and integrating on (0,7) x R"™! (T > 0 arbitrary) yields

/Rn+1(fe,1 — fe2)?(t =T, 2,0)¢g(x,v) dz dv (61)
= Rn+1(fe,1 — fe2)?(t = 0,2, v)g(x,v) dr dv (62)
T
+/0 /}%n+1(f5,1 — fs,2)2a(x,v) - Veor(z,v) de dv dt (63)
_ 2/0T /Rn+1 (Meq —me2) (feq — fe2)0 <Z> Opdr(v) dx dv dt (64)
_ 2/0T /Rn+1 (me,l — ms,2) (Opfer — Oy fe2)¥r(x,v) dx dv dt (65)
+ 2/0T /RnJrl (Tsl - 7"5-:2)<f€,1 - fs,Z)wR(x,U) dx dv dt (66)

As in the proof of proposition 19, first we let € go to 0, and then R — oco. Then:

e (61) goes to

/RH1 |f1— f2\2(T,x,v) dx dv = /Rn+1 |f1 — fol (T, z,v) dx dv

for almost every 7' > 0 since f; = x(v,u;), and (62) goes to

/ |fi — fo(t =0,z,v) dxdv:/ |f1 — fo|(t =0,2,v) do dv
Rn+1 Rn+1

thanks to the continuity assumption at time ¢t = 0.
e (63) goes to 0 according to assumptions (3),(56).
e (64) is bounded uniformly in e by

2 {SUP(N%FH(R - 1), ,U%FH(_R +1)+ [SUP(N%H(R - 1), M%’H(_R + 1))} — 0

R—o00

where p4 is the function that occurs in the bound (52) for m;.
e (66) goes to 0 as ¢ — 0 for each R > 0 according to lemma 18.
e In (65), we have

avfa,l - avfaﬂ = [5<U) * Pe — 6(“ — U (t’ ZL‘)) * Spa]
—[6(v) * . — d(v —us(t, x)) * ]
=0(v —ug(t,z)) * e —0(v —uy(t, z)) * e
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Hence (65) is equal to

T
2/ / (ms,l - me,Z) (5(1) — Ul) * (O — (5(1} — Ug) * ¢E)¢R(x7 U) dr dv dt
0 Jrntt
T
< 2/0 /R"+1 (Me1 0(v —uy) * e + Mmoo 6(v — uz) * @) Yr(z,v) do dv dt

and the right-hand side of the above inequality goes to 0 as ¢ — 0 for all R > 0
according to proposition 19.

Consequently, passing to the limit in (61)-(66) yields

[ =BT dedo< [ 1fi = fol(t =0,2,0) dodo
Rntl Rn+1

for almost every T' > 0, which is the desired inequality. O
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